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B3.2 Course policy: It is essential that you read your notes after each lecture, otherwise
you may feel lost. In the third and fourth year courses, the majority of courses will not cover

all the material in lectures.

You are expected to read the lecture notes to complement the

lectures. Geometry of surfaces is a difficult and vast course, and I will do my best to make it
digestible. But this will not happen by itself: it requires effort on your part, thinking on your
own about the notes, the examples, the exercises.

B3.2 Homework policy: Homeworks are typically much harder than the exams: the aim of
the homeworks is to make you better mathematicians, to stretch you and to inspire you. The
homeworks are not designed to assess your basic understanding of the course (unlike exams).
So homework marks are not aiming to predict your exam marks.

Date: This version of the notes was created on February 13, 2019.
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1. EXAMPLES

1.1 Four classes of surfaces

Our goal is to study and relate three classes of surfaces:
(1) Topological surfaces (topological 2-manifolds),
(2) Smooth surfaces (smooth real 2-manifolds),
(a) embedded in R3,
(b) abstractly (i.e. possibly without a choice of embedding into RY),
(3) Riemann surfaces (complex I-manifolds).

We will postpone the precise definition to later. For now, the rough idea is that a surface
locally looks like a 2-dimensional disc. Whether it looks like the disc continuously, smoothly
or holomorphically distinguishes the cases (1), (2), and (3) respectively. The reason for study-
ing (2a) before (2b) is that you already know what it means for functions on R? to be smooth
(infinitely differentiable), whereas in (2b) the definition is a little more difficult because you
need to first define local smooth coordinates on the surface. Some surfaces are part of all four
classes (such as a torus), others only of some, but all our surfaces belong to class (1).

Relation to future Part B and Part C courses.

You can study Riemann surfaces (and more generally algebraic curves) using tools from alge-
bra, in B3.3 Algebraic Curves. The word manifold is the generalization of surface to higher
dimensions, so n-manifold means your space locally looks like R™ (or rather, like a ball in
R™). C3.3 Differentiable Manifolds, C3.5 Lie Groups (manifolds which are also groups)
and C7.5/7.6 General Relativity all study manifolds from various perspectives. Complex
manifolds locally look like C™, and you can study them (in greater generality) using tools
from algebra in C3.4 Algebraic Geometry and in C3.7 Elliptic Curves, both of which
build upon B3.3. The best tools to study topological manifolds (and more general topologi-
cal spaces) come from topology and algebra, and this is done in C3.1: Algebraic Topology.

References for this course:

The notes from 2013 by Prof. Nigel Hitchin (see Course page online).

The notes from 1986 by Prof. Graeme Segal (see Course page online).

Manfredo P. do Carmo, Differential Geometry of Curves and Surfaces.

Pelham M. H. Wilson, Curved Spaces.

E. C. Zeeman, An Introduction to Topology. The Classification theorem for Surfaces.
Several good references are suggested in the syllabus. In particular, the Course page online has
a link to the notes by Prof. Richard Earl of a former second year course that partly overlaps
with some of this course, called Geometry: The Local Theory of Curves and Surfaces.

Analysis and topology dictionary:

On the online course page you will also find the handout:

Analysis and Topology Dictionary — Handout

which summarises various useful terminology (e.g. topological space, Hausdorff, connected,
compact, continuous, homeomorphism, smooth, diffeomorphism, holomorphic, etc.)



B3.2 GEOMETRY OF SURFACES, PROF. ALEXANDER F. RITTER 3
1.2 Examples in each of the three classes

(1) TOPOLOGICAL SURFACES:

e Gluing edges of a square yields various surfaces:

&
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e A cube is a topological surface, and so are the other regular polyhedra (tetrahedron,
octahedron, icosahedron, dodecahedron). But in fact, they are topologically the same
(i.e. homeomorphic) to the sphere. Indeed, thinking of the polyhedra as sitting inside R3,
pick a huge sphere which contains the polyhedron and then simply “continuously push” each
point of the polyhedron radially outwards until the point reaches the sphere. This defines a
homeomorphism (convince yourself of this!)[]

11t is useful to get an acquaintance for spotting whether something is a homeomorphism or not, without
the painstaking effort of writing down an explicit formula (if one is likely to make a mistake in spotting
homeomorphisms, then one is probably also likely to write down an incorrect formulal!). However, in this case
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Tetrahedeon

Remark. The image of the edges/vertices of the polyhedron divide the sphere into curved
polygons (e.g. on the right we got a triangulation of the sphere).

e The torus (up to homeomorphism) is also a polyhedron (non-regular, non-convex):

(2a) SMOOTH SURFACES IN R3:

e The R? plane inside R?, so R? = {(x,y,2) € R®: 2 = 0}.

e More generally a plane through ¢ € R? with unit normal n € R3:

{PeR: (p—q) - n=0}={(z,y,2) € R3: nyx + noy + N3z = n1q1 + N2qz + n3q3}.

e The unit sphere in R*: S? = {p e R3: ||p|| =1} = {(z,y,2) e R3 : 2% + y? + 22 = 1}.

" l
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it is quite easy: if O lies on the inside of the polyhedron, then the map = — HTII is an explicit map from the
polyhedron to the unit sphere, one then easily checks that it is a continuous bijection, and finally one uses the
general theorem that a continuous bijection from a compact space to a Hausdorff space is a homeomorphism.
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Notice that near each point p you have two independent local smooth coordinates: at least two
of the coordinates x, y, z will work. For example, near the North Pole p = (0,0, 1) you can use
local coordinates x, y to uniquely describe nearby points since (z,y) : (neighbourhood of p) —
(neighbourhood of 0) C R? is a smooth homeomorphism. However near p you cannot use z, z
as there are points of the sphere (x,y, z), (x, —y, z), near the North Pole (so z ~ 1), which
we cannot tell apart using just z, z (so they are no good as coordinates).

e Generalizing the above quadratic equation yields ellipsoids and hyperboloids:
. . 2 2 2

Ellipsoid: & + % + % = 1. ) ] )

Hyperboloid with one sheet: %3 + #> — % = 1, or with two sheets: &5 — 45 — % = 1.

Above, a, b, c are fixed constants. Many other surfaces defined by quadratic polynomials will

reduce to one of these examples after changing coordinates (by diagonalising).

e A torus in R3: fix constants a > b > 0, then we can describe a torus by

T? = {((a+bcostp)cosh, (a+bcosy)sinh, bsiny) : all 0,1 € [0, 27|}
= TORUS IN R
e — i
‘\; Cross-sechon :
2
2
(R
" J Vi
(x9,8) |

a aces9,asin8,0)

Surface of revoluhon : rotale
Yhe wircle abont Har 2 -axis

(a.cos8, asinB,0)

e Many more examples arise as surfaces of revolution, in which a curve in the (z, z)-plane
gets rotated about the z-axis. For example, take:

o Curve = vertical line, then rotating around the z-axis gives a cylinder.

o Curve = straight line which is neither vertical nor horizontal, then rotating around
the z axis gives two opposite cones touching at a vertex. At the vertex, the surface
is not smooth, so we need to remove the vertex.

o Curve = an ellipse i—z + i—z = 1, a parabola z = z~, or a hyperbola zz = 1, then
rotating gives an ellipsoid, paraboloid, hyperboloid. For example the paraboloid
would be {(z,y, 2) : z = 2% + y*}.

2

e Ruled surfaces: surfaces swept out my a moving straight line,
{p(t) + sn(t): s,t € R}

so the straight line at time ¢ is p(t) + Rn(t) (a straight line through

the point p(t) € R? parallel to the unit vector n(t) € R3). Some care

is needed: not all choices of p(t),n(t) give a smooth surface.

Example: p(t) = (cost,sint,0) and n(t) = (sint, —cost,1)/v/2 gives

the one-sheeted hyperboloid x? + y? — 22 = 1 shown.

e Surfaces cut out by one equation: {(z,y,2) € R3: f(z,y,2) = 0}.
Many, but not all, choices of smooth f : R?> — R ensure this is a smooth surface. By the
methods of this course, you will be able to show that if the functions f,0,f,d,f,0.f do
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not simultaneously vanish at any point, then it is a smooth surface. (This is not however a
necessary condition, for example f = 22 will give the zy-plane.)

(2b) ABSTRACT SURFACES:

The question “when is a topological surface smooth?” does not quite make sense. For example,
the standard sphere S? C R3 is a smooth surface, but the cube C R? is not smooth due to
the corners, yet both are homeomorphic topological surfaces. The correct question is “when
can we define a smooth structure on a given topological surface?”H We now explain how
we can give a cube in R? a “smooth structure”. At any point on the edge of the cube, no
two among the coordinates x, y, z give smooth local coordinates that parametrise the surface,
due to a lack of injectivity (notice each face is given by setting one of the coordinates to a
constant). We will see later in the course that for any smooth surface in R3, near any given
point one can always pick two of the coordinates x,y, z to obtain local smooth coordinates
to parametrise the surface. However, we can define smooth local coordinates on the cube
by composing the homeomorphism (cube) — S? C R3 with smooth local coordinates for S2.
Such local coordinates near the vertex of the cube will not be smooth functions of the original
x,y, z coordinates. Notice that what we have really done is define a smooth structure on the
cube by requiring the homeomorphism (cube) — S? C R? to be smooth!

The reason the above may at first seem perplexing, is that R? is causing unnecessary
confusion: there is no reason for considering surfaces as already sitting smoothly inside R3.
Indeed some smooth surfaces cannot be embedded inside R? (here embedded roughly meansﬂ
a smooth injective map). For example, the Klein bottle is smooth (locally it looks like a square,
so we have smooth local z,y coordinates from the square). However, it cannot be embedded
inside R? (without self-intersections).

e We can view the torus also as a quotient of R?:
T? =R?/7% = {[z,y] : (z,y) € R%,[2,9] = [z + n,y + m)] for all n,m € Z}.

TORUS AS AN ABSTRACT SURFACE
iy

° ¢ e .\Ez QUOTIENT, T":IE%"Z" [x)
;‘ZILQ‘H'EC?. H :
» [ F

o
(%9)

@9 1 '*@\(m;v-u

(x~2,9-1) In R have Z2Z wordk
of copies of fhat “olisc"

Here we quotient by the group of integral translations parallel to the two axes, i.e. we define
an equivalence relation ~ on R? by (z,y) ~ (z + n,y + m) for integers n, m. Each point in
R? is equivalent to a point in the square K = {(z,y) : 0 < 2,y < 1} C R, Some points in
this square are still equivalent, namely opposite edges are identified. Indeed (K/~) is the
torus from example (1). Notice that T2 = (R?/~) is Hausdorff, and (K/~) is compact (the

L Non-ezaminable: The answer is, we can always endow a topological surface with the structure of an
abstract smooth surface by choosing clever local coordinates. However, in higher dimensions (for manifolds)
it can happen that a topological manifold does not admit a smooth structure. This is a very difficult problem
(see “Relationship with topological manifolds” at http://en.wikipedia.org/wiki/Differentiable_manifold ).

2More precisely: an embedding is a homeomorphism onto the image. A smooth embedding is a
diffeomorphism onto the image (< an embedding which is smooth and whose derivative map is injective).
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quotient of a compact space). Thus (K/~) — T? is a homeomorphism (recall any continuous
bijection from a compact space to a Hausdorff space is a homeomorphism).

We define local coordinates near a point [z, o] € T2 by simply using the x,y coordinates
of R? near some pre-image point (xo,y0) € R? of [xg,yo]. There is a Z2-worth of choices of
pre-image points, and any two such choices of local coordinates will differ by a smooth map
(an integral translation). Notice this torus is not sitting inside R*, and this construction of
the torus is much simpler to work with than the above formula for the torus inside R3. For
example, we have a natural notion of smooth function f : T? = R, namely it jus1E| means a
smooth function f : R? — R which is translation-invariant under the above group, so

flx+n,y+m)= f(x,y) for n,m € Z.

o Thinking of surfaces as embedded inside R? also makes it harder to notice which surfaces are
actually the “same”. For example, by cutting the torus, deforming, and regluing, we obtain
the following knotted torus:

This knotted torus is smoothly homeomorphic to the original torus (indeed, think about how
you would set up a smooth bijection between them). So the abstract surfaces are the “same”,
whereas the “knottedness” is extraneous information having to do with how we chose to
embed the surface inside R3. It turns out for example, that you cannot continuously deform
(inside R?) the torus into the knotted torus without creating self—intersectionsﬂ

e The effort of defining abstract surfaces is worth the trouble, and it is the modern viewpoint
in geometry. The sinful secret of geometry is that any smooth n-manifold carﬂ be smoothly
embedded inside RY for large enough N (indeed N = 2n works). So one could in principle
only study surfaces embedded in R*. For example, for the Klein bottle you can remove the
self-intersection that you see in R? by “lifting” one patch of the two intersecting sheets into
the fourth dimension[]

e Real projective space RP? (or “real projective plane”), which we already mentioned in
(1) above. As a set, RP? can be defined as the collection of all straight lines in R?® through
the origin. Such a straight line is determined by a non-zero point (z,y,2) € R3\ {0}, but
rescaling such a point by any A # 0 € R will yield the same line. Thus RP? arises as a
quotient of R?\ {0}, whose equivalence classes represent straight lines:

RP? = {[z,y,2] : (z,y,2) € R®\ {0}, [z,y, 2] = [z, Ay, \z] for any X # 0 € R}.

These coordinates [z,y, 2] are called the homogeneous coordinates for RP? (they are only
defined up to rescaling all of them by a non-zero real number).

More explicitly, such a straight line is determined by the antipodal intersection points {z, —z}
in 52. So we can locally parametrize this space by a disc, just like for S?, since nearby straight

1Compare this with the 1-dimensional case: what does it mean to have a smooth function on the circle,
f: 8% = R? It just means a smooth function f : R — R which is 1-periodic: f(z + 1) = f(z) (or, 2m-periodic
f(z+2m) = f(x) if you think of the circle as parametrized by et for t € [0, 2], instead of 27 with ¢ € [0, 1]).

2This is a tricky exercise for you. If you need a hint, search for “trefoil knot”.

3This is the Whitney embedding theorem, and is well beyond the scope of this course.

4As an analogy: for a figure 8 loop (two loops joined at a point) in the (z,y)-plane z = 0 in R3, at the
crossing you have two lines intersecting: you can remove the self-intersection by slightly lifting vertically one
of the two lines.
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lines are parametrized by points in S? close to € S? (the nearby lines form a double cone
with vertex at the origin).

sHcaight [ine ia IR? is a poink
in RP*

xeg §*
neardy lines are
Pvamednred by Hais

- B
> “dis¢” n S

“x  (anhpodal point corresponds Ao same line)
you Caw also pavamel(ize .
neorby lines with s “disc

Therefore we can view RP? as the quotient of S? by the group {Id, A} generated by the
antipodal map A : §? — S2, A(z) = —a:
RP? = {z € S?}/(z ~ —2).

Notice this also recovers the definition of RP? in (1) above, since we only need the upper
hemisphere to find a representative of each point.

(3) RIEMANN SURFACES:
These are surfaces which “holomorphically” locally look like
D={ze€C:|z| <1},
so locally there is a complex coordinate z. This is roughly the same as having two real coor-
dinates x,y with a notion of “rotation by 90°” (multiplication by ), so that z = x + iy.

e Complex projective space CP' (or “complex projective line”) is the sphere S? as a
topological surface, we now define local holomorphic coordinates. One local complex coordi-
nate z, defined everywhere except at the North Pole, is obtained by using the stereographic
projection from the North Pole:

crass sccTioN

NoRTH ™
foLE
pe sphere
of -
cojeLthon
w e >

/
SOUTH &
foLE
STEREDGRAFPHIC PRaTECTION
So

Explicitly, S? \ (North Pole) is identified with C via

uTH

X Y
2 _  — —
§\ (North Pole) > (X,Y, Z) =+ -—— +ir— =z €C,
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where X2 + Y2 4+ Z2 = 1. We can also define a local complex coordinate w by taking the
conjugate of the stereographic projection projecting from the South PoleE| So S2\ (South Pole)
is identified with C.

Notice we have identified S?\ (North U South) in two different ways with C\{0}, corresponding
to the two coordinates z, w.

Exercise. Show that the two coordinates are related by
w=1/z.

Notice that this change of coordinates, C\ 0 — C\ 0, z — % is a holomorphic map (i.e.
complex differentiable). In fact, we will see that part of the definition of Riemann surfaces is
that coordinate changes must be holomorphic (for smooth surfaces they must be smooth).

e A more general way to think of CP!, in analogy with RP? above, is as the set of complex
hnesﬂ through 0 in C2. Thus, again introducing homogeneous coordinates,

CP' = {[20: 21] : (20,21) € C*\ {0}, [20 : 21] = [A20 : Az1] for any \ # 0 € C}.
Then the region zy # 0 corresponds to S? \ (North Pole) above, and you can rescale so that
[20 : z1] = [1 : 2], so you obtain the above local coordinate
z=12z1/%

with 2z = 0 being the South Pole. Whereas 2 # 0 corresponds to 52\ (South Pole), (2o : z1] =
[w : 1], so you obtain the local coordinate w = zp/z1, and w = 0 is the North Pole. On the
overlap (zg # 0,21 # 0), [1 : 2] = [w : 1] recovers the above change of coordinates: w =1/z.
Since z parametrizes a copy of C, you can think of CP! as the compactification C U {oo}
where we add the extra point co = [0 : 1] = (North Pole).

e Elliptic curves (over C) are the tori you get by quotienting C by a lattice.

Above we used the lattice Z? C R? = TORWS ARISING FRoM THE LATTICE
C, but we could more generally use I Fi F Z1+2tv <=
any R-linearly independent vectors T

wi,ws € R? and define the lattice / QuerienT

A = Zwi + Zws C R2. By rescal- / d ¥ -

ing, and relabelling if necessary, we / /

may as well assume that w; =1 € C £ / /

and that wy = 7 € C lies in the upper
half-plane H = {z € C : Im(z) > 0}.
e Surfaces cut out by one equation:

{(z,w) € C?: f(z,w) = 0}.

Many, but not all, choices of a holomorphic function f : C2 — C ensure this is a Riemann sur-
face. By the methods of this course, you will be able to show that if the functions f, 0, f, 0 f
do not simultaneously vanish at any point, then it is a Riemann surface. (This is not however
a necessary condition, for example f = w? will give the z-plane C.)

Example: f = complex polynomial in the two variables z,w. We will show that

{(z,w) € C*:w? =4(z —a)(z — b)(z — ¢)},

for distinct constants a,b,c € C, is a torus with a point removed (there is a natural way to
add the point (z,w) = (00, 00) to get the whole torus).

X .Y
+Zz ~ ‘ixz-
2A complex line through 0 in C? is a complex vector subspace V C C? of dim¢ V = 1. So V = C- (29, 21) C
C? for some (z0,21) # 0 € C2, and notice rescaling does not affect V = C - (Azp, Az1) for any A # 0 € C.

IExercise: w =
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e Historically, Riemann surfaces first appeared in complex analysis when trying to deal with
the problem of multi-valued functions. For example, the complex logarithm

Log(z) = log |z| + i arg(z)
for z € C\ 0 has the problem that the argument is only defined up to adding multiples of 27,
since e?™" = 1 for n € Z. There are two ways of solving this problem: the ad-hoc approach

is to make a cut in the complex plane, so we restrict to Log : C\ (—00,0] — C and artificially
declare that —7 < arg(z) < m. This is called a branch of the Log “function”.

Apart from the nuisance of making artificial choices, this has the problem that for a continuous
curve such as the circle y(t) = >, the function Log(v(t)) is not continuous (it jumps from
7 to —7 at, or rather is not defined at, t = 1/2). Silly!

The natural remedy is really to consider all these “cut-domains” (for the various values of
arg) as being gluecﬂ together according to arg(z)-values to form a surface:

Locally the surface looks like C, and in the picture the vertical
axis keeps track of the value arg(z). Notice how the surface is
made out of sheets (the cut-domains) and if you move towards
the cut from above you go up the staircase to the next level in
the sheets (indeed arg(z) increases), whereas if you approach the
cut from underneath you move down in the staircase (arg(z) de-
creases). The various branches of Log(z) thus determine a well-
defined complex logarithm function defined on the above Riemann
surface (with the vertical axis coordinate telling you which arg(z)
value to use).

e The Riemann surface obtained from a multi-valued holomorphic function by gluing together
the “cut-domains” may not always be embeddable inside R?® (without self-intersections), the
case of Log z above was rather special. Consider the square root z'/2 = ezlogz (you get two

distinet solutions +w with (+w)? = z, for each z # O)El Analogously we obtain the surface:

The self-intersection is an illusion caused by wanting to view it in R3. We can think of this
surface S as being obtained by two cut-domains C \ Rg, pictured below, which are glued
along the cut | The bottom-cut of one cut-domain is identified with the top-cut of the other
domain. The two shaded half-discs glue together to form a disc in S. Walking in the direction

Hn each cut-domain C \ (—o0,0], we re-insert two copies of (—co,0) along the two sides of the cut. We
glue the cut-domains by identifying the copies of (—oo, 0) in pairs (so each cut-domain is glued onto two other
cut-domains along the two copies of (—00,0)). The point “0” does not get re-inserted, we remove it.

2More explicitly: the two branches of the square root are ret? \/?ew/2 and rel? = re2mitid
re(2mitif)/2 — | freint+if/2 — _ /reif/2  The surface is like an Escher staircase: if you go up two flights
of stairs (i.e. € increases by 47) then we will be back to where we started.

3To clarify: each cut Rcg = (—o00, 0) gets replaced by two copies of R<g that we re-insert onto C\R<q. The
new boundary of the cut-domain consists of two half-lines that intersect at 0, call them bottom-cut, top-cut.
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of the arrow in the left cut-domain will make us pop out where the arrow points in right
cut-domain (and this short walk does not intersect the shaded disc in the actual surface).

C\R<0 (C\R<0

ﬁ ? :

Consider the holomorphic map ¢ : S — C, z — z. The preimage of a small disc in C centred
at z # 0 consists of two disjoint small discs in S. The exception is when z = 0, in that case
the preimage of a small disc is just one disc in S: try drawing it in inside the R3-picture
above. What does this correspond to in the two cut-domains?

An equivalent way to describe S is as the “graph” S = {(z,w) € C? : z — w? = 0} of

the square root function. In this case, S — C, (z,w) — w is the square root function, and
(z,w) > z is p. We can use either z or w as a local holomorphic coordinate for S near (z,w)
when z # 0, but near (0,0) we must use w as our local coordinate, not z. Can you see why?
Remark: in fact S can be identified holomorphically with C via S — C, (z,w) +— w, so there
is a way to embed S into R? as a plane.
e In general, given a holomorphic function defined on some region of C, the aim is to build
a Riemann surface by analytic continuation. That is, you patch together local Taylor
series for the holomorphic function, and you try to build the largest possible surface (which
locally looks like C) on which the function can be (uniquely) extended to. For example,
the Riemann hypothesis is a conjecture about the zeros of a function, the Riemann zeta
function, which is constructed by analytic continuation.

1.3 Non-examples: spaces which are not surfaces

e The disc D = {z € C : |z| < 1} together with a line segment: D U [1,2) is not a surface:
at points of the line segment [1,2) the surface is not locally homeomorphic to a disc. Such
non-examples are easy to spot since surfaces have to be “locally 2-dimensional”.

e The double cone (two cones sharing the vertex) with angle 6,
{(z,y,2) € R?: 2% tan?0 = 22 + yQ},

is not a surface (not even topological): at the vertex it is not locally homeomorphic to a discﬂ
e The closed disc
D={zeC:|z/ <1}
is not a surface (not even topological): at any boundary point, it is locally homeomorphic to
a half disc
DY ={(z,y) e R*: 2® +¢* < 1,y > 0}.
One could define surfaces with boundary, by requiring that the surface is locally homeo-

morphic to DT at points of the boundary. Then the closed disc D would be a surface (indeed
Riemann surface) with boundary. In this course, we will not study surfaces with boundary.

We modify the topology near the cuts: the shaded disc above, obtained by gluing two half-discs, is a typical
open neighbourhood of a point of one of the two copies of Rg. What does a neighbourhood of 0 look like?
IExercise. Check this. Hint. what happens to connectedness properties if you remove the verter?
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e The plane with two origins is obtained as the quotient of two copies of R?:
(B2 x {1}) U (R? x {2})/((2, 9. 1) ~ (2.,2) : for all (z,y) except (0,0)).

This space is not Hausdorff: any open set around (0,0, 1) will intersect any open set around
(0,0,2), so you cannot separate the two origins (0,0,1) # (0,0,2). Locally the space is
nevertheless homeomorphic to a disc (for example near (0,0,1) it looks like D x {1}). Notice
D x {1} is open in the quotient, because its preimage is (D x {1}) U ((D \ {0}) x {2}), which
is open in (R? x {1}) U (R? x {2}).

By convention, we prohibit surfaces from being non-Hausdorff. One reason is we want limits to
be unique: (%, 0,1) ~ (%, 0,2) converges to two distinct points: (0,0,1) # (0,0, 2). Physically,
it would be unrealistic to have a common path (t —1,0,1) ~ (¢t — 1,0, 2) of a particle at time
t € [0,1] which at time ¢t = 1 can be in two different places.

e Quotient spaces can often be non-Hausdorff. Recall that a quotient space is Hausdorff if
and only if the equivalence relation {(z,2') € X x X : & ~ 2’} C X x X is a closed set.

2. DEFINITION OF SURFACE

2.1 Topological surfaces

Definition 2.1. A topological surface is a Hausdorff topological space S such that each
point p € S has a neighbourhood homeomorphic to an open subset of R?.

Remark 2.2 (Locally you are a disc). If the above homeomorphism is

’f : (neighbourhood U C S of p) =V = f(U) C Rz‘

then we can shrink U by replacing it wz’t U= YD, (f(p)). Then compose f with the map
R? — R?%,z +— L(z — f(p)) which rescales and translates D,(f(p)) to our favourite unit disc

D = D1(0). The new map f: U — R2? shows that S is locally homeomorphic to D near p.

Example. The torus as a topological surface. Recall the quotient of the square:

T2 =[0,1] % [0,1] / ((0,) ~ (1,y) and (,0) ~ (z,1) for all 2,y € [0,1])
For an interior point (z,y) € (0,1) x (0,1) of the square, we can simply pick a small disc around
it also lying in the interior, then the homeomorphism f is just the identity.

D, D! Slightly harder, for a point (0,y) on the left edge of the square,
(0,9) (L,y) with y = 0, consider the half-disc
D, ={(X,Y)€[0,1]: X> + (Y —y)? <&}

with centre (0,y), radius ¢ < min{y, 1 — y}.

Notice D), = {(1 - X,Y) € [0,1]* : (X,Y) € D,} is a half-disc

with centre (1,y), radius .
The two half-discs glue together in the quotient along the common boundary edge (0,Y) ~ (1,Y)
to form a disc D, U D; C T?. Explicitly, we get a homeomorphism

f+(U=Dy,uD, CcT?) - (V={(X,Y)eR*: X’ + (Y —y)* <e} CR?)

with f(X,Y) = (X,Y)on Dy, and f(X,Y) = (X—1,Y) on D, . Exercise: run a similar argument
for the vertex (0,0) of the square (glue four quarter-discs). | hope this example convinces you that
(often) writing tedious formulas does not make an argument more rigorous than drawing pictures.

Lchoose a small radius r > 0 for the open disc D,.(f(p)) = {g € R? : ||g— f(p)|| < r} so that D,.(f(p)) C V.
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Remark 2.3 (Topological manifolds). An n-manifold is a Hausdor(f topological space S
such that each point p has a neighbourhood homeomorphic to an open subset of R™. As above,
one can always find a local homeomorphism onto the ball B1(0) = {z € R™ : ||z|| < 1}.

Remark 2.4 (Why not metric spaces?). Most topological surfaces arise as metric spacesEl
So it’s easy to describe the topology: each open set is a union of open balls. So why not start
off with a metric space? The metric is extra data which we do not care about: we think of two
topological surfaces as being the same if there is a homeomorphism between them, but these
rarely ever preserve distances. One could study topological surfaces together with a choice of
metric, and require homeomorphisms to be isometries (so distance-preserving).

2.2 Local coordinates and frames of reference

The homeomorphism f above, defined near p, determines continuous local coordinates

on the surface near p, by declaring ’ q € S near p has local coordinates (z,y) = f(q) € R%

The above f is called a chart, and the inverse F' = f~! is called a local parametrization,
F=f"1:(VcR}) =S

Surface Physicists like to call this a frame of reference. When
D E observing a particle moving on a surface S you describe
i ! it in terms of some coordinates (z(t),y(t)) depending on
% time ¢. It is important that two observers, using different
frames of reference, agree on whether or not the particle

fransition R is moving continuously.
% % L Let’s compare two frames of reference I, F5 on the over-

D ObServer 2 lap of their images.

obsecrver 1

The particle’s local coordinates are (x(t),y(t)) and (z(t),y(t)) for the two observers. They
observe the same particle, so

Fy(z(t),y(t)) = Fa(z(t),y(t)) = (position of particle in S at time ).
Therefore, the change of coordinates from observer 1 to observer 2 is:
(@(1),9(1) = (F5 " o Fy)(a(t), y(t)-

Since Fi, Fp are homeomorphisms, the transition map F2_1 o F} is continuous wherever it
is defined. Thus:

Corollary 2.5. For a topological surface, the transition maps (changes of coordinates between
two local parametrizations) are always continuous.

2.3 Smooth surfaces in R3

Definition 2.6 (Smooth maps). Given two open subsets U CR", V CR™, amap f: U —V
is smooth if it is infinitely diﬁerentiableﬂ

Given two arbitrary subsets X CR™, Y CR™, a map f: X — Y is smooth if locallgEl it s
the restriction of a smooth function R™ — R™.

L Non-ezaminable: one usually requires surfaces and manifolds to be second-countable, and this implies
(by Uryshon’s metrization theorem) that the topology of a surface or a manifold is always induced by some
metric. Second-countable means that the topology has a countable base (i.e. there is a countable family of
open sets U;, such that every open set is a union of some subfamily of such U;).

2Meaning: all partial derivatives of f of all orders exist (it follows that all partial derivatives are continuous,
so this definition is the same as requiring that f has derivative maps of all orders).

3Explicitly: for each p € X there is an open neighbourhood U around p and a smooth map F' : U — R™,
such that FF = f on U N X. We need to extend f to an open set, because in order to take the limit
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Definition 2.7 (Diffeomorphism). Given two arbitrary subsets X C R™, Y C R™, a map
f: X =Y is called diffeomorphism if f is a homeomorphism and f, f~' are both smooth.

Definition 2.8. A smooth surface in R? is a subset S C R? such that each point p € S
has a neighbourhood diffeomorphic to an open subset of R?.

Remarks.

o As before, we can always arrange to have diffeomorphisms f : U — D to the disc.

¢ Smooth surfaces in R3 are also topological surfaces, because diffeomorphisms are
homeomorphisms, and subspaces of a Hausdorff space such as R? are Hausdorff.

o A local diffeomorphism f : S — R? defined near p determines smooth local coor-
dinates: a point ¢ near p has coordinates f(q) = (z,y) € R2.

¢ The inverse F' = f~!, which maps some open set of R? to some open neighbourhood
of p € S, is called a local parametrization near p.

o To define smooth n-manifolds in R™ you simply replace R? by R™ above.

Corollary 2.9. For a smooth surface in R®, the transition maps (changes of coordinates
between two local parametrizations) are always smooth.

Proof. As in Section the transition map F{l o I} is defined between two open sets of R2.
Since Fy, F; * are diffeomorphisms, Fy * o F} is a diffeomorphism (by the chain rule). O

It is easy to check whether a map R? — S is smooth: you view it as a map R? — R3
and check that it is infinitely differentiable. But checking whether a map S — R? is smooth
is a nuisance, because by the above definition you would need to first extend the map to a
neighbourhood of S, at least locally. We will later prove (by the implicit function theorem)
that this nuisance is easily avoided using linear algebra:

Theorem 2.10. A smooth injective map F : V — S, defined on an open subset V. C R?, is
a smooth local parametrization <= 0,F,0,F are linearly independent at each point of V.

We will do one example explicitly, but I hope you agree that we do not want to carry out
such calculations every time we encounter a smooth surface. Your time is better spent at
developing the ability to spot instinctively whether or not a surface may fail to be smooth.

Example. The torus as a smooth surface in R3. Recall:
T? = {((a + bcosvp) cos b, (a+ bcostp)sinb, bsiney) € R® : all 6,4 € [0,2n]}.

Let's check this is a smooth surface near the point p = (a +b,0,0) (taking 8 = 1) = 0). Perhaps
unsurprisingly, we will try the local parametrization

F:R?D (—m, ) x (—m,m) = T2 (x,y) + ((a + beosy) cosx, (a + beosy)sinz, bsiny).

This is manifestly smooth (since cos, sin are smooth). It is not so hard to check that it is injective
(check this, using that @ > b > 0). So, by the Theorem, we reduce to linear algebra: we need
0. F, 9, F to be linearly independent in R3.

So we need to find a non-zero 2 x 2 subdeterminant of the matrix

—(a+bcosy)sinz  bsinycosz
( 0 F Oy F ) = (a+bcosy)cosx —bsinysinz
0 bcosy

Oz, f(p) = limy_0 %(f(p +te;) — f(p)) we need f to be defined along the ray p+ te; for small ¢, and for all we
know this ray may not belong to the given set X.
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The bottom two rows give subdeterminant (a+ bcosy)bcosx cosy. Since a > b, the first bracket
is non-zero, so this subdeterminant is non-zero except when z,y € {£n/2}. But in that case, the
top two rows give subdeterminant (non-zero) - sin? z with sin? z = 1, again non-zero.

What does it mean to have a smooth map f : S; — S between smooth surfaces in R3?
By Definition [2.6] it means f is a continuous map such that locally near each point of p € Sy,
f can be extended to a smooth function R? — R? defined in a neighbourhood of p € S; C R3.

2.4 Abstract smooth surfaces

Definition 2.11 (Abstract smooth surfaces). A smooth surface is a Hausdorff topological
space S, together with a family of homeomorphisms, called local parametrizations,

F; : (open subset V; C R?) — (open subset U; C S),
such that the U; cover S, so S = UU;, and on overlaps the transition maps are smooth:
Fj_l oF, :R? 5 R?

18 smooth wherever deﬁnedEl

o Notice that S is automatically a topological surface.
o As usual, each F; determines smooth local coordinates: ¢ € S near p has local coordi-
nates (r,y) = F; *(¢) € R? in the parametrization Fj.

Remark 2.12 (Smooth manifolds). To define smooth n-manifolds, replace R? by R™ above.

Example. The torus as an abstract smooth surface. The quotient T2 = R?/Z? is a
topological space. It is Hausdorff as the equivalence relation {((z,y), (z + n,y + m)) : (n,m) €
72, (z,y) € R?} C R? x R? is a closed subset. For any point p € T, pick a representative point
p = (z,y) € R?, meaning p = [z,y]. Consider

Dy ={(X,Y) eR*: (X —a)* + (Y —y)* <e},

the disc with centre (x,y) and radius e = 1/100 (overkill: £ < 1/2 would work). Notice that no
two points in Dy differ by Z?, therefore the quotient map

Fy: (Vz=D5 CR?) = (U ={[X,Y] € T?: (X,Y) € Dy} CT?), F3(X,Y) = [X,Y]

is a homeomorphism. Since p € U, we obviously get T? = UU5 (taking the union over all choices
of p € R? for all p € T?). Now consider transition maps. Suppose w € U; N Uz C T? is in an
overlap. Say w has local coordinates (X,Y) € V5 and (X +n,Y + m) € V; respectively. By
definition of T2 the n, m are integers. The transition map is smooth since it is the translation

FoloFp: RS R (X,Y) = (X +n,Y +m).

What does it mean to have a smooth map f : S — S’ between smooth surfaces? We want:

(1) f is continuous as a map of topological spaces,
(2) f is smooth in local coordinates.

1Explicitly7 F]._1 o F; is defined on Fi_l(Ui NnU,;) CV; CR%
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[R*

/
R* G)! {ocal €xpression for £
f (E_'J". £ F;

The idea in (2) is you pick local coordinates (x,y) near p, and (Z,y) near f(p). Then f(x,y) =
(Z(x,y),y(z,y)) and you want Z(x,y),y(z,y) to be smooth functions of z,y.
More abstractly: for each p € S, we require that for some coordinate patches
F; / F; / !
Vi—>U,CS Vi—=U; CS
with p € U;, f(p) € U}, the map f written in local coordinates:
n—1 2 Fi / , EDT 2
(Fj) ofoki:R° DV, —U; —U; — V;CR
is smooth wherever it is defined)’| A tedious exercise is to show that if it holds for some V;, Vj’
as above, then it must hold for all V;, V] as above (using that transition maps are smooth).

Remark. Any abstract surface that “lives inside” R? is a smooth surface in R? in the sense of
Section[2:3 We first clarify what “lives inside” means: you have an abstract smooth surface
S and a smooth embedding f : S — R® (meaning a homeomorphism onto the image, such
that the map and its inverse are smooth). Then f(S) C R?® is a smooth surface in R?: the
local parametrizations for f(S) are given by f o F; using the F; of Definition .

2.5 Riemann surfaces

In Definition [2.11] replacing R? by C, and “smooth” by “holomorphic” we obtain:

Definition 2.13. A Riemann surface is a Hausdorff topological space S, together with a
family of homeomorphisms, called local parametrizations,

F; : (open subset V; C C) — (open subset U; C S),
such that the U; cover S, so S = UU;, and on overlaps the transition maps are holomorphic:

F;loFi;C—w

18 holomorphic wherever deﬁnedﬂ

¢ Notice that S is automatically a topological surface.

o Notice that S is automatically a smooth surface.

o FEach F; determines one holomorphic local coordinate: ¢ € S near p corresponds to
z=F"! (¢) € C in the parametrization F;. As there is just one, we could call it f; = Fi_1 e C.

7

Remark 2.14 (Smooth manifolds). To define complex n-manifolds, replace C by C™ above.

TExplicitly, it is defined on Fi_l(f_l(UJ/,)).
Explicitly, F; ' o F is defined on F; ' (U; NU;) C Vi C C.
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Example. The torus as a Riemann surface. Consider T2 = C/A for a lattice
A = Zwy + Zwy C C,

where wy,wy € C are R-linearly independent (i.e. not real multiples of each other). The quotient
C/A is a topological space. It is Hausdorff because the equivalence relation {(z,z + \) : A €
A,z € C} C CxCis a closed subset. For any point p € T?, pick a representative point p € C,
meaning p = [p] in the quotient. Consider

Dy ={z€C:|z—p| <e},

the disc with centre p, radius & = min{|wy|, |wal, |we —w1 |, |we +w1|}/100 (the wy+w; are needed
in case the parallelogram has a short diagonal). No two points in Dj differ by A, so

F;: (Vz=D5 CC)— (Us={[z] € T?: 2 € D} C T?), Fj(z) = [¢]

is a homeomorphism. Since p € Ug, we get T? = UUj (the union over all choices of p € C for
all p € T?). Finally, suppose [w] € U; N Uz C T2 is in an overlap. Say [w] has local coordinates
w € Vy and w + nwy + mwg € Vy respectively, where n,m € Z are integers. Then the transition
map is holomorphic since it is a translation:

FgloFﬁz(C—MC,sz—&-nwl—&-mwQ.

What is a holomorphic map f : S — S’ between Riemann surfaces? We want:

(1) f is continuous as a map of topological spaces,

(2) f is holomorphic in local coordinates.
The meaning of (2) is just as in Section replacing R? by C, “smooth” by “holomorphic”.
Example. Viewing CP' = C U {cc}, we show f : CP! — CP?, z — 1 is holomorphic (with
f(0) = 00, f(c0) = 0). Notice f is continuous (in particular, the preimage of a neighbourhood of
o0 is a neighbourhood of 0). Write Z for the usual coordinate of C on the codomain. For z # 0,
the local expression of the map is Z(z) = 1 which is holomorphic in z (complex-differentiable).
For z close to 0, we need to use the local coordinate W = 1/Z on the codomain because Z = f(z)
is close to co. The local expression becomes W (z) = 1/f(z) = z, which is holomorphic in z. Near
z = 00, we use the local coordinate w = 1/z on the domain, and the local expression becomes
Z(w) = f(z) = f(1/w) = w, which is holomorphic in w. It is perhaps easier to think of all this

1

using homogeneous coordinates [z : z1] for CP': so [z : 1] — [f(2) : 1] = [£:1] = [1: 2].

3. WHEN ARE TWO SURFACES DIFFERENT?

3.1 Homeomorphisms, diffeomorphisms, biholomorphisms

The class of surfaces affects when we want to view two surfaces as being the same or
different. You have seen this in mathematics before: we think of two sets as “being the same”
(isomorphic) if there is a bijection : S; — S between them, whereas for vector spaces (sets
with additional structures called addition and rescaling) we want the bijection to preserve the
additional structures, so we want a bijection f with f, f~! both linear. We define:

(1) Two topological surfaces are isomorphic if they are homeomorphic.
Explicitly: f:S; — Sy is a bijection, and f, f~! are continuous.

(2) Two smooth surfaces in R? are isomorphic if they are diffeomorphic.
Explicitly: f:S; — S5 is a bijection, and f, f~! are smoothEl

L Non-ezaminable: Since surfaces in R3 are an abstract surface S together with the additional structure
of an embedding S — R3, a more appropriate notion of isomorphic is actually isotopy: a smooth family of
embeddings. Explicitly: a smooth map H : S x [0,1] — R3 such that H(-,0) : S — R3, H(-,1) : S — R3 are
the two embedded surfaces, and we want H(-,t) : S — R3 to be an embedding for each ¢ € [0, 1].
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(3) Two abstract smooth surfaces are isomorphic if they are diffeomorphic.
(4) Two Riemann surfaces are isomorphic if they are biholomorphic,
Explicitly: f:S; — Ss is a bijection, and f, f~! are holomorphic.

Notice that a diffeomorphism/biholomorphism is also a homeomorphism, so the underlying
topological surfaces are the same. However, for all we know, there may be several ways to
turn a topological surface into a smooth surface or a Riemann surface, and these may not be
related by a diffeomorphism/biholomorphism even though the surfaces are homeomorphic.
Example. In previous courses you have seen Mobius maps: they are biholomorphisms
az+b
cz+d’
where a, b, ¢,d € C with ad — bc # 0. These maps don't change if you rescale all a, b, ¢, d by the
same non-zero complex number, so you may arrange that ad — be = 1 (which leaves the freedom
of rescaling all by £1). So such maps are parametrized by (¢ %) € SL(2,C)/(+I) = PSL(2,C).
As the maps compose according to matrix multiplication, the group of Mobius maps is isomorphic
to PSL(2,C). For example, the inverse of a Mdbius map can now be calculated by finding the

inverse matrix: 2% is inverse to “21tL since (} _Z.Z) is inverse to % (fl {) Mobius maps have

z+1 —z+1

nice properties: citcles/lines map to —gircles/lines, and angles are preserved (see Section .
Exercise. Recall we defined homogeneous coordinates for CP!, so z € C € CU{oo} becomes
the point [1 : z]. Show that Mébius maps become CP! — CP1L, [2g : 21] = [czo+dz1 : azo+b2]
in homogeneous coordinates. This is why they are also called projective linear transformations.
Exercise. Check that Mobius maps are holomorphic.

Example. We check that the upper half-plane H = {z € C : Imz > 0} is biholomorphic to
the open unit disc D = {z € C : |2| < 1} via f(2) = 4. We know f : CP' — CP'is a
biholomorphism (and f~'(z) = ££t4), so it remains to check f(H) = D. As 0,i,00 € CU {co}
map to —1,0,1 € C U {co}, the circle/line R U {occ} must map to the circle/line S* = dD.
Since f sends open sets to open sets (as f~! is continuous), the connected component H of
(CU {o0}) \ (RU {o0}) must map bijectively onto one of the two connected components of

(CU{oo})\ St. As f(i) = 0, it follows that f(H) = D. (Alternatively, notice that the distance

of z € H from i is less than the distance from —i, so |27;| < 1, so the map lands inside D.)
Exercise. Show that a Mdbius map sends H — H precisely when a, b, c,d € R are real and
ad — be > 0. Thus, these Mébius maps determine the subgroup PSL(2,R) € PSL(2,C).

(Hint: first impose that R — R, then you just need to ensure the maps don’t flip H to —H).)

CU{o0} =CP!' - CP' =CU {0}, 2+

Cultural Remark. An automorphism of S is a biholomorphism S — S. We will prove
in the course that the automorphisms of CP' are precisely the Mdbius maps PSL(2,C).
The automorphisms of H and D are also precisely the Mébius maps, respectively PSL(2,R)
and PSU(1,1) (see Section . The result for CP' does not immediately imply the other
two because it is not easy to show that a given automorphism extends continuously to the
boundary (once we know this for f : H — H, a reflection principle trick f(Z) = f(z) gives
us an automorphism of CP1). A simpler approach is to first prove the result for D, then the
result for H follows by using the above biholomorphism H — D (can you see why?). For D
the result follows by Schwartz’s lemma: see the last two Lemmas in the Appendix.

3.2 Classification of tori

Definition 3.1 (Torus). A torus is any topological space X which is homeomorphic to S* x S*
(using the product topology).

There are several (homeomorphic) ways to describe S! as a topological space:
(1) S'={z € C:|z| =1} C C with the subspace topology,
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(2) S! =R/Z with the quotient topology, where we identify x ~ x +n any n € Z,
(3) S =10,1]/(0 ~ 1) with the quotient topology.
For example, a homeomorphism from (2) to (1) is x — ™.

The torus viewed as the square by identifying parallel sides arises from description (3) of
S1; the torus as a quotient R?/Z? by the translation group Z? arises from description (2);
and the torus S' x S € C x C = R* arises naturally from description (1).

As a topological surface, all tori are the same: homeomorphic to S' x S'. But how many
different smooth surfaces are homeomorphic to S* x S*, and how many different Riemann
surfaces are homeomorphic to S! x S1? We will not prove the following hard theorem (a
consequence of the classification of compact surfaces):

Theorem 3.2. Any smooth surface which is topologically a torus is diffeomorphic to S* x St.

This turns out to be false for Riemann surfaces: there are many non-biholomorphic Rie-
mann surfaces which are tori. Again, we will not prove the following hard theorem:

Theorem 3.3 (Elliptic curves over C). Any Riemann surface which is topologically a torus
is biholomorphic to C/A for some lattice A which we may rescale so that A = Z-1+7 -1 with
Te€H={z € C:Im(z) > 0}. These are called the elliptic curves.

We will now show explicitly why two such tori C/A;,C/As are diffeomorphic, and we will
show that they are not always biholomorphic.

To show that they are diffeomorphic, we might as well show that all quotients C/A are dif-
feomorphic to R?/Z? (which is the case 7 = i), then C/A; = R?/Z? = C/A; are diffeomorphic,
as required. Identifying C = R2, z = z + iy, write 7 = a + ib. Matrix multiplication

(3%) ‘B? SR

is of course a smooth map (it is linear!) and it is bijective (the determinant b = Im(7) > 0 is

non-zero), and it maps Z? — A bijectively (the columns are the images of the standard basis).

Thus it defines a diffeomorphism R?/Z? — C/A. The map is however not holomorphicEl
More generally, suppose we are given a biholomorphism

f:C/A— C/N  where A = Zwy + Zwsy, N = 7w + Zuwh,.
This means thatEl it arises from quotienting a holomorphic map
f:C—C with f(A)CA.

Trick to show that fis A-periodic: fix A € A and notice by construction that f(z—i—A) and f(z)
are both equal in the quotient C/A’, namely they equal f(z). Thus f(z+\) — f(z) = X € A/
(in principle A’ could depend on z, but since X’ varies continuously with z, and A’ is discrete,
it forces A’ to be independent of z). Differentiate in z to get f'(z+ A) — f/(z) = 0. This holds
for all A, so f’(z) is A-periodic and holomorphic, hence bounded, so constant by Liouville’s
theorem. Thus f'(z) = A € C and integrating: f(z) = Az + B for some A € C\ {0}, B € C.

Taking z = 0 shows that B € A’, so by composing f with the translation z — 2z — B we may
as well assume that B = 0. We know A - A C A’ by construction, we now claim this is an

Li(x+iy) = (x+ay) +iby has: 8, f =1, 8,f = a+ib. The Cauchy-Riemann equations 9y f = —i 9, f fail.

2Stric‘cly speaking, we only know this locally, as we used the quotient C — C/Lattice to define the holo-
morphic local parametrizations. However, by the Identity theorem from complex analysis you know that
you can patch together the local Taylor series uniquely to obtain a global holomorphic map defined on C.
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equalit If not, then there is a X € A’\ (A-A), but f(\'/A) = X € A’ which contradicts the
injectivity of f as f(N'/A) = f(0) with \'/A # 0 € C/A.

Thus f(z) = Az for some A € C\ {0} such that A- A = A’. Thus the problem reduces to
classifying lattices A C C up to C-linear bijections!

Since Awq, Aws is required to be a Z-linear basis for A’ the two bases Aw;, Aws and wf, w}
of A’ differ by a Z-linear bijection (think of row-reduction but working over Z). So

Wi = aAw; + bAws wh = cAw; + dAws.

for some invertible integer-valued matrix (‘Z b) € GL(2,Z). Thus, using the convention that
7 = £¢L adjusting the sign so that T€e H= {2 € C: Im( ) > 0},

o :I:w—é _ iaAwl + bAw, _ ij:aT—kb.
wh cAwi + dAws ter +d

So the matrix acts on the 7 parameter like a Mbius map. By properties of Mobius maps,
since 7,7’ € H, we deduce that 7/ = M - 7 where M = £ (%) € PSL(2,7Z).

Conversely, if 7/ = ‘”j:s, then (awy +bws)/wi = (cwy +dwsy)/wh so, calling this last quantity
1/A € C\ {0}, we get a biholomorphism f(z) = Az : C/A — C'/A’.
Corollary 3.4. C/(Z1 + Z7) = C/(Z1 + Z1') are biholomorphic if and only if 7,7 € H =
{z € C:Im(z) > 0} lie in the same orbit of the PSL(2,Z)-action on H by Mébius maps.

Corollary 3.5. Riemann surfaces which are topologically a torus are classified up to biholo-
morphism by [t] € H/PSL(2,7Z).

Cultural remark: this moduli space, H/PSL(2,Z), of modular parameters [7] is in fact
itself a Riemann surface biholomorphic to C.
4. THE EULER CHARACTERISTIC

4.1 Euler characteristic of regular polyhedra

Notice the following pattern in the number of vertices, edges, faces of the Platonic solids:

Regular polyhedron | Face type | V | E | F | x=V —-E+ F
Tetrahedron Triangle 4 16| 4 2
Cube Square 8 [12] 6 2
Octahedron Triangle 6 |12 8 2
Dodecahedron Pentagon | 20 | 30 | 12 2
Icosahedron Triangle | 12 | 30 | 20 2

The alternating difference x =V — E 4 F' is called the Euler characteristic. Why is it
always 2 for Platonic solids? It turns out y is a topological invariant of topological surfaces,
meaning it is a quantity which is the same for any two surfaces which are homeomorphic.
Platonic solids are homeomorphic to the sphere, so x = x(S?) = 2. The homeomorphism
between the Platonic solid and the sphere defines a cellular decomposition of the sphere: a
subdivision of the sphere into regions homeomorphic to discs (in this case, curved polygons).
Example. Section[1.2](1) shows a triangulation induced by a tetrahedron (get curved triangles).

LAn alternative proof is to build an inverse § to f, with gAY CA (Whlch will imply that f(A) = A’). One
considers g = f~1, and builds a global holomorphlc map g just like for f, f by extending a local inverse to f.
In particular, g can be chosen to be the inverse to f on the small open set that we use to construct f g before
extending to C. Thus go f id on a non-empty open, and hence on all of C by the identity theorem.



B3.2 GEOMETRY OF SURFACES, PROF. ALEXANDER F. RITTER 21

4.2 Cellular decomposition

Definition 4.1 (Cellular decomposition). A cellular decomposition of a topological surface
S is a collection of continuous maps, called cells,

v; : D% — § ej:lD)l—>S fr:D*= S
respectively called 0-cells, 1-cells, 2-cells, whercEl D™ = {p € R™ : ||p|| < 1} is the n-
dimensional unit disc, and we require that:

(1) each map restricted to the interior of the disc is a homeomorphism onto the imageEl
(2) the boundary of the disc is mapped into the image of the lower-dimensional cellsEl
(3) S is partitioned by the interiors of the cellsEl

Remarks.

© The maps restricted to the boundary dD™ are called attaching maps (can be non-injective).
© Notice you are building the space inductively by dimension: you start with a bunch of points
X0 = Jv;(D%), then you attach line segments X' = X°U(Je;(D') where the attaching maps
ejl0,13 land inside X, and finally you attach 2-discs X? = X' U] fx(D?) = S where the
attaching maps fi|s: land in X!. The subspace X* C S is called the i-skeleton.

o Condition (3) ensures there are no redundancies or silly overlaps: the vertices are distinct,
no vertices touch the interior of an edge or face, no edge touches the interior of a face.

¢ The above definition works more generally for any n-manifold M, in which case you can
have cells ¢; : D% — M of any dimension d; € {0,1,2,...,n}.

o A triangulation is a cellular decomposition, where the faces are identified (via homeomor-
phisms) with triangles and the attaching maps are all injective, so that the boundary edges of
the triangles are precisely the 1-cells, and the boundary vertices of the edges are precisely the
0-cells. These conditions are quite harsh, so it is usually very mess to triangulate a surface.

Examples. Here are three examples of cellular decompositions of S2:

CELLULAR  DeComPosliTians  of THg SPHELE

2 f, o ]
[D 0 N .FI ‘\lbu
v, 'D €
'\‘., ("-Q'ml
0/
b
" “f ef uf,
P "

Here f; : D? = (square)— (square with identifications), and this map is a homeomorphism on the
interior, but on the boundary it is not injective. Notice that (just as for the Platonic solids, which
also yield cellular decompositions of S?) the alternating sum of the numbers of cells is always 2:

1-0+1=2 1-14+2=2 3—-2+1=2.
A very general (hard) fact from algebraic topology is:

180 D° = {point}, D! = [0,1] C R, D? =D = {(z,y) € R? : 2% 4+ y? < 1} C R2. Interiors: Int(DY) = DO,
Int[0,1] = (0,1), Int(D?) = D = {2 € R? : ||2|| < 1}. Boundaries: D" = @, D! = {0} U {1}, OD? = S.

2e;:(0,1) = €;((0,1)) C S, fx : D = fx(D) C S are homeomorphisms (no condition on v; as Int D° = @).

3e;(0),¢;(1) € Uvi(D°) and f1(S1) € Uvi(DO) UUe; (D).

48 = | v (D) U ej (Int DY) U] £ (Int D?) is a disjoint union of subsets.

5try to triangulate the torus, viewed as a square with parallel sides identified.
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Theorem 4.2. Any compact topological manifold M (e.g. a compact topological surface) “ad-
mits’El a cellular decomposition and the alternating sum of the numbers of cells

X(M) = (#0-cells) — (#1-cells) + (#2-cells) — (#3-cells) + - - -

1s the same for any cellular decomposition. It is called the Euler characteristic of M.

Corollary 4.3. If M, N are homeomorphic topological manifolds then x(M) = x(N). So the
Euler characteristic is a topological invariant.

Proof. If f : M — N is a homeomorphism, then a cellular decomposition ¢; : D% — M of M
determines a cellular decomposition foc; : D% — N of N. So x(M) =Y (-1)4 = x(N). O

Example. We obtained the torus from a square by identifying the parallel edges. The whole
square is a 2-cell fo : D? — T2, the two non-parallel edges are two 1-cells eq,es : D' — T2, and
the four vertices of the square are identified with one O-cell v : D° — T2. Thus

(T =1-2+1=0.
For RP? the four vertices instead define two 0-cells, so

xRP?)=2-2+1=1.
4.3 Connected sum

In general, given two surfaces S7 and Sy, we
can form two new surfaces:

(1) the disjoint union: Sy LJ Sa,
(2) the connected sum: S;#5Ss.

The connected sum S;#55 is obtained by removing a “disc” from each of the two sur-
faces and identifying the circular boundaries. This identification is the same (up to homeo-
morphism) as attaching a cylinder by gluing the two boundaries of the cylinder onto the two
boundaries of the removed discs.

Exercise. Check that S;#55 is indeed a topological surface. Convince yourself that if Sy, .55
are connected then, up to homeomorphism, it does not matter which “discs” you pick.

Easy exercise. Show that any connected component of a surface is a surface. Deduce that
any surface equals a disjoint union of connected surfaces.
Exercise. Connected sum with a sphere does nothing.

Connected sum with a torus is the same as attaching a handle (Section .
Example. By Exercise sheet 1, RP? is obtained by gluing a disc D onto a Mobius band M along
the circular boundary. So RP?2\ D = M. So connected sum with RP? is the same as attaching
a Mobius band (Section [4.6]).

4.4 Additivity of the Euler characteristic

(1) x(S1US2) = x(S1) + x(S2),

Lemma 4.4. ) (6, 45,) = v(S1) + x(Ss) — 2.

INon-examinable: the statement as written is known in all dimensions except 4 (and in dimension 2 one
can even obtain a triangulation). In reality, one only cares about a cellular decomposition “up to homotopy
equivalence”: loosely, a type of continuous deformation that is more drastic than just homeomorphisms, and
it happens to preserve x. As an example, you can squash a cylinder to turn it into a circle, both have x = 0.
That, up to homotopy, manifolds have cellular decompositions was proved by John Milnor in his 1959 paper,
On spaces having the homotopy type of a CW-Complex.
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Proof. ElPick a cellular decomposition of S1, S2. Then this defines a cellular decomposition of
S1 LS9 so (1) follows immediately. The idea in (2) is that we remove two faces, which makes
x drop by 2, and we identify the circular boundaries so we lose one copy of S!, which does
not matter for x since x(S!) = 0 (since S! is a point with an interval attached to the point,
so x = 1 —1=0). This idea is correct if you triangulate Si, Sy and remove two triangular
faces. However, if we instead want to work with cellular decompositions (which arise more
naturally than triangulations) then the rigorous proof is a little more involved, as follows.
The surface S1#S5 up to homeomorphism only depends on the the choice of connected
components in 7 and in So where you pick the “discs”. So we might as well pick each “disc”
in the interior of a 2-cell in the cellular decomposition. To do this without destroying the
cellular decompositioxﬁ we subdivide each original 2-cell fy : D? — S; as in the picture.

(& |‘rwl-r
bavndsries

| J).

The new edges ej, ea map injectively into S; since the original fj is injective on Int(ID?), and
similarly the new faces f1, fo are injective on Int(D?). However, a comment is required about
vi. If fo(S1) already contains a O-cell, then we can use that for vy, and x will not have
changedEl If fo(S1) does notﬁ contain a 0-cell then, by the partitioning condition, fo(S) lies
inside the image of an edge, so creating a new v; means subdividing an edge into two. So we
are also creating a new edge. So this new vertex/edge pair does not affect x: 1 —1 = 0. This
invariance of x is a special instance of the very general invariance Theorem [£.2]

Next, we remove the small faces (fy in the picture) from S, Se, which makes y drop by 2.
Finally we identify the two boundaries of those faces which means we identify the copies in
S, 82 of vy, ez in the above picture, so x does not change (+1 —1 =0). So (2) follows. O

Remark. If a topological space S = AUB (such as a surface) is a union of two closed subsets,
and supposeﬂ S admits a cellular decomposition such that it induces cellular decompositions
for AN B, A, B, then by counting you deduce x(S) = x(A4) + x(B) — x(AN B). Can you see
how to use this to prove the above formula for x(S1#S2) ¢

4.5 Attaching handles to a sphere

Observe that there is a natural way to orient the boundary of a “disc”El in the sphere: we
ask that it obeys the right-hand ruleﬂ with the thumb pointing in the normal outward

INon-examinable exercise. For n-manifolds M, N, explain how one constructs a connected sum M#N
and show that x(M#N) = x(M) + x(N) — x(S™), where S™ is the n-sphere.

2making a hole inside the “disc” gives an annulus (up to homeomorphism), so it is no longer a 2-cell.

Shefore subdivision, fo contributes +1, after subdivision wvs, e1, €2, f1, f2 contribute 1 — 2+ 2 = 1.

4the boundary of the disc must land inside the 1-skeleton, but it may land in the interior of some 1-cell.

5 Non-ezaminable: More generally, this formula for x holds whenever S is the union of the interiors of the
closed sets A, B, as a consequence of the so-called Mayer-Vietoris sequence (see C3.1 Algebraic Topology).

6«Disc” will mean a continuous map D? — S which is a homeomorphism onto its image.

“thumb pointing in the normal outward direction, index finger pointing in the oriented circular direction,
and middle finger pointing towards the centre of the circle.
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direction (so for very small discs, the boundary is oriented anti-clockwise if you are looking
at the sphere S? C R? from far away).

A cylinder is a space homeomorphic to [0, 1] x S*. The boundaries are oriented as follows:
{1} x S is oriented clockwise, {0} x S! is oriented anticlockwise.

Attaching a handle to S? means you remove two disjoint “discs” from S2, and you glue
the two boundary circles of the cylinder [0,1] x S* onto the two boundaries of the discs you
removed in a way which preserves the above orientations (in practice: draw arrows on the
circular boundaries, and glue in a way that respects the arrow directions). The orientation
choices ensure that we can think of the handle as attached onto S? C R? from the “outside”:

sphere\2discs q;D:hr

Thus, starting from a sphere, we obtain a sequence of surfaces:

O G:Q CDee

# handle .5" # +wo hendles

The number g of handles attached to S? is called the genus of the surface, and corresponds
to the number of “doughnut holes”:

B =>ED
9=0 3= 9=2

Exercise. Suppose you instead remove two disjoint discs from the surface, and identify the
two boundary circles (in a way that preserves their orientations). Show that the resulting
surface is homeomorphic to the above handle-attachment. Hint. Near one of the circles you
can pick a closed neighbourhood that looks like S* x [—1,0], now construct the required map.

Lemma 4.5. Attaching a handle decreases x by 2.

Proof. To obtain a cellular decomposition of a cylinder S* x [0, 1], we declare that e; = [0, 1] =
{1} x [0,1] € §* x [0,1] is a 1-cell. View each of the circles S* x {0} and S x {1} as 1-cells
€2, ez which have been attached by identifying both endpoints to the same point, namely
the endpoints v; = (1,0), vo = (1,1) of e;. The cylinder itself defines a 2-cell bounded
by e1,e2,e3. Thus x(cylinder) = 2 — 3+ 1 = 0. When we attach the cylinder, we run a
construction similar to the picture in the proof of Lemma [£:4] Namely, we remove two discs
from the original surface (so a 2-cell), which makes x drop by 2, whilst the identification of
the boundary circles does not change x (viewing the boundary circle as a 1-cell with both
endpoints attached to the same 0-cell, we lose a 1-cell and a 0-cell, leaving x unaffected). O

4.6 Attaching Mdobius bands to a sphere

In Exercise sheet 1 you study Mobius bands. The Mobius band M is the quotient of the
square [0, 1] x [0, 1] by identifying the vertical edges in opposite directions, (0,y) ~ (1,1 —y).
The boundaries [0, 1] x {0} and [0, 1] x {1} glue to give a circle.

Attaching a Mébius band to S? means you remove a “disc” from S2, and you glue the
boundary circle of M onto the boundary of the disc you removed. One cannot draw this in
R3 without self-intersections, so schematically we will draw M as a wiggly cap:
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I Ny M
=

St#HzR‘P’. St 4o M = K

The above are the first two of a sequence of surfaces one obtains by attaching Mobius bands
to S? (see Exercise Sheet 1, Ex.2).

Lemma 4.6. Attaching a Mobius band decreases x by 1.

Proof. This is similar to Lemma[d.5] M has a 2-cell (the square), three 1-cells (two of the four
edges of the square are identified), two O-cells (vertices are identified in pairs). So x(M) = 0.
When we attach M, x drops by 1 as we remove a disc (a 2-cell) from the original surface. O

5. CLASSIFICATION OF SURFACES

5.1 Classification of compact topological surfaces

At the end of Part A Topology you played with gluing edges of polygons, and “proved”:

Theorem 5.1. Any compact connected topological surface is homeomorphic to:

(1) a sphere S? with g > 0 handles attached, or
(2) a sphere S? with h > 1 Mdbius bands attached.

Actually you proved the above under the additional assumption that the surface can be
triangulated (see the Remarks in for the definition of a triangulation).

A hard theorenﬂ of topology is that every topological surface admits a triangulation.

Once a triangulation has been chosen for the compact connected surface S, by compact-
ness there are only finitely many triangles. You then inductively build a “polygon” (up to
homeomorphism, so it may have curved edges) in the plane R?. Start with a triangle from
S, identify it with a “triangle” T (a homeomorphic copy, so it can be curved) in the plane.
Then consider an adjacent triangle in S, identify it with a “triangle” T adjacent to T, and
so on. Since S is connected, once you have exhausted all triangles you end up with a (typi-
cally non-convex) “polygon” in R?: the union of the triangles 17,75, . ... However, the outer
boundary edges will be identified in pairs since in S each edge belongs to two triangles. Thus,
up to homeomorphism, the problem reduces to classifying regular polygons with pairwise edge
identifications. You solved this combinatorial exercise in Part A Topology.

By Section [£.3] Theorem can also be stated as follows:

Corollary 5.2. Any compact connected topological surface is homeomorphic to one of:
(1) S? or T?#T%# ---#T? for some number g > 0 of copies of T?,
(2) RP?#RP?4 ---#RP? for some number h > 1 of copies of RP?.

Corollary 5.3. For the surfaces in Theorem[5.1}

(1) x(S% with g > 0 handles attached) = 2 — 2g,
(2) x(S% with h > 1 Mébius bands attached) = 2 — h.

Proof. Follows by Corollary and Lemma using that x(7?) = 0 and x(RP?)=1. O

ISee http://mathoverflow.net/questions/17578/triangulating-surfaces. It is quite easy to find cellular
decompositions, but much harder to triangulate. In fact, in higher dimensions, it is not true that topo-
logical manifolds are always “triangulable” (using the higher dimensional analogues of tetrahedra). See
http://en.wikipedia.org/wiki/Triangulation_(topology).
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Viewing the torus as a square with the usual side-identifications aba~*b~! (reading clock-
wise), by performing the connected sum of two such squares we obtain the standard model
of the genus 2 surface as a regular octagon with a complete set of side identifications,
aba~'b~lede'd~'. Repeating this procedure inductively, the regular polygon with 4¢ sides,

identified by aibiay by - agbgay 'b; !, is the standard model of the genus g surface.

TORUS TOR WS
b-l
CONNECTED
e SUM
/\9

= a

Exercise. Show similarly that the regular polygon with 2h sides identified by ajajasas - - - apap
is a model for the non-orientable surface with x = 2 — h (recall that RP? is obtained from a
digon with identifications aa, which is the case h = 1).

The Euler characteristic does not distinguish the torus 72 from the Klein bottle K: both
have x = 0. One reason why 72 and K are not homeomorphic is that K contains a Mobius
band but T2 does not (if they were homeomorphic then T2 would also contain one). Indeed,
one can define orientability by saying that a topological surface is orientable if and only if
it does not contain a Mébius band. In Section [6] we will discuss orientability, and show:

Corollary 5.4. The Euler characteristic and orientability uniquely determine the topological
surfaces in Theorem[5.1) up to homeomorphism ((1) are orientable, (2) are non-orientable).

5.2 Classification of compact smooth surfaces

The analogue of Theorem [5.1] is the following hard theorem:

Theorem 5.5. Any compact connected smooth surface is diffeomorphic to:
(1) a sphere S? with g > 0 handles attached, or
(2) a sphere S? with h > 1 Mdbius bands attached.

Exercise. Convince yourself that you can make attachments smoothly.

5.3 Classification of Riemann surfaces

This Section is non-examinable.

For cultural reasons, I mention the following theorem (we come back to this in the Appendix).

Theorem 5.6 (Uniformization theorem).
Every simply-connectecﬂ Riemann surface is biholomorphic to one of:

(1) CP! (sometimes called the Riemann sphere),

(2) C  (the complex plane)

(3) D={z¢€C:|z| <1} (the open disc), which is biholomorphic to the upper half-plane
H = {z € C: Im(z) > 0}, see Sec. [5.]]

1Simply-connected means: connected, and every continuous loop can be continuously shrunk to a point
(every continuous map S! — S can be extended to a continuous map D — S on the closed unit disc).
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Every connected Riemann surface is biholomorphic to a quotient of one of those three simply-
connected models by a discreteEl group which acts holomorphically, freehﬂ and pmperly

Later we’ll see how this is related to geometry: the three models have respective curvatures
+1 (Spherical geometry), 0 (Euclidean geometry), —1 (Hyperbolic geometry).

Example: genus 1 Riemann surfaces are, up to biholomorphism, elliptic curves by Section
[3:2] so quotients of C by a discrete group of translations described by a lattice.

Corollary 5.7. By studying the possible group actions in the above three cases, it turns out
every connected Riemann surface is biholomorphic to one of:
(1) cP,
(2) C, C* =C\ {0}, or C/A for a lattice A C C (these three options come from groups
isomorphic to {1}, 7, 7% respectively),
(3) H/G for a discrete subgroup G C PSL(2,R) ={(2%) 1 a,b,c,d € R,ad—bc =1}/ +1
acting freely by Mobius maps on H.

6. ORIENTABILITY

6.1 Orientable versus non-orientable surfaces

There are two ways to orient a triangle, i.e. choosing arrows along the edges indicating how
we wish to travel once around the triangle. One could equivalently say a surface is orientable
if in a triangulation of the surface it is possible to pick an orientation for each triangle, so
that for any two triangles which share an edge we have picked opposite orientations for that
edge for the two triangles. However, the naturaﬂ definition is Definition
We will loosely use the expression disc in S to mean a continuous injectiveﬂ map D — 5|
and continuous family of discs in S to mean a continuous map F : D x [0,1] — S, such
that each F} : D — S, Fy(z) = F(z,t) is a disc in S.

Definition 6.1 (Orientable surface). A topological surface S is orientable if for any con-
tinuous family of discs Fy(D) in S, starting and ending at the same disc Fo(D) = Fy (D), the
circular boundaries Fo(S*), F1(S1) are oriented in the same direction

This fails for the Mobius band M, so any surface containing
a copy of M is non-orientable. Thus any surface in family ‘
(2) in Theorem is non-orientable.

Mobiuns
rollercoaster

M START MoVE ALONG

The surfaces in family (1) in Theorem are all orientable, since they can be embedded in

IDiscrete means “points are open”: the one-element subsets {g} are open, for g € G. Example: Z? C R2.

2Freely means all stabilizers are trivial: Stabg(p) = {9 € G:gep=p} = {1}.

3Properly7 for a discrete group G acting on a space S, means: any p,q € S have neighbourhoods Uy, Uy
with Up N (g @ Ug) # 0 for only finitely many g € G. This ensures, in particular, that S/G is Hausdorff.

4Non-examinable Remark. It is the only definition which generalizes to higher dimensions. A topo-
logical m-manifold M is orientable if, after moving a disc D™ — M continuously in M along any path
until its image coincides with the original image, the starting and ending positions yield two embeddings
Sn—1 = 9D" — M that differ by a homeomorphism S™*~1 — S"~1 which can be continuously deformed to
the identity map (see the analysis handout for the definition of deformation). For a non-orientable n-manifold,
there will exist some path yielding a homeomorphism S™~1 — S™~1 which can be continuously deformed to
the reflection (z1,...,2n) = (=1, 2,...,2n) (viewing S?~1 C R™).

5We could strengthen this to “embedding”, meaning a homeomorphism onto the image.

6Meaning, Fl_1 o Fy : ST — S! sends the anticlockwise path et to a path e(*) for a strictly increasing
function s(t) (so () is also an anticlockwise path).
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R3 with a well-defined outward normal direction, and then a family of discs will have circular
boundaries oriented either always agreeing or always disagreeing with the right—hand-ruleEl

Remark. You may wonder why attaching a handle to a surface S in family (2) in Theorem
does not give anything new. Up to homeomorphism, you can move one boundary circle
of the cylinder once around a Mobius band in S, which will switch the orientation of the
boundary circle. If you think of S inside R® with (fictitious) “self-intersections”, then the
cylinder is no longer attached on the outside of the sphere: one of the ends is attached from
the inside. The cylinder attached in this way corresponds to connected sum with a Klein
bottle K = RP?#RP? (in the picture we drew the circle along which we take the connected
sum with K). So attaching a cylinder to a surface which contains a copy of M is the same, up
to homeomorphism, as the connected sum #RP?#RP? with two copies of RP2. This is what
we expected from the classification theorem, since x drops by 2 when attaching a cylinder.

move Yhis e liKe

end alon 9luia
the Mobivs & a Kigin
rollercoasier boktle

6.2 Non-orientable compact surfaces cannot be embedded in R?

Definition 6.2 (Embedding). For a topological surface S, a map f: S — R? is an embed-
ding if S — f(S) C R? is a homeomorphism (in particular f is injective and continuous).
Remark. For smooth/Riemann surfaces S, one requires in addition that the derivative ma]ﬂ
Df is injective at every point.

Think of embeddings in R? as giving you an identical copy of the surface in R3.
Theorem 6.3. A non-orientable compact surface S cannot be embedded in R3.

Sketch proof. Choose a point p € R3 near infinity, far away from S. For any point ¢ € R\ S,
call ¢ even if there is a continuous curve ¢ : [0,1] — R3 starting at ¢(0) = ¢, ending at
¢(1) = p, intersecting S in a finite even number of points. Define ¢ odd if the number is
odd. For example, the straight line segment ¢ from ¢ to p often works. This definition is not
quite correctEl but some algebraic topology machinery beyond this course ensures that this
definition can be made rigorous and that even/oddness is independent of the choice of ¢. But
now, consider an ant walking along the equator of a Mobius band, and let gstart, Gena be the
positions of the head of the ant before and after going around the equator. By joining the
curve from gstart t0 gend traced out by the head of the ant (which has not intersected S) with
a curve from g@enq to p shows that gspary and genq have the same parity. If we instead join
Gstarts Gend Dy a straight line segment going through S once, and then following the curve from
Gend tO p, shows that gstart and genq have opposite parity. Contradiction.

Another way to prove this, is to consider the parity of the number of times a continuous closed
path S' — R? intersects S. One can make rigorous sense of this (it is a mod 2 intersection
number), and the parity will not change if one deforms the path continuously. We obtain a
closed path by first following the ant’s head, and then joining gend, ¢start by & straight line

Lthumb pointing in the normal direction, index finger pointing in the oriented circular direction, and middle
finger pointing towards the centre of the circle.
in local coordinates, the matrix of partial derivatives.
3Even if S is smooth some care is needed, e.g. if ¢ touches S tangentially then the intersection should be
counted multiple times. Compare with the phenomenon that the polynomial 22 really has two roots, not one.
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segment. This path intersects S once. However, we can continuously move the path to infinity,
to eventually obtain a closed path that does not intersect S. Contradiction. O

Remark. The closed Mébius band embeds into R?, but is not a surface (we do not allow
boundaries in this course). The open Mébius band embeds into R? but is non-compact.

Remark. One can improve this proof to show that the complement of any compact surface
S embedded in R3 has two connected components, called the “inside” and the “outside”
(the 3-dimensional analogue of the Jordan curve theorem, which says that a continuous
non-self-intersecting closed curve divides the plane into two regions).

6.3 Orientability of smooth surfaces in terms of the transition maps

If we want to show that a smooth surface S is orientable then we would have to prove
that it contains no copy of the Md&bius disc — this is hard in practice. It turns out there is an
equivalent definition of orientability, which is more practical.

Definition 6.4 (Orientable smooth surface). A smooth (abstract) surface S is orientable, if
the derivatives of all transition maps Fj_1 o I} have positive determinant on the overlaps:

det(DF; ' o DF;) > 0.

(Warning: the failure of this condition does not imply non—orz’entabilityﬂ

We now explain this. In R? the possible ordered bases vy, v, come in two types:

(1) right-handed bases: these differ from the standard basis e; = (1,0), e = (0,1) by a
linear map with positive determinantEl
(2) left-handed bases: those which differ by a linear map with negative determinant.

The first type, are called positively oriented bases, and correspond to the right-hand-rule: the
thumb points in the direction vy, the index finger points in the direction v,. Notice the unique
angle less than 180° from vy to vy determines an orientation of a circle centred at 0.

Thus, the intuition for det(DFf1 o DF;) > 0 is that it ensures that two observers (so
F;, F;) agree on which bases are right-handed and which are not: e; = (1,0),e2 = (0,1) is
right-handed for the first observer in their local coordinates, and these correspond to the basis
Tey,Tes for the second observer where T' = DFj_1 o DF; (the derivative of the transition map
ijl o F;). So detT > 0 ensures Tey, Tes is right-handed also for the second observer.
Example. The reflection R? — R?, (z,y) — (x, —y) (corresponding to complex conjugation)
has det = —1 < 0. The right-handed basis e1, e5 maps to the left-handed basis e;, —es. Notice
the reflection flips the orientation of the boundary of the unit disc from anticlockwise to clockwise,
since e’ s e,

Exercise. A smooth family of embedded discs Gy : D — S starting and ending at the same
disc Go(D) = G1(D) will flip the orientation of the boundary < det(DG]* o DGy) < 0.

Proof that Definition really implies orientability. Let G : D — S be a continuously
embedded disc, and F; : V; — S a local parametrisation with F;(p) = G(0). Let v be a
small anti-clockwise Euclidean circle in V; C R? centred at p. Then c(t) = G~ (F;(y(t)))
is a curve in D avoiding 0. The integral of the angle variable of ¢(¢) is either’] +27 or

You can always compose F; with the reflection R?2 — R?, (z,y) > (, —y), to get a new local parametriza-
tion, and the transition maps will still all be smooth. So negativity does not imply non-orientability.

2111 = Aey, va = Aez and det A > 0. Explicitly A has columns v1,v2. So the condition is det(v1|v2) > 0.

3The fact that it cannot wind around 0 in the plane more than £1 times, without the curve self-intersecting
itself, is a relatively easy consequence of the Jordan Curve Theorem (a non-self-intersecting continuous curve
in the plane divides the plane into two connected components).
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—2m, or equivalently: ¢(t) is either oriented anti-clockwise or clockwise (if G is smooth, the
two cases correspond respectively to whether det(DF,f1 o D@) is positive or negative). We
could have also used a point ¢ different than 0 € D (by translating z +— z — ¢ and then
calculating the angle variable). Changing G, v or ¢ continuously will change the value of
that integral continuously, but as it can only take values £27 it must stay constant. By the
same reasoning, we can also allow more general continuous loops v C V; avoiding p, not just
circles, as long as the angle with respect to the centre p integrates to +2x (i.e. “anti-clockwise”
loops). Since det(DFj_1 o DF;) > 0 for two overlapping parametrisations, the F;, F; agree on
what orientation such 7 curves have. So on the whole surface we have at our disposal such
embedded oriented arbitrarily small “test curves” « which determine whether an embedded
disc G is “positively-oriented” or “negatively-oriented”. So any continuous family G; : D — §
of embedded discs are either all positively or all negatively oriented, in particular Go(D),
G1(D) are oriented the same way. [

Lemma 6.5. If a smooth surface is an orientable topological surface, then we can ensure (by
composing with reflections) that the parametrizations F; satisfy de‘c(DFj_1 o DF;) > 0.

Proof. Once you pick a local parametrization F; : V; — S, this will determine (on the con-
nected component of S where F; lands) whether or not you need to compose each other F)
with the reflection r : R? — R?, (x,y) — (v, —y). More precisely, pick a continuous path
[0,1] — S from p € F;(V;) to ¢ € F;(V}). By compactness of [0, 1], we can cover this path
by the images of finitely many local parametrisations F; = F;,, Fi,,..., F;, = F;. Having
ordered these so that successive overlaps of their images are non-empty, on each overlap we
consider the sign of det(DFi;}1 o DF;,). If it is negative, then we replace F;,,, by Fj,  or.

041
What if there are two choices of continuous paths from p to ¢:
one path requires us to replace I; with F; o r whereas the other
does not? In that case, compose the first path with the reverse
of the second: this yields a closed path along which we can move
a small embedded disc and its boundary at the start and end will
have flipped orientation, contradicting that S is orientable. [

6.4 Riemann surfaces are always orientable

’Theorem 6.6. Any Riemann surface S is an orientable surface.

Proof. The transition maps F J71 o F; are holomorphic so, viewed as a map R? — R2, the
derivative matrix is a composition of scaling and rotation, so the determinant is positive. [

7. LOCAL ANALYSIS: THE INVERSE AND IMPLICIT FUNCTION THEOREMS

7.1 The inverse function theorem

Theorem 7.1 (Inverse function theorem). For any smooth map f : R™ — R™, if the matriz
of partial derivatives at p € R™ is invertible, then f is a local dijfeomorphisnﬂ near p.
Explicitly: the theorem hands us a unique smooth map g : R™ — R™ defined near f(p) such
that f(g(y)) =y and g(f(x)) =z for all x,y close enough to p, f(p) respectively.

Example. Let f be the change of variables from polar coordinates (r, ) to (z,y). So f(r,8) =
(rcosf,rsinf), so Df = (50 ~rsinf) so det Df =1 # 0 for r # 0. So near any (r,6) € R?

sin@ rcos@

1Meaning: there are open neighbourhoods U C R"™ of p and V C R"™ of f(p) such that the restriction
flu : U = V is a diffeomorphism, so there is a unique smooth inverse f~1:V — U.
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with r # 0, there is a unique local inverse of f. Aside from the r = 0 issue, there is no global
inverse as f is 27-periodic in 6.
Remarks.

¢ Arguably the most important theorem in analysis. It says simple linear algebra (the
non-vanishing of a determinant) ensures the smooth invertibility of the map, locally.

o Invertibility of D f is a necessary conditionﬂ if g(f(2)) = x for all x close to p in R™,
then by the chain rule Dgo Df = D(Id) = Id (the identity map), so Dg = (Df)~!.

o Since surfaces are locally parametrized by R?, the above theorem also holds for smooth
maps between surfaces.

¢ It holds also for smooth maps between manifolds, since these are locally R™.

¢ Invertibility of D f can be equivalently phrased as the linear independence of the vec-
tors Oy, fy ..., Oz, f (which form the columns of the matrix D f of partial derivatives).

Corollary 7.2 (Inverse function theorem in complex analysis).
For any holomorphic map f: C — C, if f'(20) # 0 then [ is a local biholomorphism near z.

Non-examinable proof. The previous theorem implies there is a smooth inverse f~! : R? — R?
defined near f(zo). We need to check f~! is holomorphic. So we need to check f~! satisfies the
Cauchy-Riemann equations. But this is equivalent to showing the matrix of partial derivatives
is a scaling times a rotation (think f’(zp) = re'?). By the chain rule, Df-Df~' = D(Id) = Id,
so Df~! is the inverse of Df, so it is a scaling times a rotation since Df is. O

Remarks.

o As before, the invertibility of Df (that is, non-vanishing of f’(zg)) is a necessary
condition. Explicitly: if g(f(2)) = z for all z close to zp in C, then by the chain rule
9'(f(20)) - f'(20) = 1 s0 ¢'(f(20)) = 1/f'(20)-

¢ Since Riemann surfaces are locally parametrized by C, the above theorem also holds
for holomorphic maps between Riemann surfaces.

¢ Consider a holomorphic map f : C" — C" (i.e. each entry f1,..., f, is holomorphic
in each of the coordinates z1,...,z,). Then linear independence of the complex
derivatives 0., f,...,0,, f at p € C" implies that f is a local biholomorphism near p.

¢ The result holds also for holomorphic maps between complex manifolds, since these
are locally C™.

7.2 The implicit function theorem

Motivation. When the dimensions n,m are different, there is of course no chance of finding
a (local) inverse of a smooth map f: R™ — R™. When n =m and [ is invertible, f(z) = ¢
has a unique solution f=*(c) = (g1(c),...,gn(c)), giving rise for each ¢ € R™ some unique
numbers gi, ..., gn for which f(g1,...,9,) = c. Now assume n > m, then the next best thing
to finding an inverse (which cannot exist) is finding some functions g; which can be used to
get rid of some of the variables in R™ and which only depend on the other variables. For
example: f: R? = R, f(x,y) = 22 — 2y, then f(x,g(x)) = c if we take g(x) = %(x2 — o).
So for the purpose of solving f = ¢ the variable y is redundant since we can replace it with a
function g(x) of x, but the variable x is essential. Notice the redundant variable y is the one
for which 0y f = —2 is never zero, whereas Oy f = 2x can vanish, at x = 0.

IAs an example, for functions f : R — R, for invertibility you need that the line y = constant intersects
the graph of f in exactly one point. By the intermediate value theorem, you deduce that f has to either
always increase or always decrease. So f/ > 0 or f/ < 0. There are bijective smooth functions R — R with f’
sometimes zero, such as = — x2, but they are not diffeomorphisms: z z1/3 is not smooth at 0, because the
derivative blows up there (the horizontal tangents to f become vertical tangents to f~1).
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Let f:R™ — R™ be smooth, and n > m. We want to describe the solutions of

flz)=c

near a given solution f(p) = ¢, where z,p € R"™ and ¢ € R™.

Theorem 7.3 (Implicit function theorem). If m columns of D, f are linearly independent,
then the variables x;,,...,x;,  corresponding to those columns are redundant. Namely, they
can be replaced by unique smooth functions

Givs- -y YGim, (R %Ra
depending only on the remaining variables x; (so j # i1,...,1m), defined near x = p and
satisfying gi, (p) = Diy» -+ Ginn (D) = Pi» 80 thaﬂ
f(x)‘(milzgil,...,xim:gim) =c

describes all solutions x near p, where the remaining variables x; are free to take any values
close to p;.

Examples. Below, we seek solutions of f =0 near p = (0,...,0).

(1) flz,y) =y: Oyf =1#0, so f(z,g(x)) =0 (indeed g(x) = 0).

(2) f(zy)=a2®—y: 0,f = =10, so f(z,g(z)) =0 (indeed g(x) = z?
(3) f(xay) = (m + 1)2 -1+ y2: 8:vf|m:07y:0 =2 7é 0, so f(g(y ) ) =
—1+4 +/1 — y?2, which is defined near y = 0, and notice g(0) = 0).

(4) The unit circle St is the solution set f = 0 for f(x,y) = 22+y*—1. For points (a,b) € S*
with b £ 0, 9, f = 2y # 0 for y close enough to b. So x is a local coordinate: S! is
described by (x,g(x)) near (a,b) (secretly we know g(x) = v/1 — 22, which is smooth
away from x = +1, y = 0). For a # 0, 0,f = 22 # 0 for « close to a, so y is a local
coordinate: S' is (g(y),y) near (a,b) (secretly we know g(y) = /1 — y?). So we have
local coordinates everywhere (a, b cannot both be zero: f(0,0) = —1 # 0).

(5) In the previous example, notice that we are locally parametrizing S* as the graph of a
function, so we get either (z, g(x)) or (g(y),y).

(6) For the unit sphere in R3, defined by f(x,y,2) = 22+y?+22—1 = 0, near any point either
(z,y) or (x,z) or (y,z) are local smooth coordinates. Indeed, for the implicit function
theorem to fail for f in those three cases, it would mean respectively that 0,f = 0,
Oyf =0, and 0, f = 0. But then x = y = z = 0, which is not a point of the sphere.
Notice that we are locally paramerizing S? as the graph of a function, e.g. for the (x,v)
case (when 9, f # 0) we deduce that S? is locally (z,y, g(z,y)) there.

(7) Generalising (6): S = {(z,y,2) € R3 : f(x,y,2) = 0} is a smooth surface for any
smooth function f : R® — R such that at each given point of S at least one of the
partial derivatives 0, f, 0, f, 0. f is non-zero. In other words, if f,0,f,0,f,0.f do not
simultaneously vanish at any point of R?.

).
0 (indeed g(y) =

Non-examinable proof of Theorem By relabeling coordinates, we may assume the
last m columns of D, f are linearly independent. Abbreviate k& = n —m. Consider

F:R" - R", F(r1,...,2) = (1,..., Tk, (X1, .., Zn)).

Then D, F is invertible (try writing the matrix). By the inverse function theorem,

—1
F (x17"'71'kacla"'7cm) = (xlv"'7xkagk+17"'7gn)
for unique functions ggy1,...,9n of z1,..., 2k, C. (|
IMore pedantically: f=1(c) = {(x1,22,. ., Ti; -1, 9, (), iy 41,...) : & = (T1,X2, ..., Ti;—1, Tig4+1,-.-) €

R™~™}, where we omit the variables z;,, %, ,. .., Z;,, and we replace them by the values of g;,, gis, - . ..
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Corollary 7.4 (Smooth dependence on ¢ in Theorem [7.3). Notice above g;,,...,g;  depend
smoothly on c. So there are unique smooth functions

Gy Gi (R X R™ 5 R

Tm

defined near x = p,y = ¢ and depending only on the non-redundant x; variables (so j #

i1, .,im) and on y € R™, so that
f(x)|(z7;1:G,11,...,r,,m:Glm) =Y

describes all solutions of f(x) =y for x near p, and y near c.

Remark 7.5. The set of solutions of f(x) =y is therefore locally cut out by the vanishing of
m functions: i, — Gy, ..., x;, — G, .

Consider the change of coordinates on R™ (so a local diffeomorphism) defined by first

permuting the coordinates of R™ so that we may assume the i1,...,1%,, above are n — m +
1,...,m, and then changing the coordinates by z; — Z;(z) with
Tj(r)=xjfor j<m and Tj(x)=x;—g;forj=n—m+1,...,m.

In these coordinates the solution set of f(z) = y is parametrized by the first n —m coordinates
Z; and is cut out by the m equations given by the vanishing of the last m coordinates:

%n7m+1:0a”~7%n20~

So locally, you can think of the inclusion of the solution set (f(z) = y) C R™ as being smoothly
“the same” (diffeomorphic) to the standard inclusion R"~™ C R".

8. LOCAL ANALYSIS: EMBEDDED SURFACES ARE LOCALLY GRAPHS

8.1 Criterion for a local parametrization of a smooth surface in R3

Our next goal, is to prove Theorem and to show that a smooth surface S C R? is
locally defined by the vanishing of a smooth function (just like S? is locally, in fact globally,
the zero set of the function z? + 3% + 22 — 1 : R* — R). Let S C R? be a smooth surface,
F:V — S asmooth map, V C R? an open set, and F(vg) = p.

Theorem 8.1. F is a smooth local parametrization near p when restricted to a possibly
smaller open neighbourhood V' C V of vy <= 0,F,0,F are linearly independent at vy.

Proof. The easy direction is =: there is a smooth inverse F~1, so F~1o F =1d: V' — V',
so by the chain rule DF~' o DF =1d, so DF is injective, so the two columns 9, F, 9, F of the
matrix DF must be linearly independent at each v € V', in particular at v = vg.

Now the hard direction <. The matrix DF' is a 3 x 2 matrix, and since its columns are
linearly independent at vg, there must be a 2 x 2 submatrix with non-zero determinant (basic
linear algebra). WLOG assume it’s the first two rows, so

01 OyFy
01> 0y
is invertible at v = vy, where we clarify: we use z,y coordinates on V' C R2, and we use

X,Y, Z coordinates on R?, so explicitly F(z,y) = (Fi(z,y), F»(z,y), F3(z,y)).
Compose F with projection to the first two coordinates (X,Y") of R?,

F=(X,Y)oF:R?>V - R> 5 R? F(z,y) = (Fi(z,y), Fs(z,y)).



34 B3.2 GEOMETRY OF SURFACES, PROF. ALEXANDER F. RITTER

Then DF is the above 2 x 2 matrix. By the inverse function theorem, F has a unique inverse
F~1:R? - V C R? defined near F(vg). Thus F(z,y) = (X,Y) & FY(X,Y) = (2,y), so

F(FTY(X,Y)) = F(z,y) = (X,Y,9(X,Y))

only depends smoothly on (X,Y) and thus it determines a unique smooth function g(X,Y")
(that is: the Z coordinate of points in S is determined by X, Y, near F(vy)).
We now define the map that we hope is the chart inverse to the parametrization F":

fiRP S R?(X,Y,Z) —» FY(X,Y).

Notice that f is a smooth map R3 — R?, defined near F(v), and f restricted to S near F(vg)

becomes f(X,Y,g(X,Y)) = F~Y(X,Y) = (z,y) so it is the inverse of F. This concludes the
proof that F'is a local diffeomorphism V' — S near vg, and hence a local parametrization. [

(Non-examinable) Exercise. Can you use the idea in the above proof to state and prove a
general implicit function theorem for smooth maps f : R™ — R™ when n < m?

Corollary 8.2 (Theorem [2.10). If F, above, is also injective then F is a smooth local
parametrization on all of V <= 0,F,0,F are linearly independent at each point of V.

Proof. Since F : V. — F(V) is injective, and by construction surjective, it is bijective, so
it remains to check that F~! : F(V) — V is smooth. But F : V — F(V) C S is a local
diffeomorphism near each vy € V by the previous Theorem, so F~! is smooth. O

8.2 Smooth surfaces in R? are locally graphs

Theorem 8.3. For any smooth surface S in R3, near each point p € S,
(1) S is eitheﬂa smooth graph (X,Y,g(X,Y)) over the coordinates (X,Y), or a graph
over the (X, Z) coordinates, or a graph over the (Y, Z) coordinates,
(2) either (X,Y), or (X, Z), or (Y, Z) are smooth local coordinates for S,
(3) S is locally cut out as the zero set of a function R3 — R.

Proof. The proof of Theorem showed that S is locally (X,Y,¢(X,Y)), for smooth g, if
the first two rows of DF' are linearly independent. The cases (X, g(X, Z), 2), (9(Y, 2),Y, Z)
occur if rows 1, 3, respectively rows 2,3 of DF are linearly independent. This proves (1). Also
(2) follows since, say in the first case, (X,Y) — (X,Y,¢(X,Y)) is a local parametrizationﬂ
Finally (3) follows, say in the first case, by considering the function R®* — R, (X,Y,Z)
Z —g(X,Y) since Z — g(X,Y) = 0 cuts out the set (X,Y,g(X,Y)) as required. O

8.3 Riemann surfaces in C? are locally graphs
Consider a subset of C? cut out by a holomorphic equation
S ={(z,w) € C*: f(z,w) = 0}

where f : C?> — C is holomorphic (e.g. a complex polynomial in z,w). Analogously to Theo-
rems and (using Section to get holomorphicity), we deduce:

e always mean non-exclusive “either ... or ...”, so several options may occur.
2The composition of the diffeomorphisms F o F~! in the proof of Theorem hence a diffeomorphism.
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Theorem 8.4. S is a Riemann surface near (29, wo) € S if and only if
(1) either % #0 at (20, wp), then S is locally (g(w),w),
(2) or g—fj # 0 at (20, wo), then S is locally (z,9(z)),

so S is locally the graph of a holomorphic function g : C — C, and S is locally cut out by a
holomorphic function (respectively z — g(w) =0, or w — g(z) =0).

Example. Consider S = {(z,w) € C? : f(z,w) = w? — (z — 1)(2 — 2) = 0} (recall Exercise
sheet 1). Then 9, f = 2w is non-zero except at w = 0. When w = 0, either z = 1 or 2. But then
0.f = —(22—3) #0. So S is a Riemann surface. Recall we compactify S at 00 by rewriting
the equation in the new variables

X=1/z, Y=w/z

so the defining equation for S becomes f(X,Y) = Y2—(1—-X)(1-2X) = 0, and o0 correspond
to the two new points (X,Y) = (0,+1). Finally we check S U {+occo} is a Riemann surface at
those new points: Jy f =2Y #0at Y = £1.

The following definition and remark are non-examinable, but I hope it will inspire your
interest in B3.3 Algebraic Curves.

Definition 8.5 (Complex algebraic curve). A complex algebraic curve S is the zero set
f(z,w) =0 of a complex polynomial f in two variables z,w. The singular points are the
(z0,wo) € S where both conditions above fail: 0.f = 0,0, f = 0. So non-singular complex
algebraic curves are Riemann surfaces.

Remark 8.6 (Projective algebraic curve). Because of the mazimum modulus principle, S C
C? can never be compact (otherwise |z|, |w| would attain mazima, so z,w would be constant
functions on S). As in the ezample above, S is missing some points at infinity and one
systematic way of compactifying is to projectivize the equation. That means, you view S
as a subset oﬂ CP2. So S C C? are the points of the form [1: z : w| of the compactification
S C CP2%. To projectivize a polynomial, you make it homogeneous by simply replacing z =
z1/20, W = 22/zp and then rescaling by the least power of zy to get rid of denominators.

Example. w? — (z — 1)(z — 2) = 0 becomes 23 — (21 — 20)(21 — 220) = 0. We already know

solutions when zy # 0 (we are then allowed to rescale z = z1/zy, w = z3/7y). Suppose instead
z1 # 0, then we may use local coordinates X = zg/z1, Y = z9/21 s0 [z0: 21 : 22] = [X : 1:Y]
(can you see why these are the same as the X,Y in the above example?). The equation becomes:
Y2 - (1-X)(1-2X)=0. So we get two new points (X,Y) = (0,%1), which correspond
to [0 :1:41] € CP2. Finally, suppose zo # 0 (by definition of CP?, the zy, 21,22 cannot all
vanish). We could use X = zo/z2, Y = 21/22, so [z0 : 21 : 22| = [X : Y : 1], and rewrite the
equation, but because we are not in the previous two cases, we may assume that zop = z;1 = 0, so
it only remains to check whether [0 : 0 : 1] is a solution, and it isn't.

(Non-examinable) Exercise. Show that if you projectivize w? = (z — 1)(z — 2)(z — 3),

you need to add the point co = [0 : 0 : 1] (and you get a torus). However, show that if you
projectivize w? = (z — 1)(z — 2)--- (2 — 5) you get a projective curve which is singular at
infinity. A better compactification than this, is described in the next example.

Example. Consider the polynomial
flw,2) =w? = (z —a1)(z — az) - (. — an) = 0.
1By analogy with CP!, we define

cpP? = {[z0 : z1 : z2] : (20, 21,22) € c3 \ {0}, [0 : z1 : z2] = [Az0 : Az1 : Az2] for any A € C\ {0}}

(geometrically, think of the point [2q : 21 : z2] as the complex line C - (2o, 21, 22) C C3).
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Notice 0, f = 2w # 0 unless w = 0, and for w = 0 we get z = a; so the condition 0. f # 0 is
equivalent to requiring that none of the roots a; € C are repeated. So we get a Riemann surface
when the a; are pairwise distinct.

WZ = Wr=(2-N(z-2) wWE=(2-)2YR-3)

g:o 2:‘3 '

3=

By the methods of Exercise sheet 1, question 3, one can define a compactification at infinity which
yields a Riemann surface. At infinity, we use the coordinates
1 w
X = ~ Y = e
where m = n/2 if n is even, and m = (n + 1)/2 if n is odd. The equation becomes Y? =
(1—a1X) (1 —ap,X) for n even, and Y? = X(1 —a1X) -+ (1 — a,X) for n odd. So we
compactify by adding new points (X,Y) = (0,+1) called 00 for n even, and (X,Y) = (0,0
called oo for n odd. In both cases, we declare that Y is a local holomorphic coordinate at infinityﬁ_.l
Recall from Exercise sheet 1, question 3, that you can visualize the Riemann surface by gluing two
copies of C with cuts and then compactifying at infinity. In the above picture, we first compactified
each C to a CP?, then drew the cuts[]and in the lower pictures we glued the cuts to obtain the
Riemann surface and determined its genus g.
Imagine increasing n by 2: this means we require two extra cuts in the planes CP! that we
glue, giving rise to an extra handle, so the genus of the compactified Riemann surface increases
by 1. For n = 2 we get a sphere (genus 0) and for n = 3 we get a torus (genus 1), so inductively:

genus = 3(n — 2) for n even, and 3(n — 1) for n odd

(corresponding respectively to x = 4 —n and x = 3 — n). These Riemann surfaces are called
hyperelliptic curves

1We need to check that in a small neighbourhood of a point (z,w) for large z # oo, the transition map
from the local coordinate z to the local coordinate Y is biholomorphic. But near (X,Y) with X # 0 we
can use either X or Y as local coordinate since we can express Y in terms of a holomorphic branch of the
square root of a polynomial in X (this is the same argument that proves that for the Riemann surface w? =z
you may declare that w is a holomorphic coordinate near (w, z) = (0,0), and z is a holomorphic coordinate
elsewhere). Thus it suffices to find a holomorphic transition from z to X, away from X = 0. But that we
know: z +— X = 1/z is the required local biholomorphism in z.

2To understand the cut: for w? = (z — 1)(z — 2), why do we cut the segment (1,2)? The local model near
z =1 and near z = 2 is that of the square root, and for the square root we typically choose the cut along the
negative real axis. In our case, we make cuts (—oo0,1) and (—o0,2) and we pick branches of v/z — 1 and of
vz — 2. For one copy of C, for z = 14-ae'® = 24be™® let’s declare v/z — 1 = al/2¢'9/2 and \/z — 2 = b1/2¢¥/2
for 0,7 € (—m,m). We would think that this is only acceptable if there is a cut along (—o0,2) C R C C, but
in fact for real z < 1 the two discontinuities cancel out: €i™/2¢i™/2 = ¢i™ = ¢=iT = ¢i(=7/2)i(=7/2)

31f you are curious why these clever coordinates work at infinity, unlike the projectivization which typically
gives rise to a singularity at infinity, see http://en.wikipedia.org/wiki/Hyperelliptic_curve
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9. THE TANGENT SPACE

9.1 Tangent space for smooth surfaces in R3

Let F' be a local parametrization
near p € 9, for a smooth surface S
in R3. Recall by Theorem that
0. F, 0,F are linearly independent
at p (we will suppress from the no-
tation that we are evaluating at p).
Thus we obtain a 2-dimensional vec-
tor subspace of R3, called the tan-
gent space, as follows

T,S = span(9, F, 0, F) = span(DF - ey, DF - e3) = DF - R* C R?

where eq, es is the standard basis on the domain R? of F. Think of the plane T,S as the
planeﬂ in R? which best approximates S near p.

The picture also shows the unit vector n(p) normal to T,,5, obtained from the cross product
of 9, F, 0, F in R? and then normalizing. We will discuss this in Section

The above vector subspace T},S of R? is independent of the choice of parametrization F,

since for another parametrization F (so another “observer”), we have

DF -R?>=DF - (DF ‘o DF)-R?> = DF - R?,
using that the derivative of the transition, DT = DF~'oDF , is a linear isomorphism R? — R2.
9.2 Tangent space for abstract smooth surfaces

For a surface in R3, notice DF identifies — W
the local tangent space

T,,V = T,,R* = R? = span(ey, e2)
with the tangent space
7,8 = span(9, F,0,F) C R?,
where F'(pg) = p. For two observers:

T,S = Dy F - Ty V = Dy, F - T3, V,

so the transition 7 = F~1 o F satisfies

Dy,7 - Ty, V =T,V

For abstract smooth surfaces, we turn this equation into the definition. For abstract surfaces,
there is no common ambient space (such as R® above) where local observers can compare
tangent spaces, so one simply works with the local tangent spaces and one remembers that
D is the map which transforms vectors from one observer’s coordinate system to the other.

An equivalent description of the tangent space, is as equivalence classes of curves.
Namely, in local coordinates, given a local tangent vector v € R? = T,V there is a smooth
curve ¢ : (—¢g,e) — V passing through ¢(0) = p with initial velocity ¢’(0) = v. For example,
the straight line ¢(t) = p + tv. We only care that the curve is defined for small times, so
€ > 0 can be small. There are many choices of such curves ¢(t), since we only prescribe the

ITo be precise, the plane which best approximates S near p is the translate p + 7, S C R3, but it is more
convenient to work with a vector subspace so one uses T},S.
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first two terms p + tv of a Taylor series, e.g. ¢(t) = p + tv + t?w is another acceptable choice
of curve for any w. Thus v corresponds to an equivalence class of curves: two curves ¢, ¢y
are equivalent if ¢1(0) = ¢2(0), ¢;(0) = ¢4(0). We can define the tangent space T,,S as the
collection of equivalence classes of smooth curves ¢ in S defined for small times with ¢(0) = p
(the equivalence relation gets checked in any local parametrisation by comparing velocities).

Assuming for simplicity that £'(0,0) = p, there are two obvious curves in a local parametri-
sation t — (t,0) and ¢ ~— (0,¢) corresponding to the standard basis vectors e, es € R? = TyV.
In 7,5 these correspond to the curves ¢ — F(¢,0) and ¢ — F(0,t), whose tangent velocity
vectors at p are 0,F = DF - e; and 0,F = DF - es. In general, for F(zg,yo) = p, we can
represent the general tangent vector v = a0, F + b0, F by the curve ¢t — F(xo + at, yo + bt).
Exercise. If F), F are two local parametrisations defined near p, let 7 = F~1 06 F denote the
transition map, show that the local curves corresponding to a given curve in S get naturally
identified by 7 : V' — V, and that the velocities transform by D7, i.e. by left multiplication
by the matrix of partial derivatives of 7.

For smooth maps ¢ : S; — S5 of surfaces, one can also define the derivative map purely in
terms of equivalence classes of curves:
D, - [curve c(t)] = [curve ¢ o c(t)].
Exercise. Check that in local coordinates this corresponds to the matrix of partial derivatives
of ¢ at p, acting by left-multiplication on ¢/(0) = v € R?, thus Dy : T,,S1 — Ty (p)S2 is a linear
map between the tangent spaces (in local coordinates, e, es € R? map to 9., 9y € R?).
Tangent vectors can also be defined as differential operators acting on smooth functions.

For example, if f : S — R is smooth, then locally e; - f means the partial derivative 0, f € R.
A tangent vector v acts on a smooth function f :.S — R by taking the directional derivative

v+ f=0li=o(foc(t)),
using any representative curve ¢(t) for v (exercise: show that the choice of representative does
not matter). It tells you how much f varies in the v-direction. Explicitly if v = a0, F + b0, F
then v - f = a0y fioe + b0y fioe Where fioc(z,y) = (f o F)(z,y). For this reason, one often
abbreviates the notation by simply writing v = ad, + b0y, in particular 0, F = 0, 0,F = 0,,.

9.3 Using the tangent plane to construct local parametrizations

Theorem 9.1. Let S be a smooth surface in R3. Near any point p € S, we can locally
parametrize S by using the orthogonal projection to the tangent plane T,S. In this case, S is
locally the graph of a function h : T,S — R over the tangent plane (for fized p).

Proof. First apply a rotation to R? to make the tangent plane T, »S horizontal: so vectors in
T,S = R? C R? have zero in the third entry. Then the Z coordinate cannot be used together
with X or Y to give two local coordinates (e.g. if S were a graph F(X,Z7) = (X,9(X,Z),Z)
then 9z F would be a tangent vector with a non-zero third entry). So X,Y must be local
coordinates and S must be a graph (X, Y, h(X,Y)) for a smooth function A (using Sec. |

9.4 Vector fields
Definition 9.2 (Vector field). A tangent vector field v on S is a smooth map
v: S — R? such that v(p) € T,,S C R,
that is a choice of tangent vector v(p) at each point p of S varying smoothly with p € S.

Locally, we can write:
v(x,y) = a(xay)Xl + b(.T, y)X2 (’U(Z‘,y) € TF(a:,y)S C Rg)v
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for smooth functions a, b of the local variables z,y, where X1, X3 is the basis of T, ,)S given
by the local vector fields:

Xl(xay) = azF X?(xay) = ayF

Remark. Vector fields can also be defined for abstract surfaces: v(x,y) € R? = Tizy)V is a
smooth function v : V — R2, and this must transform correctly if we change observer:

W(r(@.)) = (Dol ).
Example. For the cylinder X2 + Y2 = 72, consider the vector fields
Ey = (—sinf,cos6,0) E, =(0,0,1)
where p = F(0,Z) = (rcosf,rsinf, Z). Notice E; points equatorially in the circle direction of
the cylinder, and E; points in the axis direction. Since X = (—rsinf,rcos6,0), Xo = (0,0, 1),
E, = %Xl Ey = Xs.
So a general vector field on the cylinder has the form
a(0,Z)E1 +0(0,7) Es
for any smooth functions a, b which are 27-periodic in 6.
9.5 Smooth surfaces in R?: normals and the Gauss map

By Theorem a compact smooth surface S C R? must be orientable. By Lemma [6.5]
we can pick a cover of S = UF;(V;) by local parametrizations F; : V; — S so that on overlaps:

det(DF; ' o DF;) > 0.
Given any point p € F;(V;) we can define a unit normal vector n(p) € R3 to S by requiring
that the three vectors
DFi ce1 = 8IF1‘, DFi s €y = 8yFi, n(p)

obey the right-hand rule: if 0,Fj;, 0, F; are the index and middle finger respectively, then
n(p) points in the thumb direction.
Explicitly, we take the cross product and normalize:

n(p) = ngFz;(ngz cR3 (where 0, F;, 0, F; are evaluated at p)
Recall the cross-product in the standard basis i, j, k of R? is:
ay bl i
axb=det| as by j
as bg k

which points in the right-hand thumb direction if @ is the index and b is the middle finger,
and which has length |la x b|| = ||a]| ||b]|| sin 6] if 0 is the angle between a, b.
Recall in Sectionwe defined the tangent space. Namely (again, evaluating at p):

T,S = span(0, F;, 0, F;) = span(DF; - e1, DF; - e3) = DF; ‘R?C R
We saw that this vector subspace is independent of the choice of parametrization, since
DF;-R? = DF;- (DFj_l oDF;)-R? = DF;-R?, using that DFj_l o DF} is a linear isomorphism
R? — R2. By construction, the vector n(p) is a unit normal to the 2-dimensional subspace
T,S. Since a plane in R? has exactly two unit normals, the question is whether n(p) ever

flips if we change parametrizations. But this will never happen because S is orientable: the
transitions have det(DFf1 o DF;) > 0 on overlaps, so the two vectors 0, F;, 0, F; have the
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same orientation inside 7,5 as the two vectors 0,F;,0,F; (indeed, the two pairs differ by
multiplication by the transition map DF j_l o DF}), therefore the cross-product of each pair
is oriented in the same direction.

More intuitively said: two observers will agree which plane T,S C R? is, they will agree
about which ordered basis of T,S is right-handed, so they will agree about which of the two
normals to T),S gives rise to a right-handed basis for R3, so they compute the same n(p).

The Gauss map is the normal vector field
n:S —R3 pn(p).

Remark. The fact that you have a well-defined normal vector field is related to the fact that
the field either always points outwards, or always points inwards to the surface.

Example. Let S be the sphere X2+ Y2 + Z2 =12, For a curve y(t) = (X (¢),Y(t), Z(t)) € S,
differentiate the defining equation to get:
0=2XX +2YY' +227' = (X,Y,2) 2(X".Y", Z").

For any tangent vector v € T'S, there isﬂ a curve v, in S with that tangent vector /(0) = v. So
the above shows that (X,Y, Z) is normal to T,S (indeed the radial vector is outward and normal
to the sphere). Normalizing, we get a Gauss map:

n(p) = (X,Y,Z)/r.

Lemma 9.3. A choice of orientation on a smooth surface S C R? is the same as a choice of
a smooth map

n:S — S2={(X,Y,Z)eR3:X24+Y2+22=1} CR?,
p = n(p)

such that n(p) is orthogonal to T,S C R? for all p € S. More explicitly, a parametrization
F:R2DV — F(V)=U C R? respects the orientation precisely if:

n(p) - (0, F x 9,F) = det ( 8,F | 9,F | n(p) ) > 0.

Proof. Declare that a basis v,w € T,,S C R? is right-handed < v x w = An(p) for positive
A >0 (soin fact, A = ||jv x w||), so & A=n(p) - (v x w) > 0. O

Our goal will be to use the Gauss map to define various notions of curvature (Gaussian
curvature, principal curvatures, mean curvature).

10. SURFACES IN R?: THE FIRST FUNDAMENTAL FORM

10.1 The first fundamental form

Let S be a smooth surface in R?. Using the dot productEl - on R3 we can define an inner
product on 7,5 called the first fundamental form:

I1:T,S xT,S =R, I(v,w) =v-w=0v"w

where v7 denotes the transpose of v. The properties of an inner product (bilinearity, symme-
try, positive-definiteness) all follow from the analogous properties of the dot product.

IFor F a parametrization, DpF : R? — T,S = span(0, F, 0y F) is surjective. So if Dp, F(vp) = v, then
co(t) = po + tvp € R? has ¢, (0) = vp. Then v, = F o ¢, works by the chain rule: 7/ (0) = Dp, F(c},(0)) = v.

2Recall, in matrix notation using T for transpose, that v-w = v w.
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In a local parametrization F' : R? D V — F(V) = U C R3 with F(py) = p, the vectors
v,w € TS = D,, F(R?) can be written locally as vp, wr, where

U:DPOF(UF) w:DpoF(wF).

So locally the fundamental form is, evaluating at py but omitting that from the notation,

Ir(v,w) = DF(vp)- DF(wp) = vE(DFTDF) wp

Example. For the standard basis ey, e3 of R?, I(e1,e2) = DF(e1) - DF(e3) = 0,F - 9, F.
Locally, identifying T,V = R?, the inner product becomes, evaluating at py,

2 2 T (e [\ _ [ 0 F-0,F O0,F-0,F
R* x R* = R, (v,w) — v' Aw, WhereA<f g><8yF-8wF O F -0, F

indeed, the symmetric matrix A = DFT DF has entries A;; = el Ae; = Ir(e;,¢;), and DF(e;)
is respectively 0, F and 0y F for i =1,2.

Example. For the plane S = R? C R? given by Z = 0, and the parametrization F(r,0) =

rcos b cosf —rsinf
rsin 6 we get 0, F = sin 6 and Oy F = 7 cos 6 , thus
0 0 0
A cos? 0 + sin? 0 —rcos@sinf +rsinfcosf \ [ 1 0
~\ —rcosfsinf + rsinfcosd r2sin? 0 + r2 cos? 0 “\Lo0

so Ir(v,w) = viwy + r?vaws (written in components, so v = (v1, v2), etc.)

10.2 Change in local first fundamental form under coordinate changes

How does the local expression A of the first fundamental form depend on the observer?
Consider the picture in Section Let F, F be two local parametrizations, giving funda-
mental forms A, A. Let

r=F1loF: V5V
be the transition map (defined on the overlap F~1(U) C V).
The local tangent spaces get identified via the linear isomorphism

Dr=DF Yo DF: T,V - T5V.

Explicitly, in local coordinates: 7(z,y) = (gg: Z;) and D7 = <gzg gzg )

So we expect that v7 Aw = I (v, w) = (D7 (v))T A(D7(w)) = vT(D7)T A(D7)w. Indeed:

A = DFTDF
= DFT(DFT)y"YDFTDF)DF~'DF
= (D1)TA(Dr)

Often, in practice, you will want to rewrite this as: | A = (D7~ )T A (Dr~ 1) |.

Example. For the plane S = R? C R3, we could use the obvious F(x,y) = (x,%,0) or polar
coordinates F(r,0) = (rcos®,rsin®,0). Since 77 1(r,0) = (z,y) = (rcos 0, rsind),

-1 _ -1\ _ [cosf —rsinf
(D)™ = D(r )7<sin9 rcosf )
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Now I (v, w) =v-w and A = I, so we confirm the result of the previous example:

A= rramr = (b a0) (oo amd )= (5 2 ).
Thus the two local expressions of the first fundamental form are:
I(v,w) = vywy + 12Tty = VW + Vgwy = Ip(v,w).
10.3 Application 1: the length of a curve and isometric surfaces

A smooth curve in S is a smooth map ~ : [a,b] — S. This is the same as saying that
7 : [a,b] — R? is smooth and v(¢) € S for all ¢ € [a,b]. The length of the curve (induced

by the norm on R?) is
b
= [ I

Lemma 10.1. The length of a curve is independent of the choice of time-parametrization.

Proof. Let u(t) = v(s(t)) be a time-reparametrization of v, so s : [A, B] — [a, b] is a smooth
strictly increasing function. Integrating by substitution (Change of variables) using s’ > 0:

= [P @l dt = [ 17/ (s s'(8)dt = [2 |7/ (s)]|ds = L(7). O

A curve v : [a,b] — S is parametrized by arc-length if L(7|[q,) =t —a for all t. By
differentiating in ¢, this is equivalent to having unit speed: ||7/(¢)|| =1 for all ¢.

Lemma 10.2. Every smooth curve with v'(t) # 0 for all t can be parametrized by arc-length.

Proof. Let s( f 7/ ()] dt. Since s’ > 0, s is invertible and (s™1)/(t) = 1/s'(s71(t))
/]l (s~ (¢ ))|| Hence pi(t) = y(s™1(t)) works: [lp/(£)[| = |7/ (s7 (#)lI(s™1)' () = 1. 0

Notice that for any smooth curve ~, the velocity vector always lies in the tangent space

’y/(t) S T,y(t)S

Indeed: write v locally using the parametrization F, so vjoc(t) = F~1ov(t) € V C R?, then
Y(t) = F 0 Yioe(t), thus 7' () = Dy, (6)F * Vioe(t) € Doy F(R?) = Ty 1) S.

’Theorem 10.3. Lengths of curves in S are determined by the first fundamental form.

b b
Proof. L(v) = [} |V (1)l dt = [} /A0 dt = [} /T (), 7 (D)) dt. O
Assumlng that ~y lies entirely in the parametrization patch U (we can add local contributions

by covering ~[a,b] by several parametrization patches), we can be even more explicit using

the matrix A = (; J;) defined previously and writing y;,.(t) = (z(t),y(t)) € V C R%:

= 2 Je (%) + 20 () + o2 at
where e = e(z(t), y(t)), etc. depend on the local coordinates, so depend on ¢.

Example. Letting v;,.(t) = po + (¢,0) for ¢ € [0,], with £ > 0 a variable, by the fundamental
theorem of calculus:

d
d*L%oc % / Ve(po + (t,0))dt = \/e(po + (¢,0)),

from which we recover e(py) by taking ¢ = 0. So if we know the values L(7) of lengths of all
curves in V', we recover the values of e on V.
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Remark. By definition of derivatives, at ¢ = 0 that derivative equals lir% %L(wochoﬁ])
e—

’Theorem 10.4. Lengths of curves determine I locally.

Proof. The example above recovered e. Similarly, we recover g by considering 7j,c(t) =
po + (0,t) and we recover f by using Yiec(t) = po + (t,t) (in the latter case | o L(ioc) =

Vepo) +2f(po) + g(po), but we know e, g so we recover f). O

Definition 10.5 (Isometric surfaces). Two surfaces S1,So in R? are isometric if there is a
diffeomorphism ¢ : S1 — So preserving lengths of curves: L(p o~y) = L(v) fory C S;.

Theorem 10.6. Two surfaces Si,Ss in R3 are locally isometric near pi,ps if and only if
there are local parametrizations Fy : V. — Uy, Fy : V. — Uy near py, p2 yielding the same local
first fundamental form Ip, = Ip, on V.

Proof. («<): is immediate from the local expression of I, and the local calculation of L(v).
(=): take Fy = ¢ o F}y where ¢ is the local iso, and apply Theorem [10.4] O

Example. Suppose we have a cone made out of paper and we cut out a straight ray from
the vertex. When we unfold this piece of paper we get a pie-sliced piece of paper. So these
two surfaces are obviously isometric. Let's prove it. Consider the cone S = {(X,Y,Z) € R3 :
X2 +Y?%=0a?Z% Z > 0} with angle tan™!(a) to the axis. Calculate:

ax cosy acosy —axsiny 1+ a2 0
F(z,y) = | azrsiny 0, F = | asiny Oyl = | axcosy A= ( 0 a2w2)
T 1 0

Remove the line (—aX,0, X)xcr from S: F parametrizes S \ (line) for (z,y) € V = (0,00) x
(—m, 7). We claim S\ (line) is isometric to a pie-shape in R? bounded by two rays. Parametrize
a pie-shape by (z,y) — (zbcos(cy), zbsin(cy),0) € R3 for (z,y) € V. To get the same A let
b= (1+a*"? c=a/b (note: c < 1).

10.4 Quadratic form for I, differentials, a fast change of coordinates

It is convenient to abbreviate the quadratic form corresponding to I, written locally, by:

I =edr® +2fdvdy+ gdy® = (0, F -0, F)dv* + 2(0,F - 0,F) dx dy + (0, F - 0, F) dy*

where e, f, g are functions of the coordinates (x,y) € V C R2. The symbols dz,dy are called
differentials (or differential 1-forms, or covectors). They are elements of the dual vector

space
(T,S)* = {linear functions 7,5 — R}

called cotangent space. Locally, dz,dy are the dual basis of the standard basis ej, ey €
R? = T, V. Explicitly, if v = (v1,v2) € R? = TPOV:

de : Ty, V = R, dz(v) = vy, oV = R, dy(v) = vo
Example. As before, writing ;,.(t) = (z(t),y(t)) so 'yloc( )= (2/(t),y'(t )) thus

dx dy
dr(ioe (1) = 20 dy(ioc()) = -
0

One often denotes the standard basis e, e; € R? = T,,V by the symbols e; = %, €2 = 3y
and so the condition of being a dual basis are the memorable looking formulas

dx(aam)fl dx(ay)f(), dy(a‘i)fo dy(ay) 1.
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Other formulas also become more memorable: DF (&) = 0, F, DF(a%) = 0y F.
The change of I under changes of coordinates also becomes easier in this notation. Writing
Fioe(t) = (Z(t),y(t)) in the parametrization F, by the chain rule

dr - dy
a ax +a dt ai

therefore (since any tangent vector arises as (z/(t),y'(t)) for some curve as above),
dz = 0,7 dx + 0, dy, dy = 0,y dx + 0yy dy.
Example. For the plane S = R? C R3, F(r,0) = (rcosf,rsin6,0) = (z,y,0) = F(z,y),
dx = cos 0 dr — rsin 6 db, dy = sin 0 dr + r cos 6 db.

- ~dy

Recall that for 7 the transition, D7 = (8“@ a@), SO
027 Oy

(i) =2 (&)

Let’s check this is consistent with how the local quadratic form I changes, in matrix notation:

o () (8)- (&) o () () - wom 51) ()

So if you happen to know I = edz? + 2f drdy + gdy? and you want to compute I in the
other coordinates, I = ¢dz?+ Qfdf dy + g dy?, then simply write dz = ---, dy = - - - in terms
of d¥, dy, then simply substitute and formally square/multiply.

Example. For the plane $ = R2 C R3, F(xz,y) = (z,y,0) and F(r,8) = (r cos 6, rsin 6, 0):

I = da® 4 dy? = (cos 0 dr — rsinf df)* + (sin 0 dr + r cos 0 df)* = dr* + 2 do>.

10.5 Examples of calculations of [

Sphere of radius a: ‘ I = a®sin? ydz? + a’dy? ‘ using:

a cos x siny —asinzsiny @ COS T COS Y
F(z,y) = asinxsiny 0. F = a cos T siny Oy F = a sinx cosy
acosy 0 —asiny

Cylinder of radius a: ’I = dz® + a’dy? ‘ using:

acosy 0 —asiny
F(z,y)=| asiny 0, F=10 oy F = acosy
x 1 0

Cone with angle tan~!(a) to the axis: ’I = (1 + a®)d2® + a®z%dy? ‘ using:

ax cosy a cosy —axsiny
F(z,y) = arsiny O F = asiny o F = ax cosy
T 1 0

Surface of revolution, rotate Y = f(Z) about Z-axis: ’I = (14 f'(x)?) d2® + f(z)?dy?
using:

#(x) cosy f'() cosy — (@) siny
F(z,y)=| f(x)siny O F =1 f/(x)siny OyF = f(x)cosy
T 1 0
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10.6 A substantial example: ruled surfaces in R?

Remark. You do not need to memorize for exams the terminology or formulas that appear
in this example, it is only supposed to be an interesting example to see.

Recall a ruled surface S is swept out by lines p(t) + Rn(t) along a curve ¢ — p(t), where
n(t) is the unit direction of the line at time ¢. So we can parametrize S by:
| F(2,y) = pz) + yn(z) |

As written, S may self-intersect, and even worse S may not be smooth locally.
Example. Let S be the double cone {(X,Y,Z) € R? : X2+Y? = a?Z?}. This arises as a ruled
surface p(z) 4+ yn(x) taking:

p(z) = | asinx n(x) p) _ _ p@) p(x)+yn(z) = (1+—+-=) | asinz

1 ~p@) - VI+a? T+a? 1

S does not self-intersect, but it fails to be locally smooth at the vertex (0,0, 0).
In general S is a smooth surface near F(x,y) < 0,F, 9, F are linearly independent.

0. F =p'(z) +yn'(z) and 0y F = n(x).

So smoothness at F(z,y) is equivalent to linear independence of p/'(z) + yn/(z) and n(x),
which is equivalent to the non-vanishing of the cross-product:

(' () +yn' () x n(x) # 0.
We often use, without mentioning, the basic trick:
Trick: If n(t) € R3 has unit norm ||n(t)|| = 1, then the velocity n/(¢) is perpendicular to
the curve n(t). Proof: 0= 4 (1) = L (n(t)-n(t)) =2n/(t) n(t). O
Since n(z)-n(x) =1, we get n/(x) -n(z) = 0, thus:

T = (017 + g l1')? + 290’ ) dx® + 2(9' ) dx dy + dy?

Example. For the double cone S from the previous example,

—asinw
p(r)=| acosx n'(z) =

O \/1+(Z2

2

2 2 / .
sor P12 = a2, |02 = !z_)HILIQ = 125 P = Hﬁlaz = 2= vn= L =0

Substituting in the formula above we obtain:

I'=(a+ %ﬁ)Q dz? + dy?.

The general formula for I becomes I = (||¢'||* + v?||n/||?) dx? + 2(¢' - n) dx dy + dy? if
one replaces p(x) by a clever choice of curve ¢(z) called line of striction which satisfies

¢ (z)-n'(z) =0.

Let’s find ¢(x). We want a curve
q(z) = p(z) +y(z)n(z) € S

such that ¢’(z)-n’(z) = 0. Notice we can then replace p by ¢ because the surface is made up
of the same straight lines p(x) + Rn(z) = ¢(z) + Rn(z). Compute:

q/_n/: (p’—&-y'n—i—yn')-n'=p'-n'+y||n/H2
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so taking y(x) = — W works. Thus:
p'(z)-n'(x) 3
q(x) = p(z) — W n(x) S ={q(z) +yn(z) e R®: 2,y € R}

This is well-defined provided we assume that n'(z) # 0 for all . The ruled surface is called
non-cylindrical if it satisfies n’(x) # 0 for all . One can break up a ruled surface into pieces
where this condition holds, and then separately study the cylindrical pieces where n’ = 0 for
an interval of values of x (these pieces are very simple: n(z) is constant in x, so we just draw
parallel lines through the points p(x) in the constant direction n(x)).

Example. For the double cone S from the previous example,

acosx a? 1 acosx
. Jita? .
qz) = asinz | - Y@ asinz | =0.

\/1+a2 1

So the line of striction is the constant curve at the vertex (0,0,0).

The condition ¢’ - n’ = 0, makes it is also easy to check where S is a locally smooth surface.
We require the non-vanishing of the cross-product (¢'(z) + yn’(x)) x n(z) # 0. Since n’ is
perpendicular to both ¢’, n, we deducvﬂ that ¢' x n = An/ for some A = A(z) € R. Thus:

I(g" +yn’) x n|* = A" +yn' > nf|* = N[|[* + ¢ [In x nl® = (3 +2) [In]|?,

a
1 1+a?

where we used that n’,n’ x n are perpendicular, and some cross-product tricksEl

Theorem 10.7. For non-cylindrical ruled surfaces p(x) + yn(z) (meaning n'(x) # 0 for all
x), one can parametrize S by q(x) + yn(x) with ¢'(x) -n'(x) = 0, in which case q(x) is called
the line of striction. Moreover S is locally smooth everywhere except at those points on the
line of striction where ¢',n become linearly dependent. The first fundamental form is

. ( ¢+ 2w (@' n) )

(¢"-n) 1
Proof. This follows by the above calculation, since A2 +y2 = 0 if and only if y = 0 and A\ = 0,
and the latter implies ¢’ x n = 0, equivalently: ¢’,n are linearly dependent. O

Example. For the double cone S, the line of striction is ¢(z) = (0,0,0), and ¢'(z) x n(z) =0
since ¢ = 0. So (0,0,0) is the only singular point (as expected).

10.7 Application 2: the angle between curves in a surface

The angle § between two vectors v, w € T'S C R? satisfies v - w = ||v|| ||w]| cos @, therefore

veow o I(v,w)
ol lwll — /T(v, v) /T(w, w)

which only depends on I (and the vectors v, w). Notice this can be used to measure angles
between intersecting curves: if ;1,72 are smooth curves in S which intersect at p = v, (t) =
v2(s), then we can measure the angle between their tangent vectors v =~/ (¢) and w = ¥(s).

cosf =

LThis follows for A # 0 when ¢’,n are linearly independent, and when they are dependent just take A = 0.
2Using the cyclic symmetry

a1 b1
c-(axb)y=det | az b2 c2 =a-(bxc)

az bz c3

we get (0’ X n)-(n’ xn)=n'-(nx (n’ xn)) =n’-n' (the last equality follows because the directions agree,
and the lengths agree using ||la X b|| = ||al| ||b]| | sin 8|, or alternatively use: a X (b X ¢) = (a-c)b— (a-b)c).
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10.8 Application 3: the area of a region in a surface

Motivation. Consider the region near p where the surface S is parametrized by F. The re-
gion is approximated by infinitesimal parallelograms with edges the vectors (0, F) dz, (0, F') dy
where we think of dz, dy as infinitesimal increments of x,y. The area of this parallelogram is

(10-F[| dz) (0, F || dy) | sin 0] = [|0-F" x Oy F || dz dy,
where 6 is the angle between the two edges. Using the following rule about cross—productsﬂ
(axb)-(axb)=(a-a)(b-b) — (a-b)?,
we obtain, in terms of the first fundamental form I = edx? + 2f dx dy + g dy? = (; £>v

|0, F x Oy F || dxdy = v/ eg — f?dx dy = \/det(I) dz dy.

As mathematicians, we just turn this into a definition:

Definition 10.8 (Area of a region in a surface). The area of R=F (V) C S is defined as

Area(R)z/ H@xe@yFdedy:/ \/eg—dexdy:/ Vdet(I) dx dy.
1% v 1%

More generally, for any open region R C S, we cover R by (closures of) such sets and add
the areas.

Theorem 10.9. The area is well-defined independently of choices of parametrization.

Proof. Suppose (restricting to an overlap) F : V — S| F:V — S are two parametrizations,
yielding local first fundamental forms A, A. Using the transition 7,

VAct(4) = \/det((DT)T A(D7)) = | det Dr| \/det(A).

Recall (see the Analysis handout) the change of variables formula for integrals will replace
dx dy by |det Dt=1|dZ dy, thus |det D7||det D7—!| = 1 disappears when we integrate. [

Example. For the surface of revolution F(x,y) = (f(z)cosy, f(z)siny,x) (where f(x) > 0)
we got I = (1 + f'(z)?)dx® + f(x)?dy?, so the area for (x,y) € [a,b] x [0,27] is the familiar

/OQﬂ/ab F@)V1+ f(z)2dedy = /abgﬁf(,r)md%

10.9 Riemannian metric: first fundamental forms for abstract surfaces

For any surface (or submanifold) in R™ one can define a first fundamental form by using
the dot product on R™. However, for an abstract smooth surface S, there is no preferred way
to embed it in R", so there is no preferred inner product on 7},5.

Definition 10.10 (Riemannian metric). A Riemannian metric for a surface (or manifold) S
is a well-defined inner product on each tangent space T,S, which in local coordinates depends
smoothly onp € S.

Let’s unpack this definition. By tangent space 7,5 we mean locally T, )V = R? for a
parametrization I : V' — S subject to the rule that if we change parametrization to F' then
we identify the local tangent spaces using the derivative of the transition 7 = F~! o F:

DT e
T,V =R> =5 R*=T; V.

Lcoming from the more general rule: (a x b)- (¢ x d) = (a-c)(b-d) — (a-d)(b-c).
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The Riemannian metric is locally given by an inner product
T,V x Tp,V=R>xR? 5 R, (v,w) —vTAw where A= ( Ji / ) 7

and we require that A = A(pg) depends smoothly on pg, that is: the functions e, f, g are
smooth functions of the local coordinates py = (2o, yo).

In order for this to be an inner product, we need: bilinearity (automatic), symmetry
(automatic), and positive definiteness which by linear algebra is ensured by the conditions

’e >0 and eg— f*> O‘ (it follows that also g > 0).

Asking that the inner product is well-defined means that we want observers to agree on what
inner product is being used having identified their local tangent spaces by D7 as mentioned
above. So by Section [10.2| we require:

A= (Dr)TA(D7)

It follows that, once a Riemannian metric is chosen on S (for example, the first fundamental
form obtained from a particular embedding S — R™), we can define as before: lengths of
smooth curves, angles between intersecting curves, and areas of open sets in S.

Examples.

(1) On the torus R?/(Zw; + Zws) we can use the Riemannian metricEl
I =da? +dy?* = dzdz = |dz]?

but there are lots of other choices: e.g. rescale the above by any (smooth) strictly positive
doubly periodic function, meaning f(x 4+ w,y + w) = f(z,y) for w € Zw; + Zws.

(2) On the upper half-plane H = {z € C : Im(z) > 0}, the hyperbolic metric is the
Riemannian metric

I dz? + dy? _ dzdz _ |dz|?
y? Im(2)?  TIm(2)?
(3) On the unit disc D = {z € C: |z| < 1}, the hyperbolic metric is the Riemannian metric
4(dx? + dy?) 4dzdz 4|dz|?

I pr— pr— p—
(I—22—y?)?  (1-[zP)?  (1-[z2)
Remark. (Non-examinable) A connectecﬂ surface with a Riemannian metric is a metric space,
by defining the distance function d : S x S — R by letting d(p, ¢) be the infimum of the
lengths of all smooth curves from p to ¢ (you can also allow piecewise smooth curves without
affecting d). In particular, the open balls for this metric are a basis for the topology of S.

Given two smooth surfaces Sp, 52 with choices of Riemannian metric, we say Sp, 52 are
isometric if there is a diffeomorphism preserving lengths of curves.
Example. Recall from Section [3.I] that there are biholomorphisms
A H— D,z 7 2) = -
—z+1 z+1
Let’s check this is an isometry if we use the hyperbolic metrics from the previous example. The
above specifies a change of coordinates z — Z = 7(z). Rather than switching to real coordinates,

D—H, z—7(2) = S

Lyhere z = z + 1y, dz = dx +idy, Z = x — iy, dz = do — idy. Here dz : TS — C is again viewed as a
linear functional on the tangent space of the given surface S.

2For surfaces (and manifolds) connectedness implies path-connectedness, so there is always a continu-
ous path [0,1] — S between two given points p,q. Using local parametrisations one can approximate any
continuous path by a piecewise smooth path, and then one can round off corners to get a smooth path.
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recall that differentials change by multiplication by D7, and since we may identify D7 with 7/(2)
when identifying R? = C, we deduce{]

dz = 7'(2) dz.
Now calculate:
Ps) = i(—z+1) — (iz +1i)(=1) _ 2
(—z+1)2 (2 —1)2
(iz+1i)(—z+1) i(—|z? +2ilmz+1) 1— |z
I =1 =Im—— =1 =
m(z) = Im(7(z)) = Im 12 m FISTE FESTE
|dz]? 4 |z —1]* ) 4|dz|?
il T P TN R Pl (R P o
11. SURFACES IN R?: THE SECOND FUNDAMENTAL FORM

11.1 A basic toy model: what is the curvature of a curve?

Let v be a smooth curve in R?, v : [0,b] — R? parametrized by arc-length (i.e. unit speed:
I/ (®)| = 1, see Secl10.3). Then the unit tangent vector is the velocity /(¢), and the
curvature is the norm of the acceleration 4" (t):

K(t) = 1" (@)
Remark. As |¥'|| = 1, the velocity ~' is perpendicular to the acceleration ~" by the Trick:
Trick. ||| =1=7 7 =1=2( 7)=0=2¢"-+ =0=+" L+
Example. Consider the circle X2 + (Y — )% = r? inside the plane Z = 0 of R3, with centre
(0,7,0) and radius . Near 0 € R?, it equals the curve

Yr(t) = (rsint,r —rcost,0)

for ¢ close to 0. We use £ instead of ¢ so that 7, has unit speed: ||7,.(t)]| = ||(cos £,sin £,0)|| = 1.
As ! (t) = (=sint,Lcost,0), the curvature is
1 1
K/T(t) == 7 = —.

In general, a rotation and translation in R? will not change the curvature of a curve  nor
the property that 7 is parametrized by arc-length (rotations and translations preserve lengths).
By rotating and translating, we may assume v(0) = 0 = 7,.(0), 7/(0) = (1,0,0) = ~.(0), and
~"(0) = (0,k(0),0). Pick »r = 1/£(0). Then also v/ (0) = +"(0), so the Taylor series for v, 7,
agree up to the second order. So that circle of radius r = 1/k(0) is the best quadratic curve
which approximates v at 0 (when %(0) = 0, we can think of the circle v of infinite radius as
the straight line equal to the z-axis, indeed v is “flat” up to second-order). The circle =, is
called the osculating circle for v at v(0) = 0, and r is called the radius of curvature.

'm saying we can identify (fl;) = dz and hence dz = (g%) = Dt - (%) = 7/(2)dz. Although we

won’t need it, you may be curious how dz changes: the rule is as expected: dz = 7/ (z) dz. Indeed as a linear
function, dz = dx — idy maps 9y — 1,0y +— —i, whereas dz = dx + idy maps Oy — 1,0y — i. So dZ is the

conjugate of the linear function dz. So dz = dz = 7/(2) dz = 7/(2) dz
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Now, a more geometric way of interpreting the Y01y 'fo)
curvature. Recall 4" is orthogonal to 4/, thus *"'0‘ jenath=ne) -
: ) & &g ='n (o) (KM‘WO))

1"

=7
[yl
is called the normal vector to 7 (equivalently:
~'(t) = r(t)n(t)). We now ask: by how much
does () swerve away from the line v(0)+R+'(0) *‘"‘0‘
tangent to v at t = 07

The distance of v(¢) from the straight line v(0) + R~'(t) is, up to order t3 errorsEl
n(0)-(v(t) = 7(0)) = ot (v/(0)t+ 57”(0) +00)
= 3Ol +
= §/<(0)t2+--- ;

where we used that ", 4" are orthogonal. So the curvature x(0) measures how much the curve
~(t) deviates from the tangent line.

e vie) J(E)

11.2 The local second fundamental form

Let S C R?® be a smooth surface with a Gauss map n : S — R3, so n(p)-T,S = 0 and
n(p)-n(p) = 1. How much does S swerve away from the plane p + T,,S tangent to S at p?

Let F be a parametrization near p. By translating V C R?, we can assume for simplicity
that F(0,0) = p. Abbreviate 0 = (0,0). Recall the Taylor series of a smooth function
G(z,y) € R in two variables is

Glz,y) = GO) + DyG-(3) + (2 Hesso G (1) +
G(0) + 20,G+yd,G + %(2%0,.G +2wy0,,G+y?0,,G) +

where the partial derivatives of G are all evaluated at (0,0), the Hessian Hessg G is just the
matrix of second-order partial derivatives, and we abbreviate 0,,G = 0,(0,G), etc. We can
compute this Taylor series taking G = one of the three components of F = (Fy, Fy, F3) € R?,

Example. Consider F(z,y) = (z,y,ax? + by?) near (z,y) = 0. The above becomes:

P = (§) +o () +o (1) 3 ( (8) +2m (§) + (1))

Thus, using that 0, F, 9, F € T,,S are orthogonal V‘(i’)

to n(p), the signed distance of a nearby point
?'Ffa’o;’ E len.g-l“s-

F(z,y) from the plane p + T,,S is (evaluating
partial derivatives at p):

Ni - =In(p)-(Fixy)- Flao)l
F(r,»,)—F!o 1) Ff“"-”

n(p) - (F(z,y) — F(0,0))
=1 (2’0 0xxF + 2zyn - Oxy F +y°n - Oy, F) +
Thus, the analogue for surfaces of the curvature
of a curve is the form

I : RQXRQ—HR (v, ),_>UT< N Opa n-axyF ) w

- OyeF' - Oyy P

which is clearly bilinear and symmetric (g F = 0y F' by smoothness of F).

Here n(t) - (y(t) — ¥(0)) would be the correct distance if the curve lies inside the plane (0) +
span(~’(0),~”(0)). If we truncate the Taylor series of v after t3 terms, then the curve does lie in this plane.



B3.2 GEOMETRY OF SURFACES, PROF. ALEXANDER F. RITTER 51

Example. Il need not be positive definite, indeed it can vanish: for the plane R? C R? taking
F(z,y) = (x,y,0), the second partial derivatives of F' are zero.

Example. Continuing with the example F(z,y) = (z,y, az?® + by?), we pick:

= (8) > (§) from = (1)

(z,y)=(0,0)
So 2n(0) - (F(z,y) — F(0,0)) = 2az? + 2by?, therefore at p = F(0,0) = (0,0,0):

0 F x Oy F

n(0) = [0.F % 0,F|

IIp(v,w) = ol ( 261 20b ) w = 2av,wy + 2bvyws.

Example. Let S be the sphere of radius r. The normal is n(p) = p. At the North pole
p = (0,0,7), S is locally the graph F(X,Y) = (X,Y,vr?2 — X2 —-Y?), and n(p) = (0,0,1).
Dotting with n(p) means we take the third entry, so we need the Hessian of h = v/r? — X2 — Y2

at (X,Y) = (0,0). Compute: Oxh = 7\/% so dxxhlo,0 = —2 and dyxh|@,0) =0,
and by symmetry also dyyh|(g0) = —=. Thus
1 1 1
Iy = ol ( 0}' _Ul) W= ——V1W; — —VaWs.
v r r

We get this same form at each point of the sphere by rotational symmetryEl

To avoid confusion later, we make a clear distinction between n : S — R? and the Gauss
map in local coordinates (nF) : R? DV — R3:

nF(z,y) =n(F(z,y)).

Lemma 11.1. Locally the matriz for the second fundamental form is, evaluating at p,

p=( 0 )= (bmor o ) == (e o Sm o)

Note: 0,(nF)-0yF = 0y(nF) -0, F as the right-hand side is symmetric using OpyF = Oy F.
Proof. Since n is orthogonal to T'S = span(0, F, 0, F'),
(nF)-0,F =0 (nF)-0,F =0.

Differentiating in z or in y gives the equality between the matrices in the claim. O

Using matrix notation, with columns the first partial derivatives:
DF = ( 0.F | 9,F ) and D(nF) = ( 8;(nF) | 9y(nF) ),

then by the Lemma, IIx(v,w) = v Bw where:

|B=-D(nF)"DF|

1Apply a rotation R about the origin. Then for the parametrization Ro F' near R(p), using n(R(p)) = R(p),
we get the same IIr: n(R(p))T0;j(Ro F) = p' RTRO;;F = pT8;;F = n(p)T9;;F, using that rotations are
orthogonal maps (RT R = id).
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11.3 The local second fundamental form under a change of coordinates

Suppose we change coordinates using a transition 7 = F~1o F. Since F(z,y) = F(r(z,y)),
we have nF(z,y) = nF(r(x,y)). Differentiating using the chain rule:

DF =DFDr and  D(nF) = D(nF)Dr.

Thus, the change in the second fundamental form is: N N N
B=-D(nF)I'DF = —(D(nF) D7) (DF D7) = —D7T D(nF)* DF Dt = D77 B Dr,

thus as expected: ’B =D B DT‘

11.4 The second fundamental form

Since the local forms change correctly under the transition (D7 : TV — T V is the correct
identification between the local tangent spaces, so B = D77 B Dt is the correct change of
coordinates for bilinear forms), the local forms

Ip :R*xR* =T,V x T,V - R
determine a well-defined global bilinear form
II:7,5xT,S =R

independent of the observer. More explicitly, if v = DF(vg),w = DF(wp) are the actual
vectors in TS C R3, rather than the local versions vp, wp € TV = R2, then by the chain rule:

Ir(vp,wr) = —vhD(nF)T DFwp = —(Dn DF vp) - (DF wp) = —Dn(v) - w = II (v, w)
is independent of the choice of F. Therefore:

Theorem 11.2. The local forms IIr determine a well-defined symmetric bilinear form, called
the second fundamental form,

’II L T,8 x T,S — R, II(v,w) = —(Dyn)(v)- w‘

We should now clarify better what exactly —Dn means. We want to avoid using extensionsﬂ
of n as in definition which is messy and requires us to make choices (although the choice
of extension does not matter in the end). The derivative map

Dn : T,S — T, )R = R?

of n: § — R3 is a well-defined map independent of parametrizations: in Section this map
was defined in terms of curves in S without using parametrizations. A vector v € T'S is an
equivalence class of curves [¢,] in S, satisfying p = ¢,(0), v = ¢,,(0), and

Dnlc,) = [nocy).
Notice that this makes sense by the chain rule: we identify [c,] = O¢|t=0c, = ¢, (0) = v, so
[n 0 cy] = Ohli=o(n o cv) = (De, o)1) (¢,(0)) = Dpn(v).

Notice the above description gives a very useful formula, where v/(¢) = (X' (¢),Y'(t), Z'(t))
is a general vector in T'S in terms of a curve v(t) = (X (¢),Y (¢), Z(t)) € S:

X'(8) P
Da(+/(t)) = Dn (Ym) _ 9
Z'(t) ot

n(y(t))

t=0

Inisa map S — R3, so first choose an extension of n (at least locally) to a neighbourhood of S, then n

becomes a map n : R? — R3 defined near S, hence we know what Dn means (matrix of partial derivatives).
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Example. For the plane S = R? C R?, n = (0,0,1) is constant, so Dn = 0, so
11 =0.

Example. The cylinder S of radius r, X? + Y? = r?, has Gauss map n(X,Y,7) = (X,Y,0)/r
(this is the outward normal to the cylinder). For y(t) = (X (t),Y (t), Z(t)) in S, we have n(v(t)) =

(X(t),Y(t),0)/r so

X'(t) X (t)/r

Dn( Y'@®) | = Ols=on(v(t)) = | v'@&)/r |-
Z'(t) 0

A basis for T,,S consists of a vector E; tangent to the equatorial circle of the cylinder (so taking

Z(t) = constant), and a vector E, parallel to the axis of the cylinder (so taking X (t),Y(t)

constant). It follows by the above calculation that Dn(E;) = Ey/r, Dn(Fs) = 0. Thus Dn :

TS xTS =TS, Dn = (léT 8) in the basis E;, Fy. Therefore

O3

0 1
17 S == .
(v, w) v ( 0 )w ~U1w

For example, an orthonormal choice of Ey, E5 at p = (rcosf,rsin6, Z) is
Ey = (—sinf,cos60,0) and Fy = (0,0,1).

Remark. Even if two surfaces are isometric, the second fundamental form can be substantially
different. E.g. the cylinder is locally isometric to the flat plane, but it has a non-trivial II.
So the second fundamental form depends on extrinsic information: the choice of embedding
into R3. Whereas we think of the first fundamental form as intrinsic (due to Theorem .

11.5 Summary of first and second fundamental forms

Fundamental form Local fundamental form

Coordinate change
1,8 xT,S =+ R LV X1V =R Local matrix ~ &
_ =FoF
3 Vp,WR ETPV—R2 T
vweTpSCR (So DF(vr) = v, etc.)
I(v,w)=v-w Ir(vp,wp) = vEAwp A=DFTDF A=DrT ADr

II(v,w) = =Dn(v)-w | Hp(vp,wp) =vEBwp | B=-DnF)'DF| B=DrT"BDr

11.6 The second fundamental form is the variation of the first
For the purposes of this course, the following is not a central result, it is just a curiosity.
Theorem 11.3. The second fundamental form is the variation of the first fundamental form,
) _
2|, _ I =—21,

when we deform the surface in the normal direction, meaning we vary the local parametrization
by (x,y) = F(z,y) + tn(F(z,y)) in terms of time t € [0, small].

Proof. Writing Fy = F +tnF, we get 0, F, = 0, F +t0,(nF), 0y Fy = 0,F +t0,(nF), so

20, (nF) -0, F 0z (nF) - 0y F + 0y(nF) - 0, F
Oz (NF) - 0y F + 0y(nF) - 0, F 20y(nF) -0y F

Thus the claim follows by using the relations from the proof of Lemma (in particular the
symmetry O, (nF)-0,F = 0y(nF)-0,F). O

I, = DEFDF; = Iy+t ( >+0rder 2.
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12. CURVATURE

12.1 The shape operator S = —Dn : 1,5 — 1,5
Lemma 12.1. T,,S = Tn(p)S2 C R? where S? is the unit sphere in R3.

Proof. T,S is the vector subspace of R* orthogonal to the normal n(p) at p € S. Similarly,
Tn(p)5’2 is the vector subspace of R? orthogonal to the normal to the sphere S? at n(p). But
recall that the normal to S? at n(p) is just n(p). So those vector subspaces equal. O

Corollary 12.2. Dn : 1,5 — Tn(p)52 can be viewed as a linear endomorphism of the 2-
dimensional vector space TS, so Dn : T,S — T},S.

Proof. We need to show D,n lands in Tn(p)SQ. Let v C S be any curve through v(0) = p.
Then Dn(q') = 0¢(n o) is the velocity of a curve n oy C S? so it is tangent to S? (at
n(v(0)) = n(p)). Another proof: differentiate n(y)-n(y) =1 (since n is unit length) in time:
2n(v) - Dn(v') = 0 so Dn(y') is perpendicular to n, so it lies in T}, S O

Definition 12.3 (Shape operator). ’S =—Dn:T,5 = TpS‘ is the shape operator.

Theorem 12.4. The fundamental forms are related by:
[ I(v,w) = S(v) -w = I(S(v), w)]

Proof. II(v,w) = —Dn(v)-w and Dn(v) € T,,)S? = TS, so that dot product can be
computed using I : T,S x T),S — R as both —Dn(v), w lie in T),S. O

Corollary 12.5. S is self—adjomﬂ with respect to the inner product I
I(Sv,w) = I(v,Sw).
Proof. I and II are symmetric, so I(Sv,w) = II(v,w) = II(w,v) = I(Sw,v) = I(v,Sw). O
Lemma 12.6. Let nF =no I be the local expression for n in the parametrization F, then
0z (nF),0y(nF) € TS. (12.1)
Let [S;;] be the matriaﬂ for' S in the basis O, F, 0,F of T'S, then
—0(nF) =811 0, F + S91 0y F  and — 0y(nF') = S12 0, F + S22 0, F

“D(nF) = — ( 8u(nF) | 8,(nF) ) = ( 8.F | &, F ) ( gi 222 ) — DFS.

Proof. Follows from Cor|12.2) or explicitly: differentiating n-n =1 we get 9,(nF)-nF =0
and Oy (nF) -nF = 0, hence ([12.1f) follows since T'S is the plane orthogonal to n.

By the chain rule, —Dn(0,F) = —0,(nF') and —Dn(9,F) = —0,(nF).
Thus, abbreviating x,y by indices 1,2, using the basis X; = 0;F we haveEl —Dn(X;)
232:1 S;j;X;. So the matrix S;; represents —Dn in the basis X; = 0;F.

(12.2)

oo

1Self—adjointness means that the matrix for S in a basis which is orthonormal with respect to I will
be symmetric. However, the matrix S;; discussed below is not symmetric in general. The symmetry
0; X, = 0,0 F = 0x0; F = 0x X; implies symmetry in ¢, k in —Dn(X;) - X, = —0;(nF) - Xy, = (nF) - 0; X}, (dif-
ferentiating the orthogonality relation (nF’)- X} = 0). This however does not imply the symmetry S;; = S;;,
it only implies that II(X;, Xy) = —Dn(X;) - Xy, is symmetric in ¢, k.

2S0 the S;; are smooth functions in the local variables z,y.

3The i-th column of the matrix S is the image of the i-th basis vector X;, written in the basis X;.
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Using the notation of the previous proof, Theorem [12.4] can be rewritten locally as
2 2
I(X;, Xp) = —Dn(X;) X =Y S;iX;- X =Y S;l (X, Xp).
j=1 j=1
Notice this implies B = ST A (we come back to this proof in Theorem [12.8)). Intuitively S is
“just the same as” II: we turned the 2-form II into a linear map using the inner product I El

12.2 Principal curvatures, mean curvature, Gaussian curvature

Since the shape operator S is self-adjoint, it can be diagonalized using an orthonormaﬂ
basis E1, Ey of eigenvectors for T'S (where orthonormality is computed using I).

o K1 0
(% 2)

Principal directions by, By o.n. eigenvectors of S

Principal curvatures K1, K2 eigenvalues of S
Mean curvature H = (k1 + K2) H = Ltrace(S)

Gaussian curvature K = Kiko K = det(S)

We will see later, that the principal directions are the directions that a curve in the surface
must travel along to have maximum and minimum curvature (= the two principal curvatures).

Remark. Explicitly, we are diagonalizing the symmetric bilinear form II : TS x TS — R, so
II(Ei,Ej) = Hiéij and I(Ei,Ej) = 57;]‘

where 6;; = 1 if i = j and &;; = 0 for i # j. If you think of E;, E; as vectors in R3, then of
course orthonormality just means E; - Ej = 035 for the usual dot product.

Example. For the cylinder X2 +Y?2 = 72 at the end of Sec at p = (rcosf,rsinf, Z) the
eigenvectors £y = (—sin#, cosf,0), E5 = (0,0,1) are orthonormal w.r.t. dot product in R?, and
we found II = f%dxz, SO K1 = f% and ko = 0 (as expected since in the E; direction the surface
looks like a circle of radius 7, and in the Ey direction the surface looks like a straight line).
Example. In the example F(x,y) = (2,y, ax?® + by?), we computed at (z,y) = 0:

p = (% 3)
in the basis vp = (1,0), wp = (0,1). The first fundamental form is

Ir=(59)
so the basis vp, wp is orthonormal. So k1 = 2a, ko = 2b.

1Compare the raising/lowering of indices in Sect We are doing IT;; = Sggjk, where gj, = I(X;, Xy).

2 Warning. If you compute locally, you must ensure orthonormality I(E;, E;) = 6;;. For example, if you
use F(A\z,\y) instead of F(z,y), then the local matrix B would become A?B, so curvatures computed for
these matrices would locally change by A2 or A*: but we want them to be independent of parametrizations!
More generally, if we pick a clever non-orthogonal linear transition 7 = S, so D7 = S, then we can turn B
into a matrix B = STBS of the form ((1) (1) s ((1) _01), iol 8), or (8 8) (a bilinear form is determined up to
congruency by its signature). So locally, if you ignore orthonormality, you could arbitrarily rescale by positive
numbers the eigenvalues of the local matrix B using changes of coordinates. So only the following signs are
preserved:

sign K = sign det B (signs of k1, k2) = (signs of eigenvalues of B).

For example det(B) = det(D7T BD7) = det(D7)2 det(B). For the same reasons, you have no control over the
sign of the mean curvature.
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Lemma 12.7. If 0,F, 9,F € R? are orthonormal at p, then

K1,k2 = (the eigenvalues of the local matrix B for IIr)
K = detB.

Proof. The change of basis from 0, F, 0,F to Ei, Es will be an orthogonal matrix @, and so
I =QT (%1 2)Q=Q7' (" 2 ) Q, using orthogonality: @7 = Q. But conjugation does

0 Ko 0 k2
not change the characteristic polynomial, so the eigenvalues are still k1, ko. O

Theorem 12.8. Writing S for the matriz of the shape operator in the basis 0, F, Oy F' yields
a relation between the local matrices A, B for I, HpEl

Weingarten equations S=A"'B

Gaussian curvature K =detS = gzz E

These can be written out explicitly in terms of the coefficient functions of I'p, Il :

o4 (e fN'(L M\ _ 1 g —f L M
st =5 ) (i ¥ )-am (5 D) (0N

det(Il) LN — M?
~det(Ip)  eg— f?

K = det(S)

Proof. Tt is enough to show that STA = B, since then S = (BA™H)T = (AT)"!BT = A~'B,
using that A, B are symmetric. Below are two ways to check that STA = B.
In local coordinates, for v,w € R? we have I(v,w) = vT Aw, II(v,w) = v Bw. So
I(Sv,w) = I (v, w) becomes vT'ST Aw = vT Bw. As this holds for all v, w, we deduce ST A = B.
Alternatively, combine the matrix equation in Lemma [12.6] with Section [11.5]

B=-D(nF)T DF = (DFS)' DF =sSTDFTDF =sTA. O

12.3 Normal curvature

The normal curvature of a curve v in S through p = ~(0), with v parametrized by
arc-length so speed ||7'|| = 1, is the component of the acceleration " in the normal directiorEl

17(0)-n(p) = =Dn(y'(0))-7'(0) = 1(Y/(0),7'(0)) |

Intuitively, if you are racing with a car on a surface, the normal curvature tells you how much
pull away from the surface you feel when you accelerate the car.

Since ||¥/(0)]] = 1, the normal curvatures are measured by the quadratic form IT(v,v) on
unit vectors v = cos @ £y +sinf Ey € T,,S. Explicitly, we get the Euler formula:

II(v,v) = Ky cos? 0 + ko sin? 0

SO K1, ko are the extreme values (min and Inax)El of the possible normal curvatures at p.

¢ is easy to check that K does not change if we change local parametrization. More strikingly, Gauss’
Theorem Egregium (Section says that K does not change under isometries, so it is intrinsic to the
surface with its Riemannian metric, it is not extrinsic (= dependent on the choice of embedding).

2where we used the usual tricks: v(t) = n(y(t)) is orthogonal to T'S, so v(t)-+/(t) = 0, differentiating:
v -y +v-4" =0, and finally v/(0) = 8¢|t=on(y(t)) = Dn(y/(0)). The formula then follows.

3Proof: if w1 < kg, then k1 = k1(cos? 0 + sin? 0) < k1 cos? O + ko sin? 0 < ka(cos? 0 + sin? 0) = ko.
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Corollary 12.9. The principal curvatures k1, ke are the min and mazx of the ratio of the two
quadratic forms:
La? + 2Mxy + Ny?
ex? + 2fxy + gy?

Proof. We can rescale (z,y) without affecting the above ratio so that ex?+2fry+gy? = 1. But
this is precisely the condition that I (vp,vr) = 1 for the local vector vp = (z,y) € TV = R
Then IIr(vp,vr) is equal to the numerator. We proved above that for unit vectors v € R3
the min and max of the quadratic form II(v,v) are the principal curvatures x1, Ka. |

12.4 Qualitative interpretation of the curvatures
Loosely speaking:

(1) The principal directions E7, Fy tell you the directions of steepest increase/decrease,

(2) If k1 > 0, a curve is S with tangent F; is accelerating in the normal direction, since
v n=1I(y,v) = I(E, E) = k1 >0 (using Sec[12.3). So near p, the curve lies
on the same side of T'S as n(p) does.

(3) If k1 < 0, a curve in direction E; accelerates away from n(p) so it lies on the other
side of T'S.

(4) K > 0 means k1, k2 have the same sign, so either all curves accelerate towards n(p)
or away from n(p), so S is locally all on the same side of the tangent plane and S can
be locally approximated by an ellipsoid.

We call a point p € S elliptic if k1, k2 have the same sign (< K > 0)
(5) We call a point p € S hyperbolic if k1, ks have opposite sign (< K < 0). This
means S locally looks like a saddle and S' lies on both sides of the tangent plane.
Example. In the above example F(x,y) = (z,y,ax? + by?) near (z,y) = 0:
For a,b > 0, the origin is an elliptic point: the surface is Z = aX? + bY2, it lies all above the
tangent plane Z = 0, and we get an ellipse when we slice S with a plane Z =(positive constant)
which is parallel to the tangent plane:

For a < 0, b > 0, the surface lies on both sides of the tangent plane Z = 0, and we get a
hyperbola when we slice S:

o
AR

T Fi
NS Oaas,

LT

12.5 Curvatures in terms of the Hessian

Theorem 12.10. Parametrizing S C R3 near p as the graph of a function h : T,S — R over
the tangent plane (Theorem , I at p becomes the Hessian of h at p:

L M hew h
Iy = =4 ey ) = + Hess, h,
F < M N ) ( hye  hyy P
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where the sign depends on the choice of normal. In particular the Gaussian curvature at p is
K(p) = hazhyy — hiy = det Hess,, h.

Proof. In the proof of Theorem (9.1} F(z,y) = (z,y, h(x,y)), so 0. F = (1,0,0,h) and Oy F =
(0,1,9,h) is a basis for T,,S = (zy-plane). This forces d,h = d,h = 0 at (0,0), so (0,0) is a
critical point of h. Thus the normal is +n(p) = (1,0,0) x (0,1,0) = (0,0, 1), and dot product
with n just means taking + the third component of a vector (the sign 4+ depends on the choice

of Gauss map). The basis 0, F, 0, F is orthonormal, and in this basis I is the matrix in the
claim. Now use Lemma O

Notice that, rotating as in the proof with S locally (X, Y, h(X,Y)), the signs of the Hessian
of h are precisely what you studied in applied courses to discuss minima, maxima and saddles
of a function h(X,Y") of two variables. So

Ki,ke >0 = Z=h(X,Y) has a minimum at 0 = S lies above Z =0
Ki,ke <0 = Z=h(X,Y) has a maximum at 0 = S lies below Z =0
K =k1ke <0 = Z=h(X,Y) has asaddle at 0 = S lies on both sides of Z =0

Example. Consider the sphere S of radius 7, X2+Y?+22 = r2, near the North pole p = (0,0, 1).
Locally S is the graph F(X,Y) = (X,Y,vr? — X2 —Y?) with normal n(p) = (0,0,1). The
Hessian of /72 — X2 — Y2 at 0 gives

_1 0 1

I = r 1 K=detll = —
0 7 T2

This was expected: the great arcs are osculating circles of radius r which accelerate away from

the outward normal direction (0,0,1). Notice the curvature becomes small as  — oo since the

surface looks more and more “flat” for large 7.
12.6 Locally flat surfaces
Theorem 12.11. If II = 0 near p, then S lies in a plane near p.

Proof. Let’s use the simpler notation n = n(z,y) instead of n(F(x,y)) for the local expression
of n in this proof. We need to show that locally the Gauss map n is constant and that S
satisfies the equation for a plane orthogonal to n:

n - F' = constant. (equivalently n - (F(x,y) — F(0,0)) = 0)

From II = 0 we obtain 0,n-0,F = 0, dyn-0,F = 0, etc. and hence by linearity d,n,dyn
are orthogonal to all of T'S = span(d, F, 0,F). Differentiating n-n = 1 shows they are also
orthogonal to n: d,n-n =0 and d,n-n = 0. So they are orthogonal to all of R® and thus
must vanish. So n is locally constant in x,y. So n - F is also constant: 9,(n-F)=n-0,F =0
(since n is orthogonal to 0, F € T'S), and similarly 0, (n- F) = 0. O

12.7 The Gaussian curvature as a ratio of areas

Since n is a unit vector, it maps ’n ;S = S?2CcR? ‘ into the unit sphere S? of R®. So we
can compare the areas of two regions n(U) C S? and U C S. The following says the Gaussian
curvature K precisely measures the infinitesimal ratio of those two areas.

Theorem 12.12. The Gaussian curvature at p € S equals

L Area(n(U) C S?)
Kip) = Llflinpi Area(U C S) ~’

where the limit is over shrinking neighbourhoods U of p, and where + = sign(K (p)).
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Proof. Work locally with a parametrization F' = F(z,y) such that F(0,0) = p. Recall by
Section the area of U = F(V) C S is defined as

Area(U) = / |0 F x Oy F|| dz dy.
1%
The area of n(U) is analogouslyﬂ
Area(n(U)) = / |02 (nF) x 0y (nF)| dz dy.
1%

We may assume that F' is correctly oriented, so that n = (0,F x 0,F)/|0,F x 0, F||. Using
the shape operator S written in the basis 0, F, 0, F', we compute:

0x(nF) x Oy(nF) (05 F S11 4 0y F S91) X (03 F S12 + 0y F Sg2)
= (S11S22 — S21812) 0, F x Oy F
= det(S) 0, F x 0, F
det(S) |0 F x 0y F|| n.

Since K(z,y) = detS is the Gaussian curvature at F(x,y), and ||n| = 1,
Area(n(U)) :/ K (2, 9)| |0, F x 8,F|ldz dy.
v

Writing | K (2,y)| = [K(p)| + (|K (2.)| - |K(p)]), we obtain

Area(n(U)) = [K(p)| [y 10:F x 0yF||dxdy + [y, (K (z,y)| = [K(p)]) [|0.F x 0, F||dx dy
= |K(p)|Area(U) + [y, (1K (2,y)| = [K(p)]) [|0: F x 0, F||dx dy.

Divide that by Area(U), move the first term on the right to the left, and take absolute values:

Area(n
Aran®) |\ K(p)l| < sy - max_|[K(z,y)| — K@) - [y, 10.F x 0, F||dx dy
) ) (z)EV
= max_||K(z,y)| - |[K(®)||
(z,y)EV

and the final expression converges to 0 as we shrink V to (0, 0) since K (x,y) — K(0,0) = K(p)
by continuity of K (so x,y — 0). O

Lemma 12.13. We record two formulae, one from Sec[10.8 and one from the proof above:

O F X OyF = £+/detIp n and O0zn X Oyn = £K+/det Ip n

where the sign is + precisely if 0, F,0,F is a right-handed basis ((0,F x 0,F)-n > 0).

L Non-ezaminable technical remark. If 8;(nF), 8y (nF) are linearly independent at (0,0) then near n(p) €
52 we have a local parametrization no F : V' — S2, and the formula for Area(n(U)) is valid. If 0 (nF'), 9y (nF)
are linearly dependent at (0,0) then we cannot say that. However, one can still argue that the ratio of the
areas in the claim converges to zero (notice K(p) = 0 here, as the columns of II are linearly dependent).
Indeed, one can check that Area(n(U)) < e Area(U) for small enough V where € — 0 as we shrink V. We will
not carry out these details.
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13. TANGENTIAL DERIVATIVES AND GAUSS’ THEOREMA EGREGIUM

13.1 Tangential derivative (Levi-Civita connection)

Let S be a smooth surface in R3. Recall in Section we defined vector fields on S, and
we abbreviated X; = 0,F, Xo = 0, F for a local parametrization F' near p € S. Thus, at
each point p € S, we have a basis of R? given by:

Xl(p)v XQ(p)v n(p)

since R?* = T,,5 @ Rn(p), as n is orthogonal to T},S. Therefore, the derivatives of a smooth
local tangent vector field v(x,y) € Tp(y,)S defined near p € S can be written in terms of
this basis. In particular, the orthogonal projection to 73,5 of such derivatives is called the
tangential derivative, which you study in Exercise Sheet 2:

V,v = orthogonal projection of d,v onto T'S
= 0,v—(n-0,v)n
= 0gv+ (Ozn-v)n
where n = n(z,y) is the local expression n(F (z,y)) for the Gauss map (also n - 0,v = —9,n-v

by differentiating the orthogonality relation n-v = 0, compare Exercise 4 of Exercise Sheet
2). Abbreviate x,y by indices 1,2. Then

lajv =V,v+ (Bv)jn‘

since, writing v = >~ v*X; by abbreviating the coefficient functions v! = a(z,y), v? = b(z,y),

and recalling the definition of the second fundamental form B;; = n-0;X; = —0in- X},
oin-v=2090;n- ZviX,- =— ZBﬂvi = —(Bwv),.
The symbol V is called nabla, and the operator V is called a connection for the surface
S. Notice that a connection is a way to differentiate vector fields without ever leaving the
tangent space T'S (it turns out connections exist also for abstract surfaces and manifolds).

Notice that in fact you can differentiate any vector field by any other vector field. Given
a vector field X = )" a’ X, we define Vx linearly in the differentiating variable X:

Vxv= Z a’Vv.
Note Vxwv is of course not linear (with respect to smooth functions) in the v variable since
(Vi(fv) = @i f)v+ FV,0]

where f = f(z,y) is a function (here we used that 9;(f)v is already in T'S, so doesn’t change
under orthogonal projection). That equation is called, of course, Leibniz rule.

Lemma 13.1. The tangential derivative only depends on the Riemannian metric I (the first
fundamental form), so it is an invariant of the surface up to isometm’esﬂ

Proof. This is a calculation:
Viv=V; Z’l}ij = Z@i(vj)Xj + vjVin

so we just need to check that V;X; depends only on Ir. You will do this rather explicitly in
Exercise Sheet 2 by expressing

ViX; =Y ThHX;

Li.e. it does not change even if you pick a different embedding into R3, provided the two embedded surfaces

are isometric.
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in terms of the basis X}, where the functions I‘fj are called Christoffel symbols and showing
that there is a formula for these in terms of the first fundamental form and its derivatives.
Here we will just illustrate an example: since dotting with X kills the normal term (as n is
orthogonal to T'S = span(Xy, X2)), we get

1 1
X ViXy = X1 01Xo = 0,F - 0,0,F = 0,F -0,0,F = 50,(0,F -0,F) = 59,An

where Aj; is the first entry of the matrix A for Ir. Similarly, all X, - V;X; are determined
by derivatives of A;;, hence this determines V;X; (by linear algebra). (]

Cultural Remark. In Ezercise Sheet 2 you prove the formula:
1
Iy = 3 > 9 (Digse + 0;9i — Dugij)
‘

which gives Ffj explicitly in terms of the Riemannian metric g;; = I(X;, X;) = X;- X,
(the first fundamental form). Conversely, given any abstract surface or manifold, with a
Riemannian metric g;j, you simply define I‘fj by that formula, thus you obtain a connection
V defined by V;X; = ZF%X;C, called Levi-Civita connection, which defines tangential
deriwatives! More of this in C3.3: Differentiable Manifolds

13.2 Gauss’ Theorema Egregium

’Theorem 13.2. The Gaussian curvature only depends on the first fundamental form.

Proof 2. Let v(x,y) € T'S be any non-zero local vector field (for example v = 0, F).
Recall Vv = 0;v — ((9;v) - n)n. Consider the following expression:

(VoVy =V, Vo)v = 00,0 — (Oyv-n)0gn — 0y0,v + (0v-n)0yn
—(0yv-n)0pn + (Oyv - n)Oyn

where we dropped all the terms that were multiples of n since we know the result must be in
TS, we used that v is smooth so partial derivatives commute, and we used that 9;n = V;n €
TS (recall this is because differentiating n-n = 1 shows that 9;n is orthogonal to n and
hence is in T'S). Recall that v-9;n = —0;v-n (by differentiating the orthogonality relation
v-n = 0), so the above becomes:

(VaVy =V, Vo)v = (v-0yn)0zn — (v-0;n)0yn
= —(0zn X 0Oyn) xv Cross-product trick

= FK+ydetlpnxwv Lemma [12.13

where the sign is — precisely if 0, F, 9, F' is right-handed.

Now notice that: by Lemma the function (V,V, — V,V,)v only depends on the first
fundamental form. Of course v/det [r only depends on the first fundamental form, but so
does Fn x v because that is just a rotation by F90 degrees of the vector v inside TS and we
know by that the first fundamental form can be used to measure angles. It follows by
the above formula that also K only depends on I (using that F+/det [p n x v # 0 for v # 0).
Technical Remark. The sign ambiguity above is not an issue: the choice of normal +n affects
the choice of orientation for the surface, and thus the notion of clockwise/anti-clockwise rota-
tion by 90 degrees, but the vector Fn X v is independent of this choice (the signs cancel). O

l(a x b) X c=(a-c)b— (b-c)a. For example, (e1 X e2) X e1 =e3 X e1 =e2 = (e1 - e1)ez — (e2 - e1)eq.
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Remark. The Theorema Egregium implies that the Gaussian curvature is an intrinsic in-
variant, i.e. it is an isometry invariant, because it depends only on the choice of Riemannian
metric on the surface (whereas other curvature invariants, such as principal curvatures, are
extrinsic: they depend heavily on the choice of embedding of the surface into R3).

Lemma 13.3. We record for later, the useful formula from the above proof:

(VoVy =V, Vo)v = FKy/detIp n x v
with — sign precisely if 0, F, O, F is right-handed (det(0, F|0yF|n) > 0).

13.3 Riemann curvature tensor

This Section is non-examinable.

Motivation. A natural way to think of curvature is to ask: how much do the tangential
derivatives V., Vy fail to commute? For a small local vector field v, if you think intuitively
of Vav, Vyv as being small arrows in an infinitesimal parallelogram, the failure of this paral-
lelogram to close up is measured by V.V, v — V,Vv. This encodes how curved the space is.

The Riemann curvature tensor R/, is defined by:

R(Xi, X))Xr = ViV;Xy—V,;ViX;
= YR X

Cultural Remark. We have only defined R on the basis X; = 0;F, but the Riemann
curvature tensor R(X,Y)Z can be defined for general vector fields X,Y,Z. The meaning of
tensor is that it must be linear with respect to smooth functions (not just linear with respect
to constants): R(fX,gY)hZ = fghR(X,Y)Z for any smooth functions f,g,h. For sake of
comparison: VxY is tensorial only in X, whereas in Y it satisfies the Leibniz rule. You
can now check by calculation, using the Leibniz rule for V, that the tensorial condition on R
implies the general formula for R has an additional term:

R(X,Y)Z =VxVyZ —NyVxZ -V xy1Z
where the Lie bracket [X,Y] is defined by: > v'X;, > wiX;] =3 v"0;(w?) X;—>" w?8;(v") X;.

The Lie bracket measures how much the flow of two vector fields fails to commute: you will
encounter this again in C3.5 Lie Groups and secretly in C2.1 Lie Algebras. In our case:
[(X:, X5 = 0:;(1)X; — 9;(1)X; = 0 since 1 is a constant coefficient.

In Exercise Sheet 3, you will show that R is completely determined by the Christoffel
symbols Ffj and their derivatives, and by Exercise Sheet 2 the Christoffel symbols only depend

on the Riemannian metric I (first fundamental form). Hence:

Theorem 13.4. The Riemann curvature tensor R only depends on the Riemannian metric
(first fundamental form), so it is an invariant of the surface up to isometm’esﬂ

It’s often useful to dot the above with another basis vector Xy, which defines

Rijie = R(X;, X)Xk Xy
I(R(Xi,Xj)Xk,Xg)

Li.e. it does not change even if you pick a different embedding into R3, provided the two embedded surfaces

are isometric.
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The two Riemann curvature tensors are related by the lowering/raising of indices using the
Riemannian metric g;; = I;; = X; - X, explicitly

Rijee =Y RilGme M= Rijeeg™
where g% is the inverse matrix of g;;, thus: > g¥g;x = ;.
At first, it seems that R;je is a lot of information (2% = 16 choices of values for the four
indices), but in fact by definition it is antisymmetric in i, j, so
Rijre = —Rjike
so we might as well choose ¢ = 1,7 = 2. Then, by Exercise Sheet 2 you know that tangential
derivatives are compatible with the Riemannian metric:

’&I(v, w) = I(Viv,w) 4 I(v, Viw) \

so using the symmetry 0,0;I(v, w) = 0;0;1(v,w) (since I(v,w) is a smooth function), you will
deduce in Exercise Sheet 3 that:

Rijre = —Rijor
50 Rjjre is anti-symmetric also in &, ¢ so we might as well take k = 1, £ = 2. Thus, only one
value is interesting up to symmetriesﬂ and you will show in Exercise Sheet 3 that

R1212 = —K det IF.

Theorem 13.5 (Theorema Egregium). The Gaussian curvature only depends on the first
fundamental form, not on the second (so it depends on the Riemannian metric but not on the

particular choice of embedding into R?). Indeed:
K I(R(v,w)v,w) I(R(v,w)v, w)
N lox w2  I(v,0)I(w,w) — I(v,w)?

for any two linearly independent vectors v, w.

Proof. The first part follows from Ri212 = —K det Ir since R;jre only depends on Ir and
derivatives of Ir. In the second part, the second equality is just the expansion of the cross-
product (v x w)- (v x w) = (v-v)(w-w) — (v-w)?. We only need to check the second part
for specific v = X;,w = Xa (by linear algebra it then holds for any basis v, w: indeed just
change F' by the change of basis which sends X1, X5 to v,w). By the above:

I(R(X,, X)X, X K det!
(R(X71, X2) X1, Xo) _ foe | Kdetlp L4

I(X17X1)I(X27X2)—I(X17X2)2 o eg—f2 detIF

LCultural remark. In addition to the above symmetries, there is one last symmetry that holds in general
for manifolds. From the Jacobi identity for Lie brackets,

(XY, 2] + Y, [2, X + [, [X, Y]] = 0
one obtains the first Bianchi identity:
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0.

From this one deduces the cyclic symmetry R;jx¢ + Rjxie + Riije = 0. By adding the four equations you get
from this, if you reorder ijk¢ cyclically, and using anti-symmetries, you can deduce that R;p;x = Rk, or
relabelling: R;;r¢ = Ryei; so you can interchange the first and last pair of indices.
2From this it follows, using R;’]?k =3 Rijkggem, that
R%m = —Ke, R%22 =—-K/, R%21 =K/, R%22 =Kyg

where K is the Gaussian curvature, e, f, f, g are the entries of the first fundamental form Ip.
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Remark 13.6 (Why is that proof conceptually different?). The calculation in the above proof
is the same as in Section[13.4 which calculated the Riemann curvature

R(0.F,0,F)v = FK+\/det Ip n x v.

Howewver, the proof in Section made explicit reference to the normal n and the fact that S
is embedded in R3 (even though at the end we conclude that K only depends on the embedding
up to isometry), so it appears to only apply to surfaces S whose Riemannian metric arises
from the first fundamental form of an embedding of S into R3. However, not all Riemannian
metrics arise in this way, for example: the flat torus T? = R?/Z2, that is with Riemannian
metric locally induced by the standard dot product in R?, is locally isometric to R? so II =0
(in particular K = 0), so it cannot isometrically embed into R® because by Theorem
it would have to lie in a plane (more intuitively: obviously a torus embedded in R® is going
to be curved!). The approach of Section is more general, since it works for any abstract
smooth surface with any choice of Riemannian metric g;;. Indeed, in Exercise Sheet 2 you
found a formula for Ffj in terms of g;;, this in turn defines V x,X;, which in turn defines
R(X;, X;)X and thus K. For example, this applies to the hyperbolic plane H without ever
worrying about whether or not H embeds isometrically into R3.

The are two more famous curvatures, called Ricci curvature tensor Ric;; and scalar
curvature R, they are obtained from the Riemann curavature by taking traces.
The Ricci curvature is the trace

Ric(X, Z) = trace(Y — R(X,Y)Z)

So, defining R;;, = Ric(X;, X), we have to put X = X;, Y = X, Z = X}, above, then take
the j-th entry of the result, and sum over j (and also over ¢ on the right):

R, = Z R = Z Rijreg"
The lowering of two indices using the inverse metric g%/ is called a metric trace. Similarly,
the scalar curvature is defined as the metric trace of Ric:

R=Y ¢"Ri
summing over both i, k. For surfaces,
Rij = —Kgij; R=-2K.
The course C3.3: Differentiable Manifolds develops these ideas further.

14. GEODESIC CURVATURE AND THE GAUSS-BONNET THEOREM

14.1 Geodesic curvature and normal curvature

Recall that for a curve v : [0,b] — R?® parametrized by arc-length (meaning ||7/| = 1),
we defined the curvature of v as the norm of the acceleration:

K(t) = " @)

However, we saw that on a surface the correct notion of differentiation (i.e. the one which
only depends on the Riemannian metric, and not on the particular choice of embedding into
R3), is the tangential derivative:

Vi = 0(y) = (0 -n)n
= ') =L,y )n
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where recall in Sec we already met the normal curvature 4" -n = —=Dn(y') -~ = I (v,7").
So the acceleration breaks up into two parts, the tangential and the normal part:

V' =V + I A )n.

Correspondingly the curvature breaks up into two parts (using that n is normal to V' € T'S),

K=y

= [V IIP+ 112(7/77/)2

= K

//”2

geodesic + Knormal-

Definition 14.1. The geodesic curvature of a curve v in S parametrized by arc-length is:

’ Rgeodesic = ||vt7/|| ‘

A curve v in S is a geodesic if Kgeodesic = 0.

Example. For the plane R?, II = 0 50 Kgeodesic = K- SO Kgeodesic = 0 implies 7"/ = 0 and
hence, integrating, () = p + tv is a straight line. So geodesics in the plane are straight lines.

Example. For a sphere S of radius  in R?, we saw that the normal curvatures are —1/r in all
directions (as II = —1id). A great circle (a circle in S of maximal radius, ) has curvature 1/r
and normal curvature —1/7r, so Kgeodesic = 0. So great circles are geodesics: they look “straight”
from the viewpoint of the surface. A circle of smaller radius s < 7 in S has curvature 1/s, but
normal curvature —1/r, SO Kgeodesic = Vs72 —r=2 2 0 So smaller circles are not geodesics.

Lemma 14.2. For v parametrized by arc-length,

iﬁgeodesic = ’YN ’ (n X IVI)
det(n|y'[7")
= Vv (nxv)

Proof. ~ is parametrized by arc-length, so ' -+" =1, so diﬁerentiatingﬂ
Vt’Y/ : ’YI =0
(the tangential acceleration is perpendicular to the velocity). So V' is orthogonal to 7/ and

it is also orthogonal to n as it lies in T'S. So n x 7/ is parallel to V;+'. Moreover, n x 7' has
unit length since n, 7" have unit length and they are perpendicular (since v/ € T'S). Therefore

Vt’}/ - ifigeodesicn X 7,'
Since n is orthogonal to n x 7/, we also know that v - (n x v') = Vv - (n x /). O

Corollary 14.3. For a curve v in S which is parametrized by arc-length,

v is a geodesic < " is normal to S‘

For a curve v not parametrized by arc length, with +'(t) # 0,

After arc-length reparametrization v becomes a geodesic < ~',~" n are linearly dependent‘

Proof. If v is parametrized by arc-length this follows by the lemma since det(n|y'|y”) = 0
precisely if n,~',~v” are linearly dependent. If J(t) = v(s(t)) is a reparametrization of v so
that ¥ is parametrized by arc-length, then 7/ = s'9/(s) and 7" = s"+/(s) + (s")?4”(s). Since
s’ > 0, linear dependence of n,7’,5"” is equivalent to linear dependence of n,~’,~v". O

IFor smooth vector fields v(t),w(t) € Ty)S, the analogue of the compatibility equation 0;I(v,w) =
I(Vv,w)+ I(v, V;w) from Section holds: %(v-w) =V -w+v-Viw. Indeed %(v cw) =0 wtv-w,
and v/ = Vv + (n-v')n has v/ - w = Vv - w since w € T'S is perpendicular to n (and similarly for v - w’).
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Example. Consider the torus 72 C R? parametrized by
F(0,v) = ((a+ bcost) cos, (a+ bcos)sinb, bsin).
Consider the quotient map:
R? — ST x ST =712 (0,¢) — (e,¢) = F(0,v)

Consider the straight line (¢,0) in R?, which gives rise to the first circle S! factor v(t) = F(¢,0) =
((a+ b) cost, (a+b)sint,0) in T?. Along =, putting ¢ = 0,

cost —sint —cost
n=| sint v =0pF = (a+1b) cost 7' =0pgF = (a+b) | —sint
0 0 0

so 7" is normal so ~ is a geodesic. Similarly for the other circle factor v(t) = F(0,t) we get v"
is a multiple of n, so 7 is a geodesic. However, it is not true that any straight line in R? will give
rise to a geodesic in this torus: draw a picture for the circle y(t) = F(%,t), check that n,~',~"
are clearly linearly independent. This is not surprising because the Riemannian metric is

I = (a + bcosp)?do? + b*dy?,

so rotation in @ is an isometry (since I will be invariant), but rotation in ¢ is not: indeed it cannot
be because you show in Exercise Sheet 3 that the Gaussian curvature K varies in the 1) direction.
This torus is therefore not “flat”, in the sense that the quotient map R? — T2 is not locally an
isometry.

Example. An example of a flat torus T2 is
F(0,4) = (e”, ") e S*x St cCxC=R*
using the dot product from R* to define the Riemannian metric, then R? — T2 will be a local
isometry, and geodesics in T correspond to quotients of straight lines in R
14.2 The local Gauss-Bonnet theorem

Definition 14.4 (Signed geodesic curvature). Following Lemma we define the signed
geodesic curvature kg = tkgeodesic 0f a smooth curve v in S parametrized by arc-length by

’fig =V (nx7) =9"(nx ) =det(n|y']v")

Remark. If v is not parametrised by arc-length, we define the geodesic curvature as that
obtained for the unit-speed reparametrised curve 7. This yields:
o det(ny'1r")
! lv1I?
Proof: in the notation of the proof of Corollary [14.3] det(n|7'|7") = (s')? det(n|y'|y") (using

that the determinant is linear in each column, and the fact that det(n|y'|y’) = 0 as the
columns are linearly dependent). Finally the speed ||7'|| = 1, so s’ = 1/||7||-

Theorem 14.5 (Local Gauss-Bonnet Theorem). Let v be a smooth sz'mplfﬂ closed curve,
which bounds a region R that lies entirely inside a parametrisation patch. Assume that
travels anti-clockwise around R. Then

/KdAZQﬂ'—/IigdS
R ¥

1simple means it does not intersect itself, i.e. v : [a,b] — S is injective.
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where ds is the elemenﬂ of arc-length of vy, and dA is the elemenﬂ of area of S.
If v travels clockwise around R, then the — sign in the last term is +. If v is piecewise
smooth, so ~'(t) is discontinuous at finitely many times t = t;, then 2w becomes

QW—ZOZJ'

where aj is the anti-clockwise angle (measured using I) that v jumps by at t = t;.

Remark. k4, depends on the choice of n, and n determines what “anti-clockwise 7’ means:
if 9, F, 0, F is positively oriented, then 7, = F~1 oy C R? moves anti-clockwise in R?.

Examples. (We will prove the Theorem after the examples.)

(1)

For S the plane R?, notice that 7/(s) € S' C R? since it is a unit length vector. So
~'(s) = (cos0(s),sinf(s)) for a certain smooth angle 6(s). Choosing n = (0,0, 1), with
R? as the plane Z = 0 in R?, then n x ' = (—sinf(s),cosf(s)) is 7/ rotated by 90
degrees. Finally 7"'(s) = 6'(s)(—siné(s),cos6(s)), so kg =" (n x ') = ¢'(s). This
confirms the theorem:

/ g ds = /0'(3) ds = f(end) — f(start) = 2r = 27 — /OdA.
8!

For S the sphere of radius 7, recall K = T% Take v = the equator: this is a great circle,
so a geodesic, so kg = 0. Thus:

1
/ KdA = — (Area of the hemisphere) = 27 — /Ods = 2.
upper hemisphere r

Hence the area of the hemisphere is 2712, so the area of the sphere is 4712,

Take any curve v in the unit sphere S2. This divides the sphere into two regions Ry, Ry
with areas A, As. The curve travels anti-clockwise around one region, say R;, and
clockwise around Ry. Thus:

Area(S?) = [ KdA+ KdA:(27r—/

kg ds)+ (2m + / kg ds) = 4m.
Ry Ro Y

5
The deep reason why the 27 appears, is because the vector field 7' does not extend to a
non-vanishing vector field v = v(z, y) on all of the region R. Indeed, in local coordinates
Moe € R? = TV swings around by an angle 27, and the number of times the vector
field swings around (which is an integer) depends continuously on the curve, hence this
integer is constant. Shrinking the curve v;,. to a point, then along one of the shrinking
curves the vector field v should also swing around once. But once you've shrunk the
curve to a point, v is constant along the constant curve, so it swings around zero times.
Contradiction.

Non-examinable Proof of The Local Gauss-Bonnet Theorem.

Step 0. We may assume ~ is parametrized by arc-length, so ds = dt, and that for the
parametrization F(z,y), the basis 0, F, 0, F is right-handed (otherwise switch the sign of y).
Step 1. We first build an orthonormal basis of vector fields for TS over the region R.

Take v = 9, F'/norm, where norm = \/I(0,F, 0, F). Then take

w=mn x v = (v rotated by 90 degrees inside T'S).

Yds = /T(7'(t), 7' (t) dt, recall we used this to define lengths L(y) = fv ds. If v is parametrized by
arc-length then I(y’,~') = 1, so we just get ds = dt.
2dA = \/det I dx dy, recall we used this to define areas: Area(R) = [, dA.
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So v, w is an orthonormal basis for T'S over R with v x w = n. Differentiating the relation
w-w =1, we get that V,w, V,w € T'S are orthogonal to w, so they are proportional to v:

V,w = Pv Vyw = Qu
for some smooth functions P = P(x,y),Q = Q(z,y) of the local coordinates (z,y).

Ve Rr?®

Step 2. Compute the Riemann curvature of w in two ways. First by Lemma [13.3]

(VoVy =V, Vo)w = —Ky/detIr n x w = Kv/det Ip v.

Then explicitly in terms of P, @,
(VoVy, =V, Vo)w = Vi (Qu) —V,(Pv)
(0:Q — 0y P)v+ QV,v — PVyv
= (0,Q —9yP)v
where in the second equality we knew the last two terms had to cancel because the result
should be a multiple of v, namely K+/det Ir v, whereas V v, V,v are orthogonal to v (by

differentiating the relation v-v = 1).
Step 3. Now we can compute the integral of the Gaussian curvature:

JpKdA = [, K\/detIpdxdy
= fR(VIVy -V, Vo)w-vdedy Using v-v =1
J5(0:Q — 0, P) dx dy

= [pd(Pdz + Qdy)

= f7 Pdz + Qdy Green’s theorem in R?

= [(@P+yQ)dt Meaning of [ , locally (t) = (z(t),y(t))
= [(@'Vyw+y'Vyw) vdt Using v-v =1

= [Vaw-vdt Chain rule V; = 2'V, +¢'V,

Step 4. Now we compute kg4 in terms of v, w.
Since 7/(t) is a unit vector in T'S, we can write it as follows in the basis v, w

v (t) = cos O(t) v + sin O(t)w
where v, w are evaluated at y(t) of course. Then
Viy =60'(t)(—sin6(t) v + cos O(t)w) + cos 6(t) Viv + sin 0(¢) Vyw.
The signed geodesic curvature becomes:

kg = V' -(nx7)
= Vv (coshn xv+sinfn xw)
= V¢ (cos@w —sinfv)
= 0 cos?0+ 60" sin?0+ cos? O V,v-w — sin? 0V,w - v
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using orthonormality of v,w, and using that Vv is orthogonal to v (from differentiating
v-v = 1), similarly V;w-w = 0. Differentiating v-w = 0 we get Vyv-w = —v - Viw. Thus:

kg =0 —Viw-v

Step 5. Combine Step 3 and Step 4:

/RKdA:/e’(t)dt—/ng(t)dt

Now 6(t) is the angle between v and 4'. Passing to local coordinates, v = 0, F/norm =
DF(ey)/norm where e; is the standard basis vector (1,0) (so the z-direction) and ~' =
DF(v,.), so locally v, are represented by e1,7,.. So 6(t) is the angle (measured using
I, not the usual Euclidean angle) that the local tangent vector v/,.(t) € R? makes with the
positive z-direction. Since 6(t) makes one full circle in the anti-clockwise direction when ~
travels anti-clockwise around the simple curve, we must have ¢(end) — O(start) = 27 (even
though 6 is not the angle we may expect with Euclidean eyes). If there are discontinuities,
then the integral [ 6’(t)dt does not notice the jumps by «; so it equals 2 — >~ ;. When ~y
travels clockwise around R, simply consider the reversed path ¥(t) = v(—t) and notice that
kg switches sign since 7' (t) = —'(—t) and 7" (t) = +7"(—t). O

Cultural Remark. Notice the key step in the proof is a way to pass from an integral
around the boundary OR of R to an integral over the region R. This was Green’s theorem:

/dw:/ w
R R

where w = Pdx+Qdy is a differential form. Observe that Green’s theorem is the 2-dimensional
analogue of the Fundamental Theorem of Calculus:

/ e = /M a- [ =10 s@.

The above Green’s formula holds in great generality: R can be any smooth n-dimensional
manifold with boundary, and w can be any differential n — 1 form (meaning w is a sum where
each term looks like

fdxNdyN---Ndz

where f is a smooth function, and x,vy, ...,z are any n—1 of the local coordinates, the symbol
A reminds us that 1-forms anti-commute: dx A dy = —dy A dzx, just like for cross-products).
This generalization of Green’s formula is called Stokes’s theorem, it is arguably the most
important result in geometry. More of this in C3.3 Differentiable Manifolds.

14.3 The sum of the angles in a geodesic triangle

A geodesic triangle consists of a region R and a piecewise smooth geodesic v moving anti-
clockwise around the boundary of R having exactly three discontinuities at points p,q,7 € S,
called the vertices of the triangle. So the boundary of R consists of three geodesic arcs
joining the points p, q, .

Call oy, g, v the internal angles between the two geodesic arcs which meet at the points
p,¢q,r (internal angle means the one swept out inside R).

Corollary 14.6. The sum of the angles of a geodesic triangle that lies entirely in a parametriza-
tion patch is

ap+ozq+ar:7r+/KdA.
R
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For example if K > 0 in R then the sum is strictly larger than m, if K =0 in R then the sum
is w just like in Fuclidean geometry, and if K < 0 in R then the sum is strictly less than .

Proof. The angles by which " jumps are the external angles: a; = ™ — ap, as = T — oy,
a3 =7 — ap, 80 by Theorem [14.5 without using the geodesic assumption:

ap+agt+a, = 7+ [21— (a1 + a2 + ag)]
= 7r+fRKdA+fﬂ{/@gds.
When the triangle is geodesic then the last integral vanishes since kg = 0. (|

Examples. Consider a geodesic triangle with angles a, 3,y and vertices A, B, C"

(1) Spherical geometry. On the unit sphere, K = 1, so the sum of the angles in a geodesic
triangle is:
a+p+v=m+ Area(ABC) > 7.

(2) Euclidean geometry. In the plane, K = 0, so the sum of the angles is

a+pB+y=m.
(3) Hyperbolic geometry. In the hyperbolic plane, so H = {z € C : ITmz > 0} with
2 2
[=4d2ddy” — L idean, We will see later that K = —1, so

Yy T

a+fB+v=m—Arca(ABC) <.

Spheri“‘d‘v g‘;:i:ﬁ:\; Hyperboh}. je_amokrj

K =0 fR‘
L+heg =T

14.4 The Gauss-Bonnet theorem

Theorem 14.7. For any smooth compact orientable surface S with a Riemannian metric,

1
(S) = %/SKdA.

Example. For the unit sphere, K =1 so .fs K dA = Area(S?) = 47, so
1
— / KdA=2=x(S?.
2 S
Proof. Apply the Local Gauss-Bonnet theorem to each triangle of a triangulation of S (where

we subdivide the triangulation if necessary so that each triangle is small enough to lie in a
parametrization patch, so that Theorem applies). The integrals of x, all cancel because
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we integrate k, twice along each edge but in opposite directions (see the comments in Theorem
about anti-clockwise/clockwise curves). Thus, as in the proof of Corollary

/RKdA = Z (Z(internal angles) — 7).

triangles

Let V, E, F' denote the total number of vertices, edges, triangles. Then the above equals:

27V — wF.
Since each edge belongs to exactly two faces, and each face has exactly three edges, 3F = 2F.
So 27V —7F =27V — 3rF 4 2rF =2n(V — E+ F) = 27x(S). O

Remark. The Theorem, as stated, holds also for orientable abstract smooth surfaces with a
gwen choice of Riemannian metric g;;. We determine V from g;; as at the end of Sec@
and we define kg = % where J is rotation by 90° with respect to the metric g and the
given orientation of S. The proof is the same, since the local Gauss-Bonnet theorem reduces

the problem to a local calculation.

15. MORSE FUNCTIONS, POINCARE-HOPF AND HAIRY BALL THEOREM

15.1 Critical points of functions, Morse functions, gradient vector field

A function f(z,y) in two variables has a critical point at p if its first derivatives there are
zero, equivalently the differential vanishes:
df = (05 f)dx+ (0yf)dy =0 (evaluated at p).

At critical points, you want to know whether f has a minimum, maximum or a saddle. Recall,
from calculus, that when the Hessian (evaluated at p)

_ [ Ozaf Oyaf
Hess f = (Byxf D;,f)

is non-singular (determinant is non-zero) then you know the answer by looking at the signsﬂ
of the eigenvalues A1, Ao (see Section [12.5)).
A critical point p is non-degenerate if the Hessian at p is non-singular.

Definition 15.1. A function is Morse if all critical points are non-degenerate. ‘

It turns out that generically a function is Morse, in the sense that given any function (even
the zero function!) if you wiggle it randomly then it will become Morse. The word “generic”
has a very precise and rigorous meaning in mathematicsﬂ

It turns out that after a change of coordinates (namely a diagonalization argument for the
Hessian), a Morse function near a critical point p always has the form:

flx,y) = fF(p) + Ma? + Xay?,
and in fact by rescaling z,y you can assume the A\; are =1 (but you cannot get rid of the
signs by coordinate changes, those are invariants). So there are no other critical points near
p (locally p corresponds to (z,y) = 0). Therefore the critical points of a Morse function f are
isolated, so on a compact surface there are only finitely many critical points.

You can bypass finding the eigenvalues by first finding det Hess = A1 A2: if it is negative you have a saddle,
otherwise it is a max/min. In the max/min case: if Ozz f > 0 it must be a min, if 9z, f < 0 it must be a max.

2Non-ezaminable: A Baire set is a set which contains a countable intersection of dense open sets. The
Baire category theorem says that in a complete metric space every Baire set is dense. Intuitively you can
think of Baire set as roughly meaning “everything outside of a measure zero set”, so you have “probability 1”7
that a point lies in the Baire set. It turns out that one can put a topology on all smooth functions so that the
Morse functions form a Baire subset.
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Definition 15.2 (Gradient vector field). For a smooth function f : S — R, the gradient
vector field Vf € TS is deﬁnecﬂ by the equation

I(,Vf):df,

where I is the Riemannian metric (first fundamental form)El

Lemma 15.3.

(1) Vf is orthogonal to the level sets f = constant (the contour lines),
(2) the points where V f = 0 are precisely the critical points of f,
3) f increase:ﬂ in the direction of Vf.

Proof. (1): for a vector v tangent to the level set the function f does not vary, so df (v) = 0.
Then by definition I(v, Vf) = df (v) = 0, so v is orthogonal to Vf. (2) holds by definition.
For (3): df(Vf) =I1(Vf,Vf)=|Vf||? >0so f increases in the direction of Vf. O

For a surface S C R?, it turns out that a linear functional f : R — R, say f(p) = p-v
(for some fixed v € R3) is a Morse function when restricted to S for almost all choices of
v (but not all choices: v = 0 is bad). Notice that after rotating R? to make v = (0,0, 1),
you can think of these functions as just measuring the height function Z for the surface. So
generically (that is, after a small generic rotation of the surface if necessary), the function
f(X,Y,Z) = Z becomes a Morse function.

Example. For our usual torus 72 in R, the function f(X,Y,Z) = Z has a circle of maxima
and a circle of minima. Since these critical points are not isolated, f : 72 — R is not Morse. But
slightly rotating 72 makes it Morse:

AKX
LINE oF Mpaxing, 0T MokSe I’ R
" SAD _—

SAD

M

Notice: #(minima) — #(saddles) + # (maxima) = 0 = x(7?). Is this a coincidence? When we
deform a sphere, a generic height function always has #(min) —#(sad)+#(max) = 2 = x(5?):
MAK IAF

M A '8 I
SATDLE

‘ height ' height
— =

M
M

lRemark. Ezxplicitly, locally AVf = (gz;) = VEucaf where f = f(x,y) in local coordinates, A = the
local matriz for I, and V gyef = the Euclidean gradient you are used to (the first partial derivatives). So
(VHiocat = A"V guaf € R2 = TV. Mapping by DF we get the resulting vector field in TS, so Vf =
DF(vf)locul = DFA_lvEuclf eTs.

2For example: evaluating on the basis vector X1 = 8, F, we get I(X1, Vf) = df (X1) = 9. f locally.

3Indeed, V£/||Vf]| is the direction of maximal increase for f since |df(v)| = |I(v,Vf)| < [|V£| for unit
vectors v, by Cauchy-Schwarz, and df (Vf/||Vf]]) = ||V S| achieves equality.
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15.2 Critical points of a Morse function recover the Euler characteristic

Theorem 15.4. For any Morse function on a compact oriented surface S,
X(S) = #(minima) — #(saddles) + #(mazima).

Non-examinable Proof 1: Sketch. The high-tech proof of this, is to show that a Morse func-
tion gives rise to a cellular decomposition of S (up to homotopyEI)7 with O-cells, 1-cells, 2-cells
corresponding bijectively to minima, saddles and maxima. Indeed, each critical point corre-
sponds to the attachment of a new cgll:

@ attach a handle
1 > 1-cell @ 1-handle

where M, = {p € S: f(p) < r} is the sublevel set. O

Proof 2. By Theorcm we need to show [ K dA = 27(#(min and max) — #(saddles)).

Since f is Morse, the critical points are isolated. Let’s call m;,s;, M} € S the minima,
saddles, and maxima. Pick small disjoint “discs” (in a parametrization patch) around each
critical point, call these discs D;, D;, Dy, and call the anti-clockwise boundary curves «;, v;, V-
So by the proof of Theorem letting ¢ run over all indices i, 7, k,

ZZ:/DéKdA=ZZZ/02<t>dt—/WRgdS

where 6 is the angle between vy and ~y;, and vy is corresponds to the normalized first standard
basis vector in the local coordinates.

On the complement C' = S\ (those discs) we cannot use Theorem directly as it may
not lie within a parametrization patch. However, we know how to build a unit vector field:

= VI/IVI

(note Vf # 0 on C' as the critical points lie outside C'). Then, as usual, define w. = n x v, to
make v, w,. an orthonormal basis. The calculation in the proof of Theorem still holdsEl

/KdA— Z/a dt—i—//igds

using that the v, are clockwise boundary curves for C', and where 6, ; is the angle between v,
and 7). Summing up:

/SKdA:%: DZKdA—k/CKdA:%:/(Qz—gc’e)/(t)dt.

Observe that the angle difference 0, — 0., equals the angle between v, and v.. The total
change in this angle, as you travel around -y, is an integer multiple of 2.

You can ignore this technical issue. Otherwise see the footnote to Theorem

2Both signs on the right hand side are the opposite signs of those found in Step 5 of the proof of Theorem
14.5] This is because v, is a clockwise curve bounding C, but Green’s theorem requires an anti-clockwise
curve. So in Step 3 of that proof, we get [, K dA = — [ Viw - vdt with a minus sign.
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However, because we don’t know the Riemannian metric (first fundamental form) we don’t
know what V[ is (hence we don’t know wv.), so it’s hard to calculate this angle. So we use
a deformation trick. If we deform ~y, then this integer must vary continuously, but being an
integer it must be constant. By the same argument, we may also deform the metric: again this
integer must be constant. Notice in general that if we linearly interpolate two inner products,
so t{-, )1 + (L —t)(-,-)2 for 0 < t < 1, then it still satisfies bilinearity, symmetry, positive
definiteness, so it is still an inner product. So we may deform the metric to the standard
Euclidean metric in local coordinates. Then (Vf)iocar just becomes the usual Euclidean
V Euelf- Since we can choose local coordinates so that

flzy) = f(p) + Ma? + oy,

we get (Vf)iocar = (2A12,2X2y) and we know vy, = (1,0) is the first standard basis vector
locally. So we just need to understand how many total rotations v. undergoes locally (using
Euclidean eyes) as we move along v,. This integer is called the index of the vector field
V f around the zero of V f (the critical point of f).

We may assume that the curve 7, is locally (z,y) = (cost,sint) and so along 7;:

Y — 1 < A1 cost >
C /A2 12\ Agsint

If A1, Ao are both positive or both negative, then the vector v, will swing around once anti-
clockwise (notice that a global minus sign in front of the vector v, would be the same as
changing ¢ to ¢t + 7, so it still rotates anti-clockwise). If A\;, Ao have opposite signs, then
changing t to —t would switch the sign of sint above and bring us back into the situation
where A1, Ao have equal signs, so in this case v. swings clockwise around once. So minima and
maxima each contribute +1 times 27, whereas saddles contribute —1 times 27 to f sKdA. O

15.3 Indices of vector fields, Poincaré-Hopf and hairy ball theorems

This Section is non-examinable.

Within the previous proof, we defined the index of the vector field V f, but the definition
works for any vector field v on S. Given an isolated zero p of v, pick (right-handed) local
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coordinates near p, pick a small circular anti-clockwise path v around p in the local coordi-
nates, and count how many times the vector field v swings anti-clockwise around as you travel
around 7 (it counts as —1 times if it swings clockwise).

Remark. Let’s check that the index does not depend on the observer. In another parametriza-
tion, the vector field becomes D7(v) (with det DT > 0 since we use right-handed parametriza-
tions). Counting the swings in this parametrization is the same as measuring the angle in
the original parametrization between v and Dt~ '(e1) (rather than e; = (1,0)). But the
(non-vanishing) vector field Dt=1(eq) is defined on the whole parametrization, and we ca
continuously deform it into the vector field ey. Since the index is an integer which depends
continuously on the curve, the index will not change under deformations.

Theorem 15.5 (Poincaré-Hopf theorem). Given any compact oriented surface S, and any
vector field v with isolated zeros,

x(S) = Z Index, (p).

peS with v(p)=0

Proof. The same proof as for Theorem applies, using the vector field v on C. (]

Remark. This theorem holds for any compact oriented manifold, it even holds if the manifold
has a boundary provided the vector field points orthogonally outwards along the boundary.

Example. For the torus 72 =2 S x S, there is a non-vanishing vector field which points along
the direction of one of the two circle factors (e.g. pointing in the latitudinal direction). So it has
no zeros, so x(1?) = 0.

Corollary 15.6 (hairy ball theorem). There is no nonvanishing continuous vector field on
the sphere S%. More informally: if you attempt to comb a hairy ball to make the hair flat
(tangent to the surface), there will always be at least one tuft of hair somewhere.

Proof. If the vector field had no zero, then by Poincaré-Hopf: x(S?) = 0 which is false. [

16. (GEODESICS

16.1 Differentiating vector fields defined along a curve

Let w = w(t) be a vector field on S defined only along a curve ¥(t) € S, so w(t) € Ty )S.
Recall that we defined V;w to be the orthogonal projection onto T'S:

Viw = yw — (n - dyw) n.
We would expect that the operator V; satisfies the chain rule
Vi =2'V, +y'V,
where 7/ = 2’0, F + y'0,F, using a local parametrization F(x,y) (locally v;,. = (2/,y") and
v = DF(%],.)).- Then we can think of V, as the tangential directional derivative in the

direction 7/, in fact one often also Writesﬂ V. to mean V,;. However, strictly speaking V,w
is not defined, since w is a vector field only defined along the curve 7, so we cannot “see” how

IFix a reference point, and from there move outwards radially and slowly undo the twist in D7~1ey, this
will deform D7~ 1le; into a constant vector field.

2Notice that ~’ is not a local vector field since it is only defined along the curve (t), so we haven’t actually
defined V.. However, since VxY is tensorial in X, this is not an issue. Indeed, let Z be any vector field
defined near the curve which restricts to Z|, ) = ¥'(t). Then we can define V.,Y = (VzY)|, () evaluating
at v(t), and then we check that this equals Y ¢’ (t) (Vx,;Y)|,(t) independently of the choice of Z. Indeed

(VzY)lyt) = Vs zi anx, Y = 227 (1) (Vx, V)ly) = 2 (1) (Vi Yl )-
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w varies in the z-direction, we only “see” how w varies in the 4/ direction. The next Lemma
clarifies this is not a problem (and puts it on a rigorous footing even for abstract surfaces).

Lemma 16.1 (Chain rule). Let v be any vector field on S defined in a neighbourhood of the
curve v C S, which extendﬂ w(t), i.e. satisfies v(y(t)) = w(t). Then

Viw =V v = chvjv

where o/ (t) = " X in the basis X; = O;F.
Proof. v'(t) = %" c¢?(t) X, () in the basis X; = 0;F evaluated at v(t). By the chain rule,

1 )
Oyw = 0y (v(v(t)) = Du(y/ (1)) = ( O1v ‘ Oov ) ( 22 ) = chaj(v).
So Viw = dyw— (Qyw-n)n =Y ddju—> ¢ (dv-n)n =3 Vx,v=Vsux,v=Vyv. O

Remark 16.2. This Lemma allows us to define V. also for abstract smooth surfaces by
turning the Lemma into a Definition. So Viw or V. w means Vv for an extension v as
above, and one checks that the choice of extension v does not matterEl Indeed, if w(t) =
" hE(t) Xyl then the Leibniz rule holds: Vyw =Y 0y(hF) Xi|y) + 2 ¥V Xyl ) where
ViXklyy = 2 I ViXily@ (and the latter in turn is known since V; X3, = Y T%. X, ).

16.2 Equivalent definitions of a geodesic

Definition 16.3 (Geodesic). A smooth curve v in S is a geodesic if

That notation is justified by Lemma we can abusively write V.7 instead of V., w
since the extension w of 4/ does not matter.

Lemma 16.4. Geodesics always have constant speed: ||v'(t)|| is constant.
Proof. d|ly'(#)1* = O I(v', ') = I(Vey',y') + 1(v', Vey') = 21(Vey', ') = 0. =

Recall by Section [14.1] a geodesic is a smooth curve v in S which looks “straight” from
the point of view of S, and that Definition [16.3]is equivalent to any of the following:

(1) Vv = 0: the tangential acceleration vanishes,
(2) v has constant speed and kg = 0: the geodesic curvature vanishes
(recall if v has speed ¢ then r, = £|| V|| /c3),
(3) ~ has constant speed and 4" - T'S = 0: the acceleration v is normal to S
(4) ~ is a constant-speed reparametrization of a curve 5 with 5/, 5", n linearly dependent.

Remark. Definition (1) and do not require the surface S to be embedded in R3: it suffices
that a Riemannian metric g;; is defined on S. Indeed, in Ezercise Sheet 2 you found a formula
for Ffj in terms of gi;, this in turn defines VxY , which in turn defines V. and V.

lNote, by this Lemma, the tangential derivative V /v does not depend on the choice of extension v for w.

2Using Christoffel symbols, recall V;X; = Z:Fi-“jX;w where X is a basis for the tangent space. Write
v = 3 f*X}, in that basis, where f¥ are functions. By construction, w(t) = 3 (f* o 7(t)) Xkly(t). By the
Leibniz rule, V;(f*Xy) = f*V; Xy + 9;(f*)X%. By the usual chain rule, 3" ¢79;(f*) = 9¢(f* o). Thus
S eViv=0(ffF o) Xp +3 kachékXi which does not depend on v.
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16.3 The geodesic equation in local coordinates

As in Lemma [16.1

") => () Xy

in the basis X; = 0;F of T'S evaluated at y(¢). By the Leibniz rule,
Vi) X)) =D o)X+ VX
By the chain rule (Lemma, summing over repeated indicesEl
Z Avs X; Z c Fk

Hence the geodesic equation Vw = 0 becomes

Orc" + ) Tl =0.
Abbreviating ¢/ = &7, using one “dot” for each time derivative, we obtain:

Corollary 16.5. In local coordinates v(t) = (x'(t),2%(t)) € V C R? the geodesic equation is:

i+ ThiE =0 (16.1)

Exercise In local coordinates, let A = (;} g ) be the matrix for the first fundamental form

and e = (2(t),y(t)) a curve parametrized by arc-length, so the equation (Z; )TA(?) =1

holds, so explicitly ’ ex’? +2fa'y + gy? =1 ‘ The geodesic equation is:

d(a(y))=1 (i) @ ()

a2 (3) e (3)

DO =

or more explicitly:

(61‘ +fy) = %($'23w€+2$'y’3xf+y/28x9)
(f2 4 gy) = b0, 2000, f +y0,0)

S gle

Proof,El ~ is a geodesic precisely if v is normal, i.e. perpendicular to X7, X5. The first of the
two orthogonality equations (the other is similar) is

0=79"-X1 =40 X1) =" £(X2).

Since v/ = 2’/ X1 + y' Xo, the first term is £ (v X;) = dt(ew’ + fy') (the left hand side of the
first equation in the above box). The second term, by the chain rule, is

4(X1) = (2'X1 + ¥ Xo) - (270, X1 + Y 0,X1) = (20, F + y' 0, F) - (2/0p0 F + y 0y F).

Lrecall that since V; X j € TS, we can write V;X; in the basis X; and we call the coefficient functions the
i . X — k
Christoffel symbols: V;X; = > T X
2Exercise: Fill in the details in the following equivalent proof. For ~ parametrized by arc-length, 7 is a
geodesic if and only if 7/ is normal, i.e. 4"/ is orthogonal to T'S = span(9, F, 9y F'). This is equivalent to:

DFTH" = 0.
Since v/ = DF«] . and A= DFTDF, show that this equation can be rewritten as:
d d T
E(Arylloc) = (EDF )DF’yl/oc'
Now just dot with (1,0) and (0, 1) to obtain the above equations, using the chain rule 8; = 2’9, + y’9y and
tricks like py F - 0o F = Oyo F' - 0o F = 20, (0,F - 9. F) = 20ye.
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Now 0, F - 0y F = 30,e, 0,F - 0y F + 0yF - 0, F = 0, f, 0y F - 0, F = 10,9. O

Example 16.6. When I = (§9), the formulas give: 4 (Ga') = Gz + 9,Gx"* + 0,Ga’y =
1220,G and L(y') = y" = 32"20,G. So for x(t) = constant we can find a solution: y(t) =
p + ct for constants p,c.

Exercise. (Harder) Using the above formulas, find the geodesics in the upper-half plane H.

16.4 Existence and uniqueness of geodesics

Theorem 16.7. Given a point p € S and a tangent direction v € T,S, there is a unique
geodesic Y., 1 (—e,6) — S, defined for some £ > 0, through p with tangent vector v at p:

Ypo(0) =p and 7;71)(0) =.

Moreover, v, ., depends smoothly on the initial conditions p,v.

Proof. i* + Y T'};i'il = 0 are a system of ODE’s, therefore (see Analysis Handout): a
solution exists, it is unique, and it depends smoothly on the initial conditions. O

Example. For S = R? C R3, using F(z,y) = (z,y,0), we have X; = (1,0,0) and X5 =
(0,1,0), so V;X; =0, so all F% =0, so the geodesic equation is

# =0 for j =1,2.
So (zt,2?%) = (p' + vlt,p? + v?t) = p + tv is a straight line through p along v.
Example. Recall great circles in the unit sphere are geodesics. Conversely, given a point p € 52
and a direction v € T,S?, there is a great circle through p in the direction v (namely, the
intersection of the plane span(p,v) with S2, or more explicitly: rotate R so that p,v become

p=(1,0,0) and v = (0,1, 0), then the geodesic is the equator). So, by uniqueness, all geodesics
are great circles.

Remark. One can show that on a compact surface, the geodesic is defined for all time:
Yp,v : R = 5. In the non-compact case, this may failEl

Theorem 16.8 (Sec C3.3: Differentiable Manifolds).

’ Geodesics locally minimize lengths of curves‘

Conversely, given a point p € S, for any point q sufficiently close to p there is a unique curve
~ from p to q which achieves the minimum inf L(v) (taking the infimum over smooth curves
v from p to q), and this minimizer is a geodesic.

Example. The shortest path between two points on a sphere is the (short) arc of the great circle
through those two points. Geodesics may not be global length minimizers: the full great circle,
from the North Pole to the South Pole and then further to the North Pole, is a geodesic but of
course the constant geodesic at the North Pole is the shortest path from the North Pole to the
North Pole!

Cultural remark. In physics, you declare that light rays move along shortest paths (locally).
So light rays move along geodesics. Thus, it is no surprise that a geodesic is determined by
initial position and velocity: think of pointing a flashlight from a position p in a direction v.

IFor example, for the non-compact surface R2 \ {0} the straight line Y(=1,0),(1,0)(t) = (=1 +¢,0) is defined
for t € (—oo, 1) but not at ¢ = 1 since (0, 0) does not officially belong to R2 \ {0}.
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16.5 Examples of geodesics via symmetries and isometries
Lemma 16.9. Any plane of symmetry locally intersects a surface S C R? in a geodesic.

Proof. The surface is symmetric about the plane P, so also the normal vector must be, so
n € P. Let v be a local curve where P intersects S, and parametrize v by arc—lengthEl Then
v € P and " is orthogonal to 7' (differentiate 7/-~" = 1). As v is invariant under the
symmetry, so are 7,7, so v € P. So n,7” € P are both orthogonal to ', so they are
proportional. O

Example. For a surface of revolution S, any plane P through the axis of revolution is a plane of
symmetry. So if the axis of revolution is the Z-axis, the curves running “vertically” are geodesics.
For the sphere the curves heading “vertically” towards the North Pole are geodesics: indeed they
are meridian great circles.

Theorem 16.10. If two surfaces are locally isometric, then they have locally the same
geodesics. In particular, isometries ¢ : S1 — So map geodesics to geodesics

¥ O Vpv = Veo(p),De(v)-

Proof. The geodesic equation only depends on the tangential derivative, which only depends
on the first fundamental form. |

Example. For the cylinder X2 + Y2 = a?, F(x,y) = (acosy,asiny, z) gives first fundamental
form I = dz? + a’dy® which is the same as the first fundamental form for the plane R? with
F(z,y) = (x,ay). So the cylinder is locally isometric to the plane. The geodesics for the plane
are straight lines (x(t),y(t)) = p + tv, so each non-constant geodesic on the cylinder is a helix:

F(p+tv) = (acos(pz + tva),asin(ps + tve), p1 + tvy).
A very useful generalization of Lemma but essentially based on the same idea, is:

Theorem 16.11 (Symmetry implies geodesic). If ¢ is a local isometry of an abstract smooth
surface, such that locally the fixed poz’ntsﬁ of ¢ form a curve y(t) with ' # 0 then v becomes
a geodesic after arc-length reparametrization.

Proof. v is fixed by ¢, so span(v') C T'S is ﬁxe(ﬂ by Dyp. Since locally ¢ is not the identity
map, the fixed locus of D, ¢ is precisely span (7/(t)). Since the isometry ¢ fixes 7 it follow

L Technical Remark. You may worry that v is not a regular curve, i.e. that there may be points with
~' = 0, in which case we cannot reparametrize by arc-length. Suppose 7/(tg) = 0. Let T' = Ty (to)S be the
tangent plane at that stationary point. As S is symmetric about P, also T' must be. The intersection P NT
of those two planes is a straight line. By Theorem [9.1} we can use T to build a local parametrization F' for
S near v(to). By picking a regular parametrization of the straight line P N'T C T, the image via F will be a
regular curve in S and we just use this curve instead of 7 in the proof. (To clarify: this curve and ~ have the
same geometric image in S but they are parametrized differently, as we got rid of the stationary points).

2using the notation from Theorem

350 po~(t) =~(t), and ¢(p) # p for p close to the local curve v unless p = ~(t) for some t. Of course,
we don’t want to allow the identity map ¢ = id which would tell us nothing interesting. Notice that you can
think of ¢ as the reflection in +, locally.

"'=0:(y) =0i(po) =Dpory'.

5Note that via an isometry, two surfaces with Riemannian metrics are to all intents and purposes identical.
More pedantically: if two patches of surfaces are isometric via ¢ : S — Sg, then if F': V — 51 is a local
parametrization, then po F' is a local parametrization for Sg, such that ¢ in local coordinates just becomes the
identity map (indeed we use the same local coordinates x,y) and the Riemannian metric g;; written locally is
the same. So the curves v in S1 and ¢ o in Sa are the same curve 7;,.(t) = (2(t),y(t)) in local coordinates.
Hence V; is defined in the same way for both surfaces, and so Vv’ is the same, using Lemmathat Vi
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that Dp(Vyy') = Viy'. Hence Vi € span(y’) C T'S. But after reparametrizing v by arc-
length, we have Vv’ -+" = 0 (from differentiating v'-7' = 1). So V47’ is both proportional
and perpendicular to 7’ in the two-dimensional space T'S, so V7' = 0. So 7 is a geodesic. [

Example. For the Euclidean plane R?, the reflection in a straight line preserves the dot product,
so it preserves the Riemannian metric. So straight lines are geodesics.

Example. For the hyperbolic plane H, we use the hyperbolic metric w from Section
Notice that the straight vertical line 2 = 0 (which is orthogonal to the real axis) is fixed by the
reflection isometry o : H — H, ¢(z,y) = (—z,y) (indeed, put T = —z, § = y, then dz? = da?,
etc.). Similarly, for a straight line z = ¢, using the reflection p(z,y) = (2¢ — x,y). So vertical
straight lines in H are hyperbolic geodesics. For straight lines which are not vertical, this does not
work, since the corresponding reflections will change y and the metric will notice such changes.

17. GEODESIC NORMAL COORDINATES

17.1 Geodesic normal coordinates

Theorem 17.1. Given p € S, we can build a right-handed local parametrization F(x,y) near
p, such that ¢(x) = F(x,0) is a geodesic and y — F(z,y) is a geodesic orthogonal to it.

Proof. Pick any non-zero vector vy € 1,5 at p.

Let ¢(t) = Yp,v, (t) as in Theorem Let may fuil 9@&(5;0 H F(%y)
w(z) =n x (x) = ((x) rotated by 90 degrees).
We define F'(z,y) to be the geodesic through c¢(z) with

initial velocity w(x):
F(2,y) = Ye(z)w(z) (¥)-

By definition, the velocity vectors of the respective
geodesics are:

0uFly—o = ¢/ () OyFly=0 = w(x).

c(x)= F(xp)
'3 o eodesic

So 0, F, 0, F are linearly independent at y = 0 (indeed orthogonal) so they must be linearly
independent also for small y close to 0. Hence F' is a local parametrization for small z,y. [

Corollary 17.2. If we pick vg = ¢/(0) to have unit length, then for the above F(x,y),
I = G(z,y)dz* + dy?
for the smooth function G(x,y) = ||0.F||* > 0.

Proof. Tf we pick vy to be a unit vector, then by Lemma [16.4] |c/(x)| = [|vo] = 1. By
construction w(z) = n x ¢(z) has unit length (as n, ¢’ are orthogonal), so by Lemma [16.4]

10, e, 9) | = 19, (@, 0)]| = [Jeo(a) | = 1.
We now show 0, F, 0,F are orthogonal, i.e. that I(0,F, 0, F) = 0. First we compute
Oyl (0, F,0,F) = I(V 0, F, 0y F) + I(0,F,V,0,F).
Now V,0,F = 0 since F' is a geodesic in y. For the other term:
Vy0, F = 0y0, F — (n-0y0, F)n = 0,0, F — (n- 0,0, F)n = V0, F.

only depends on the Riemannian metric (In Exercise Sheet 2 you found an explicit formula for Ffj in terms
of the metric g;;, which determines V x, X;, which determines V by Section .
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So I(Vy0,F,0,F) = I(V,0,F,0,F) = $0,1(0,F,0,F) = $0,/0,F||* = $8,(1) = 0. Com-
bining the above, 0,1(9,F,0,F) = 0, thus I(0,F,0,F) is constant in y and hence equal to
zero (since 0, F, 0, F are orthogonal at y = 0, by our choice of ¢/, w). O

Warning. F(xz,y) is typically not a geodesic in the x-coordinate (for y # 0), otherwise we
would have I = dx? + dy?, so S would be isometric to a plane, so K = 0.

In the above proof, we showed that | V0, F = V0, F ‘
This is a general symmetry property that you proved in Exercise Sheet 2: Fk = I‘k

Definition 17.3 (Geodesic normal coordinates). We call the above coordinates x,y geodesic
normal coordinates (taking ¢’ of unit length, so I = Gdx? + dy?).

17.2 The Gaussian curvature revisited

Theorem 17.4. If [ = Gdx? + dy? locally (for example in geodesic normal coordinates),
Dy VG

K==~

Proof. Claim 1. The curves (z = constant) are geodesics, so F(z,y) is a geodesic in y.
Proof. See Example We may assume F'(x,y) is a right-handed parametrization.
Claim 2. We can calculate the Riemann curvature in two ways.

Proof. First, by Lemma [13.3

(VaVy =V, V)0, F = —K+\/det Ir n x 8,F = —KVG n x d,F.

Since 0, F, 0y F,n are orthogonal, n x 9, F is parallel to J,F', and taking into account orien-
tations and lengths (||0,F||? = G, ||9,F|]* = 1):

nx OyF = —0,F/||0,F|| = —%&EF.
Secondly, V4,0, F = 0 since F' is a geodesic in y, and using V0, F = V,0,F"
(VoVy —V,V;)0,F = —-V,V,0,F.

Write V0, F = ad, F + b0, F in the basis 0, F, 9, F for T'S. Using that I = Gdz? + dy?, and
that the 0;F are orthogonal to n:

Ga = 0,F -V,0,F = 0,F-0,0,F

) 0y (0 F - 0y
b=0,F -V,0,F = 0,F - 0,0, F

1
=3 (
0,F - 0,0,F =

l\')\H

F) = 18,G,
0:(0,F - 0,F) = £0,(1) = 0.

1
2

Thus V,0,F = %’g 0. F = a’\’/\ééaxF . Combining and using the Leibniz rule:

Ko, F = fK\/é(f%&ﬂF) = -V,V,0.F
= —V,(2E)0,F)
= —0,(2)0, F — (2N, F
= Lo, (ay/@fna
_ [ai’)/éer(@y\G@) (3\/\25)]3:6}7




82 B3.2 GEOMETRY OF SURFACES, PROF. ALEXANDER F. RITTER

Example. For the unit sphere, with F(z,y) = (cosxsiny,sinzsiny, cosy) we saw in Section
that I = sin® y dz? + dy?. Then, as expected:

OyyV/ sin?y Oyysiny  siny

K= — - -

V/sin?y siny siny

17.3 The Gaussian curvature of the hyperbolic plane

Recall from Section that for the hyperbolic plane H = {z € C : Im z > 0}, parametriz-
ing by F(x,y) = x + iy, we use the Riemannian metric

1 1
= ?dan + Ealy2 =y 2d2z* 4 d(logy)?,

using the trick dlogy = (9, logy)dy = %dy.

’ Corollary 17.5. For the hyperbolic plane, K = —1.

Proof. In the new coordinates = x, § = logy the metric becomes Gdz? + dy? for

GE,)) =y 2=e.
By Theorem [17.4) K = — %m¥e ™ _ _dwe® _ <2 _ 3 O

27 eV -~

18. SURFACES OF CONSTANT CURVATURE
Lemma 18.1. If 2,y are geodesic normal coordinates, so I = Gdx? + dy?, then
G(z,0) =1 and 0,G(z,0) = 0.

Proof. The curve F(z,0) is a geodesic of unit speed, so G(z,0) = [|0,F||> = 1 for y = 0. Also
1 1
iﬁyG = iay(al.F 0y F) = 0, F - 0,0, F = 0, F - 0,0y,F = 0, F -V ,0,F = -V 0, F - 0, F

where the last equality follows by differentiating the orthogonality condition 0,F - 0y F = 0.
Evaluating at y = 0, V,0,F = 0 since F(z,0) is a geodesic in z. So (9,G)|y=0 = 0. O

Theorem 18.2.
(1) If K =0, then the surface is locally isometric to the plane,
(2) If K =1, then the surface is locally isometric to the unit sphere,
(3) If K = —1, then the surface is locally isometric to the hyperbolic plane.

Proof. Using geodesic normal coordinates, I = Gdz? + dy?, by Theorem
9, VG = — KNG

where K = 0,1, —1 in the three respective cases.

For K = 0, integrating: \F(x y) = a(z)y + bz ) for smooth functions a,b of the other
variable, so G = (a(z)y+b(z))?. By Lemma- =1sob(z) = +1, anda G([L‘,O) 0
so 2(a(x)0 £ 1)a(z) =0 so a(z) = 0. Thus G =1, so we get the plane metric: I = da? + dy?.

For K = 41 we need to solve the general equation z”/ +z = 0. We knowEl the solutions:
z =acost+ bsint in the + case, and z = acosht + bsinh? in the — caseEl

ISince those are solutions, and for appropriate a, b they satisfy any initial conditions z(0), 2’(0), then by
uniqueness of ODE solutions there are no other solutions.

2Refresher on hyperbolic functions: cosh(t) = %(e’§ +et), sinh(t) = (e —et). They satisfy the equality
cosh?(t) — sinh?(¢) = 1 and have derivatives cosh’ = sinh and sinh’ = cosh
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So for K = +1, G(z,y) = (a(z)cosy + b(x)siny)?. By Lemma [18.1] G(z,0) = 1 so
a(z) = +1, and 9yG(z,0) = 0 so 2(a(z)1+b(z)0)(—a(x)0+b(x)1) = £2b(z) = 0, so b(x) = 0.
Thus G = cos?y, so we get the metric of a sphere: I = cos? ydxz? + dy? (by taking = = z,
y =2 —y we get sin® jdz? + dy? as in Section |10.5)).

And for K = —1, G(x,y) = (a(z)coshy + b(z) sinhy)?. By Lemma G(x,0) =1 so
a(z) = £1, and 9,G(x,0) = 0 so 2(a(x)1 + b(z)0)(a(z)0 + b(x)1) = £2b(x) = 0 so b(z) = 0.
Thus G = cosh?y, so we get the metric

I = cosh? y da® + dy?.
We need a clever change of variables to turn this into the hyperbolic plane metric
1

I= ?(dﬁ +di?).

We tryﬂ
T =" tanhy y = esechy
Then:
dz = e® tanhy dx + e“sech 2y dy dy = e®sech y dr — e tanh y sechy dy
Squaring and adding will make the double products cancel, leaving squares:
di? 4+ dy> = e**(tanh®y + sech ?y) dz? + *(sech *y + tanh? y sech %y) dy?
e?* dx? + €2 sech %y dy?
= €27 sech?y (cosh® y dz? + dy?)

where the coefficient e?*sech 2y = 2 as required. ([l
19. RIEMANN SURFACES: HOLOMORPHIC MAPS AND RIEMANN-HURWITZ

19.1 The local form of a holomorphic map between Riemann surfaces

Theorem 19.1 (Local form of a holomorphic map). For any holomorphic map f : S — R
between Riemann surfaces, with f(s) = r, we can choose local complex coordinates around
s €S, re R, so that in local coordinates f is the ma]ﬂ

f:D—=D, f(z)=2z".

Proof. We can assume (by translating) that the local coordinates are chosen so that s,r
correspond to 0 € C, so in local coordinates f(0) = 0. The Taylor series for f is

f(2) = anz™ + any 12"+ -+ = @, 2" (1 + higher order terms)
where a,, # 0 is the first non-zero coefficient. This n > 1 is called the order of the vanishing

0) = 0. A holomorphic n-th root of f is then defined®| near 0, with f(z)Y/" = a}/nz +
f(0) p :

ISecond refresher on hyperbolic functions: tanht = zg;l};i and secht = Flht have derivatives tanh’(t) =
sech 2(t) and sech’(t) = — Csoi:}gtt = —tanht secht. We will use the useful identity

tanh? y 4 sech 2y = 1

(which follows from cosh?y — sinh?y = 1). E.g. this shows we can invert the above change of variables:
Z2 + 32 = 2% 5o we recover z, then we recover y.
2Explicitly and pedantically: there are local parametrizations F : V — S, 0 € V C R%2, G : W — R,
0eW CR? F(0)=s,G(0) =rand fl°°?(2) = G~ 1o foF(z) = 2. We abusively just say “locally f =...”.
3For a € C, w € C with |w| < 1, (1 + w)® has a series expansion (Newton’s generalised binomial series)

(a— 1)w2 4 a(a—1)(a —2)

3 .
21 3! wht

(1+w)a:1+aw+a
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higher terms. The derivative of this n-th root at z = 0 is an" # 0. By the inverse function
theorem, there is a local holomorphic inverse G : C — C defined near 0, so G(0) = 0 and
F(GE)Y" = 2.

Now we can change coordinates on the domain using the local biholomorphism G, explicitly:
it /: C — S (defined near 0 € C) was the original local parametrization near s € S, then the
new one is FoG : C — C — S (defined near 0 € C). The new local expression for f becomes

z—= f(G(z)=2". O
In Exercise Sheet 4, you will deduce the following from Theorem [19.1
Corollary 19.2 (Open mapping theorem). A non-constant holomorphic map f : R — S
between Riemann surfaces, with R connected, is an open map: f(any open set) is open.

In Exercise 4, you’ll deduce the following, for f : R — S holomorphic, R, .S Riemann surfaces:

(1) If f is non-constant, R compact connected, then f(R) C S is a connected component.
(2) If f is non-constant, R, S both compact connected, then f is surjective: f(R) = S.
(3) If R is compact connected, S non-compact connected, then f is constant.

(4) A holomorphic map S — C on a compact connected Riemann surface is constant.
(5) Fundamental theorem of algebra: non-constant complex polynomials have a root.

So you should view the above as a powerful generalization of the fundamental theorem of
algebra. The fundamental theorem of algebra in fact says that the number of roots (counting
multiplicity) equals the degree of the polynomial. We now generalize this to Riemann surfaces.

19.2 Branch points and ramification points

LOCAL PICTURE AT A RAM(FICATION POINT

 RAMIFICATION (case n= 5)
@ POINT @
@\ @\ \ R 72

lf
oo ‘Lza-az“
z r @/ ol @

|
BRANCH
INT
Recall the local form Theorem f: R — S has the local form z — z" near p € R, where
p corresponds to z = 0 locally. We call v;(p) = n the valency of f at p. Geometrically, it
tells you how many solutions there are to the equation

fz)=w
for small w # 0. This shows n does not depend on the choice of local coordinates near p, f(p).
The point w = 0 is bad because there are missing solutions: only z = 0 is a solution for small
z. We call z = 0 a ramification point and w = 0 a branch point. Intuitively, a ramification
point in R is where the local number of solutions of f(z) = w has suddenly dropped. The
value of w, when solutions are missing, is a branch point.

for any a € C, and the series converges absolutely.
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Definition 19.3 (Ramification point and branch point). For a point p where v¢(p) # 1:
(1) p € R is called ramification point
(2) the image f(p) € S is called branch point
(3) vs(p) is called ramification index
Equivalently:
o1 € R is a ramification point <= the derivative f'(r) =0 in local coordinates,
o s € S is a branch point <= the preimage f~'(s) C R contains a ramification point,
o the ramification index = 1+ number of derivatives of f vanishing at r in local coordinates.

Lemma 19.4. For compact R, v(p) =1 for all except finitely many p € R.

Proof. Locally f(z) = 2", so f'(z) = nz""1 # 0 for 2 # 0 near z = 0. So the subset in R of
points where vy(p) > 1 is discrete. So it is finite when R is compact. ]

19.3 The degree of a holomorphic map of compact Riemann surfaces

Definition 19.5 (Degree). The degree of a mon-constant holomorphic map f : R — S
between compact connected Riemann surfaces is

deg(f)= > wvs(r)

ref=1(s)

where we fix a point s € S.

Theorem 19.6. deg(f) does not depend on the choice of point s € S.

Proof. Since R is compact, f~1(s) C R is finite (f is notEl constantly r). Pick small disjoint
discs D, C R, one around each point p € f~!(s), so that on each disc f has the local form
z + z%4(P) By shrinking the radii of the discs D, we can assume all D, map surjectively
onto the same open neighbourhood V of s. By construction, f~!(V) contains all the discs
D,, but may contain also other points of R. However, by further shrinking the radii of the
D, we can ensure that f~'(V) = UD, contains nothing elseEl

By the local model, it follows that d = Zpef,l(s) v¢(p) is the number of solutions to the
equation f(¢q) = w for w # s € V' (in each disc D, we find v¢(p) solutions). Thus

)= > wvelg) =d,

gef~(w)

independently of the choice of w # 0 € V. Since S is connected, the locally constant function
W D2 c p-1(y) V() on S must be constant. 0

Corollary 19.7. For all points s € S except branch points, there are precisely deg(f) =
|f~1(s)| points in R mapping to s.

Example. For a complex polynomial f(z) of degree d, we have d = deg(f). So there are
precisely d solutions to f(z) = 0 unless 0 is a branch point of f. When 0 is a branch point, there
are repeated roots, but if we count the roots with the correct multiplicity v, (p) then there are still
d solutions.

Irf f~1(s) had infinitely many points, then it would have a limit point . At this limit point r you could
not have a local form of type z — 2z, as s has infinitely many preimages near r (in particular more than N).

2otherwise, by contradiction, there would be a sequence of points in R bounded away from U{p} = f1(s)
for which the f-values converge to s. By compactness of R a subsequence would converge to a point p’ with
f(p') = s which we had not included in U{p} = f~1(s), contradiction.
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19.4 The Riemann-Hurwitz formula
The total number of “missing solutions” that we expected for f(r) = s, over all s € S| is:
b(f) = (deg(f) =S "N =D Y (vp(r)—1)
seS seSref-1(s)

which we call the branching index b(f), where recall f : R — S is a holomorphic map
between compact connected Riemann surfaces R, S.

Theorem 19.8 (Riemann-Hurwitz formula). For any non-constant holomorphic map f :
R — S between compact connected Riemann surfaces, the FEuler characteristics of R, S satisfy

X(R) = deg(f)x(5) = b(f),
which determines the genus g(R) since x(R) =2 — 2g(R).

=
=

Z=Zz

-
N
1
I
w0
n
n

Proof. Pick a triangulation for S so that the branch points belong to the vertices of the
triangulation. We want the preimage to yield a triangulation of R. So we subdivide the
triangles into smaller triangles if necessary, so that each triangle 7" C S lies inside an open
set V' C S small enough so that f=*(V) — V can be written in the usual local form on each
connected component U C R of f~1(V) (just as in the proof of Theorem [19.6). If the local
form of f: U — V is 2 — 2z, so vy = 1, then the preimage of 7" is an exact copy of that
triangle, but if the local form is z — 2", so vy = n, then f~!(T') consists of n triangles (they
share a vertex if a vertex of T' is a branch point). The same holds for edges. However, for
the vertices which are branch points we have fewer preimage vertices than expected (we lose
vy — 1 vertices at each branch point). So

V(R) = deg(/)V(S) —b(f)  E(R) =deg(f)E(S)  F(R)=deg(f)F(5). O

Remark. The formula also holds when R is disconnected (apply the formula on each con-
nected component of R). Of course S needs to be connected (can you see why?)

Example. Recall from Exercise sheet 1 that
R={(z,w) € C?:w? = (2 —1)(z — 2)(z — 3)} U {0}

is secretly a torus (where we compactify with a point at infinity, (X,Y) = (0,0) using X = 1/z,
Y = w/z? at infinity, and we declare that Y is a local holomorphic coordinate - see Section .
Claim: the map f : R — CP!, f(z,w) = z is holomorphic (in equivalent notation: the map is
f(z,w)=1[1:z] and f(c0) =[0:1]).

Proof: z is a local coordinate on R when 0, f # 0, so when w # 0, so when z # 1,2,3. In
that case f is locally the map fi.(2) = f(z,w) = z, so holomorphic! When z =1,2,3, we have
0.f # 0, so w is a local coordinate, so R is locally (g(w),w) for a holomorphic function g, and
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SO fioe(w) = f(g(w),w) = g(w) is holomorphic. Finally, at infinity, f is locally the functiorﬂ
f10e(Y) = 1/f(X,Y) = X so holomorphic because again R is locally a graph X = g(Y) for g
holomorphic, since Ox f # 0 at (X,Y) = (0,0). O

For almost any choice of z, the number of preimages f~1(z) is 2 since there will be two choices
of square root w. So deg(f) = 2. The only times when the number of preimages drops, is if
(z—=1)(z—=2)(z—3) =0, s0 z =1,2,3, and possibly at infinity. Since we only add one point
at infinity, f~!(c0) only contains one point instead of tonl Thus z = 1,2,3, 00 are the branch
points, (1,0), (2,0), (3,0), oo are the ramification points, the ramification indices are all vy = 2,
and the branching index is b(f) =4 - (2 — 1) = 4. By Riemann-Hurwitz,

X(R) = deg(f) - x(CP") = b(f) =2-2-4=0,
so the genus is g(R) =1 so R is a torus.

Cultural Remark: Why is the Riemann-Hurwitz theorem spectacular? A ot of
mathematics you have seen so far, at least in geometry, has involved checking things that are
obviously true, or at least intuitively obvious (e.g. the Jordan curve theorem). But Riemann-
Hurwitz is different: you are not verifying something that you already “know” is true. You
are proving a global result, namely computing the genus of the surface, by simply doing some
basic local calculations (order of vanishing of local derivatives). This is geometry at its best:
when you prove something geometrical that you cannot “see”.

20. RIEMANN SURFACES: MEROMORPHIC FUNCTIONS

20.1 Definition and examples

We can study Riemann surfaces S by investigating holomorphic maps from S into some
test Riemann surface. Using C as test space is essentially useless:

Theorem 20.1 (See Section [19.1). If S is a compact Riemann surface, then holomorphic
maps S — C are constant on each connected component.

You can also prove this via the maximum modulus principleEl and notice it generalize
Liouville’s theorem that a bounded holomorphic function C — C is constant.

So the simplest interesting example of maps from a Riemann surface S into a test space,
is to consider the test space CP!:

Definition 20.2. A meromorphic function is a holomorphic map S — CP', which is not
identically equal to infinity on any connected component of SEl

Let’s unpack the definition, in local coordinates. Recall you can view
CP!' =CuU{x}

where you use the local coordinate Z for C (corresponding to [Zg : Z1] = [1: Z] € CP'), and
you use the local coordinate W = 1/Z near oo (corresponding to [Zy : Z1] = [W : 1] € CP?).

IMore precisely: f =[1: f(z,w)] = [1 : 2] € CP! so near z = co we must write f = [ﬁ :1] € CP! so
J10e(Y) is the first entry, since that is the local coordinate that we use near the North Pole [0 : 1] € CP1.

2You could also check the local model explicitly: At infinity, R is locally Y2 = X (1 — X)(1 —2X)(1 — 3X),
so for X = 0 there is also a drop.

3The continuous function |f]: S — R attains a maximum at some point p € .S, but then in local coordinates
|f| would have a maximum at p so it would need to be constant near p.

4If f : C — C is bounded and holomorphic, then oo is a removable singularity, so f extends to f : CP! — C.

5We exclude the constant function co because we want meromorphic functions on a connected Riemann
surface to form a field, so that function would be problematic. When S is disconnected, we require that
meromorphic functions are not identically equal to oo on any connected component.
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Consider a point p € S, and pick a local holomorphic coordinate z near p. Then
(1) If f(p) # oo, then by continuity f # oo for points of S close to p, so locally

Z = f(z) is a holomorphic function in z.

(2) If f(p) = oo, then near f(p) = oo € CP! we must use W = 1/Z, so
1
= —— is a holomorphic function in z.
f(2)
Example. Meromorphic functions on C are functions f : C — C U {oo} such that
(1) f(2) is holomorphic in z near points where f(z) # oo,
(2) 1/f(2) is holomorphic in z near points where f(z) = oo,
and f is not constantly co. The following are meromorphic:
22 —-32+1 az+0b . 1 holo function of z
f(z)—m f(z) = cz+d fz)=€ f(z)= in z f(2)
On the other hand f(z) = e'/#, with f(0) = oo, is not meromorphi near z = 0 because
1/f(z) = e ¥/ =1—21 4 2(%)% 4 (higher order in 1) is not holomorphic in 2. Notice that
z = 0 is an essential singularity.

" holo function of z

Intuitively, you can think of a meromorphic function as being locally always a quotient of
two holomorphic functions (see Exercise sheet 4).

Theorem 20.3. Meromorphic functions on a Riemann surface S are precisely holomorphic
functions S\ P — C, for some discrete set P C S, such that f has poles at the points in P.

Proof. Suppose f is meromorphic. In local coordinates, suppose f(z) = oo at z = 0. Expand
the holomorphic function 1/f(z) near z = 0 in a Taylor series:
1
7

Taking the reciprocalEl we obtain a Laurent series:

= ap2" 4 ap12" - = a,2" - (1 + higher order z terms)

1
f(2) = a,'— - (1 — higher order z terms).
Z’ﬂ/

So f(z) has a pole at z = 0 of the same order as the vanishing of 1/f(z). The claim follows
since poles are isolated (this follows from the above local expression: f(z) # oo except at
z =0). Conversely, given f : S\ P — C as in the claim, extend by f: S — CP!, f(p) = oo
for all p € P, then f is meromorphic since 1/f is holomorphic at points of P. O

Corollary 20.4. The set of meromorphic functions on a connectecﬂ Riemann surface S is
a field, under pointwise addition and multiplication of functions, called the function field
K(S).

Proof. This follows by expanding f+ \g, f-g, 1/f as Laurent series in local coordinates near
any given point, and using Theorem [20.3] O

Cultural remark. (For those of you who like algebra and Galois theory) Studying compact
connected Riemann surfaces is in fact equivalent to studying function fields K (.S) which are
algebraic extensions of C of transcendence degree 1 (a purely algebraic problem). This K (.5)
arises as the field of functions of the smooth projective curve corresponding to S (see B3.3).

Lin fact, it is not even continuous: consider z = ir for reals r — 0.

2Recall H—% =1—w+w? —w? 4+ .- is holomorphic in w € C, for |w| < 1.

3In the disconnected case, we cannot get a field as there are zero divisors: if § = S1 U So, take f; =1 on
S; and 0 otherwise, then f1 - fo = 0.
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Corollary 20.5. For any meromorphic function on a compact Riemann surface, the number
of zeros equals the number of poles (counted with multiplicity).

Proof. deg(f) = #poles = #zeros, counted with multiplicities vy. O
Example. The example at the end of Sec shows that 1/z is a meromorphic function on CP!.
Meromorphic functions on CP! are functions f : C — CU {oo} satisfying (1) and (2) above, and
(3) if f(o0) # o0, f(L) is holomorphic in w near w = 0,
(4) if f(o0) =00, 1/f(L) is holomorphic in w near w = 0.
where w = 1/z is the local coordinate near oo € CP!. The following are meromorphic:

2 . .

22 —3z2+1 az+b . L. polynomial in z

1) 2B4+22—-2z-1 1) cz+d f(2) = (rational function in 2) polynomial in z
However f(z) = Shllz and f(z) = e* are not meromorphic at infinity. More generally if f(z) = ap+

a1z+azz®+- - - for large z, then in the local coordinate w = 1/z: f(£) = ap+a1~+az(+)%+- -
so w = 0 is a pole (or removable) <= only finitely many a; are non-zero (otherwise w = 0 is an
essential singularity).

Theorem 20.6. All meromorphic functions on CP! are rational functions.

Proof. Recall that for a holomorphic function, zeros are isolated unless the function is identi-
cally zero (this is the Identity theorem — see the Analysis handout). Since CP! is compact,
it follows that a meromorphic function f : CP! — CP! can have only finitely many zeros
215,25 € C (unless f is identically zero) and only finitely many poles p1, ..., p, € C (since
those are isolated zeros of 1/f). Let aq,...,a, and by, ..., b, be the orders of the zeros and
of the poles. Let
9(z) = I1(z = 2;)% / TI(z = pi)"*

Then f/g is meromorphic, and it no longer has zeros or poles in C (they are removable
singularities). If at infinity it also does not have a pole, then it is a holomorphic map f/g :
CP' — C and hence is constant by Theorem If it has a pole at infinity, then consider
the reciprocal g/f : CP* — C, which again must be constant (here we used that f/g has no
zeros in C so g/ f has no poles in C), so actually there was no pole. Thus f = constant - g, so
f is a quotient of polynomials. |

Notice above it is easy to verify Corollary [20.5] since g(z) and its reciprocal have no pole
at infinity, so > a; <> by and > a; > > by, hence equality.

az+b

Corollary 20.7. The biholomorphisms CP* — CP' are precisely the Mébius maps z +— otd

for a,b,c,d € C, ad — bc# 0. So the group of automorphisms of CP' is
PSL(2,C)={(2Y) :a,b,c,de C,ad —bc =1}/ £ 1

Proof. By the previous Theorem, it has to be a rational function. Having cancelled common
factors, the polynomial at the numerator and that at the denominator are each allowed to
have at most one root (a bijective map CP* — CP* has precisely one zero and one pole). [

20.2 Elliptic functions: meromorphic functions on the tori C/lattice

Recall we mentioned that smooth functions f : S' x S' = R?/Z? — R on the torus are
precisely smooth functions R? — R which are 1-periodic in each entry: f(x +n,y +m) =
f(z,y). Analogously, given a meromorphic function on an elliptic curve C/(Zwy + Zws), we
patch together the local expressions for f to obtain a function

f:C—cCPp
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respecting the equivalence relation, so f(z + lattice point) = f(z). Thus

f(z+w) = f(2) for all w = nw; + mwy where n,m € Z.

Definition 20.8 (Elliptic functions). An elliptic function is a meromorphic function on C
which is doubly periodic, that is periodic in two R-linearly independent directions wy,ws € C.

For this reason, A = Zwi + Zw- is often called the lattice of periods of f.

Example. The series

1
f2)=) —=3
u;\ (z —w)3
is an absolutely convergent seriesEl at z ¢ A. By some basic complex analysis which we recall
below, the series converges absolutely and uniformly to a holomorphic function on any given com-
pact set avoiding the poles w € A, the series can be differentiated term by term, and the order of
summation does not matter. In fact, given any compact set K C C, if we omit the finitely many
terms of the above series that involve poles w that lie in K, we deduce that the rest of the series
converges holomorphically, therefore the whole series has precisely the poles determined by those
finitely many terms. To prove periodicity, we just need to reorder the series via w — w — W’ to
deduce that f(z) = f(z +w’) for any w’ € A. At points z = a € A the same argument holds if
you omit ﬁ from the sum, so f has a pole of order 3 at a. So f is an elliptic function.

Some Complex Analysis Background. Suppose f, : U — C are continuous functions
defined on an open set U C C. Weierstrass’s M-test says that if |f,| < M, on U with
> M, < oo, then Y. f, converges absolutely and uniformly. So the limit is continuous (uni-
form limits of continuous functions are continuous). Suppose that f,, is also holomorphic, so
the partial sums Sy,(z) = >27_, f;(2) are holomorphic. We claim that f = lim S, is holo-
morphic Morera’s theorem says that a function f : U — C is holomorphic if and only if
faT z)dz =0 for all boundaries OT of solid triangles T C U. Applying this to our setup:

f(z)dz= / lim S, (2) dz = lim Sn(2)dz=0
aT oT aT

where we use a basic fact about integration: for a sequence of uniformly convergent functions,
the limit commutes with the integralEl Finally we claim that we can differentiate the series
term by term. Cauchy’s integral formula says if f is holomorphic and w lies in the
interior of a closed dis entirely contained in U, then f(w) = 27” fﬂ/ f(zlz dz where 7 s the

anti-clockwise curve bounding the disc. It is relatively stralghtforward to show that one can
keep differentiating in w to obtain formulas for the derivatives as well, in particular:

f(w) = L/ Gow? /() 5 dz.

2mi z—w)
Applied to our setup, S, (w) = 2m f (f (Uf))z dz, and using again the above theorem about
commuting limits and 1ntegrals, lim S}, (w) = 5= . % dz = ;- fw (z]:(i)))z dz = f(w).

As an exerciseEl show that the derivatives of the partial sums converge uniformly to f’.

1Try checking this by hand, comparing with the convergent series > °2 (not L —5). Alternatively, you

n=1 n2
can do this by an integral test, comparing with f(x2 + y2)*3/2 dx dy (pass to polar coordmates)

2provided we integrate over a set of finite volume, in our case that is the length of 9T which is finite.

31t doesn’t have to be a disc, it can be any simply connected domain contained in U whose boundary is a
piecewise smooth curve.

4Hint. Consider |f/(w) — S., (w)| by estimating the integral, using the trick [ fgl < [lgl
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20.3 The Weierstrass p-function

The Weierstrass P-function (or Weierstrass’s elliptic function) is

=5+ % (o)

0#weA

Motivation: you cannot find a meromorphic function on C/A with only one simple pole
since otherwise C/A would be biholomorphic to CP! by Exercise Sheet 4, but we know that
the torus and the sphere are not homeomorphic. So you need at least a pole of order 2. So you
look at 1/22. To make that doubly periodic, you would consider }_ ., 1/(z—w)?, but that is
unfortunately divergentEI Intuitively, > o,en 1 Jw? ought to have a lot of cancellations (for
the lattice Z -1+ Z -1 we expect zero due to cancellations in pairs via the symmetry w — iw),
but sadly that series diverges for most choices of ordering of the sum. The function g is the
difference of these two divergent series: miraculously it solves all convergence issues! This
difference is also a natural choice because then near z = 0 we have p(z) = z% + g(z) with ¢
holomorphic and ¢(0) = 0.

Lemma 20.9. p(z) converges to an elliptic function, in the sense that it absolutely converges
on any compact set K C C once we omit the finitely many terms with poles in K.

Proof. Let’s first prove the interesting bit, which is periodicity, assuming convergence.

Remark. The brute force approach to proving o(z + w') = p(2) requires a clever reordering
argument, because you cannot break up the series into two divergent series.

The better approach is as follows. By absolute convergence, you may differentiate the series

term by term. Thus:
1
/ — _2 -
P (2) Z (2 —w)?
which is elliptic by the previous example, with order 3 poles at lattice points. Now the trick:

oz +w') - p(2) = (2 + ') — p(2) = 0

dz
by periodicity. So p(z+w') — p(z) is constant. To determine that the constant is zero, plug in
z = —w'/2 and use that p is an even function: p(—z) = p(z) (reorder the sum via w — —w).
We now prove convergence. Compute
1 1 w—(z-w)? 2242w  2(2w-—2)
(z—w)?2 w?  Ww2(z-w)?  Ww2(z-w)? Ww2(z—w)?
2] 5 lw]

For |w| > 2|z|, the absolute value of the above is bounded by | = %M Now z is

wl? 7 lwl?
fixed, and the condition |w| > 2|z| just omits finitely many terms from the sum. Moreover
>0 Zwe ﬁ converges (as in the previous example, by comparing with Y | n%) So, apart
from finitely many terms in the sum, we deduce absolute convergence. The finitely many

terms we omitted are holomorphic except for finitely many poles, so the claim follows. O

Lemma 20.10. p(z) has the following properties
(1) p(2) is an even function: p(—z) = p(z),
(2) within the fundamental parallelogram {sw; + tws : s,t € [0,1]} C C modulo edge-
identifications, p has one pole at 0 of order 2 (it is harder to describe the two zeros),

INear a circle of radius r, centre 0, you have roughly 27r terms, each of size roughly %2, so the sum grows

roughly like 27 " %, which grows like a logarithm and thus diverges.
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(3) deg(p) = 2, viewing p as a map C/A — CP?,
(4) ¢'(2) =0 at half-lattice points &, whereﬁw €A
(5) @ has ramification points at half-lattice points and at lattice points, so p has precisely

four distinct ramification points within the fundamental parallelogram (modulo A):
0, wi, swa, (wy +w2).
(6) The valencies at ramification points are v, = 2, the branching index b(p) = 4.

Proof. (1) follows by replacing z — —z and reordering the sum via w — —w. (2) follows by
the proof of Lemma for z close to 0, the sum in p(z) is holomorphic once - is omitted.

Note that the other poles wq,ws,w; + wy in the parallelogram are all idcntiﬁcdzwith 0 under
the translation group A. (3) follows by (2) since p~1(cc) = 0 € C/A with valency v,,(0) = 2.

For (4), differentiate the equation p(—z) = p(z) from (1):

9'(2) = —¢'(—2)
(so g’ is an odd function). But ¢’ is also doubly periodic, so if z satisfies z = —z 4+ w in the
quotient C/A then o’ must vanish at z. Solving that equation we get z = Sw. So half-lattice
points satisfy ©’(z) = 0 and are therefore ramification points, and since the poles have order
2 they are also ramification points (1/p has a zero of order 2). Since valencies at ramification

points satisfy 1 < v, < deg(p) = 2, they must all be 2.
How do we know that we have found all ramification points? We use Riemann-Hurwitz:

0 = x(torus) = x(C/A) = 2x(CP") = b(p) = 4 - b(p),
so the branching index b(p) = 4, so all ramification points are already accounted for. O
The branch points of g are denoted:
e1 = p(w1), e2=p(w2), ez =p(5(wi +ws)), o0=p(0).
In Exercise sheet 4 you will prove:

Theorem 20.11. The following is a biholomorphism:

C/A — {(Z,W)eC?:W?=4(Z —e1)(Z —e2)(Z —e3)} U{o0}
z = (p(2),9'(2))
where on the right we compactify as shown in Sectz’on (compare Ezercise Sheets 1 € 2).

Cultural Remark. The function field of all meromorphic functions on an elliptic curve
turns out to be C(p, ') = (rational functiomﬂ in the variables p, ©'). The key trick in the
proof is the fact that if you kill all the poles of a meromorpic function (e.g. by rescaling with
polys in @, ¢ ), then the result has degree 0 so it is a constant function. The B3.3 Algebraic
Curves course studies more generally the function field of any algebraic curve.

21. HYPERBOLIC GEOMETRY: AN INTRODUCTION

21.1 Refresher about Mo6bius maps

Mobius maps for hyperbolic geometry are as important as rotations and translations are
in Euclidean geometry. Indeed, for the hyperbolic plane H = {z € C : Imz > 0} and the

IStricly speaking g’(w) is not defined, as there is a pole, but using the local coordinate 1/(z — w) one
would also find o’ = 0 (indeed those poles are ramification points).
2i.e. ratios of polynomials.
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hyperbolic disc D = {z € C : |z| < 1}, a subgroup of the Mdbius maps will turn out to be the
group of all isometries. Recall that we found isometries in Section between D and H:

D—)H,z»—>7’(z)zw+l H—>D,z»—>7'_1(z)zz_l,.
—z+1 z+1
Recall Corollary
Corollary 21.1. The biholomorphisms ¢ : CP' — CP' are precisely the Mdbius maps
az+b
for a,b,c,d € C with ad — bc # 0 (we often rescale numerator and denominator so that
ad —be =1). In particular, p(c0) = a/c, o(—d/c) = co. These form a group isomorphic to
PSL(2,C)={(2%) :a,b,c,d € C,ad — bc = 1}/ + Identity.

We recall some useful properties about M&bius maps:

Lemma 21.2.

(1) Mdbius maps preserve angles

(2) Mdbius maps are generated by translations ¢(z) = z + b, dilations ¢(z) = az (for
a #0), and inversions p(z) = 1/z (which corresponds to inversion in the unit circle
followed by reflection in the real axis, since (re'?) = Le=¥).

(3) Mdbius maps send circles to circles (where we allow straight lines, thought of as circles
of infinite radius).

(4) Given any three distinct points zg, 21,22 € CPY, there is a Mdbius map o such that
¢(20) =0, (z1) =1, p(22) = o0.

(5) A Mébius map is uniquely determined by where it sends three points, for example it
is determined by the values p(0), ¢(1), p(o0).

(6) The Mdébius maps with p(H) = H, with ad — bc = 1, are those with a,b,c,d all real:

Mob(H) = {azizia’b,c,dGR,adbc>0}
(674
= {a2+b:a,b,c7d€R,ad—bc:1}
cz+d
= {(2}):abc,deR,det =1}/ +Id
PSL(2,R)

(7) Given z € H there is a Mobius map ¢ with o(H) = H and ¢(i) = z.

Proof. For (1): Mobius maps ¢ are holomorphic, so the derivative D, is a composition of a
scaling and a rotation (see Analysis handout), so it preserves angles.
For (2), when ¢ # 0,
az+b a ad — be
cz+d ¢ clcz+d)
so it is a composition of translations, dilations, inversions. The case ¢ = 0 is even easier.
Conversely, translations, dilations and inversions are Mdbius maps.
For (3): it is enough by (2) to check that translations, dilations and inversions send circles
to circles, and an easy check shows that they do.
For (4), we can even write an explicit formula:

(z — 20)(21 — 22)
(z — 22)(21 — 20)

p(z) =
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For (5): suppose a Mobius map 1 sends distinct points wg, wi, wy to zg, 21, 2z2. Let ¢ be a
map as in (4). Then ¢ o is a Mdbius map which sends wp, w1, ws to 0,1,00. Let a be the
inverse of a map as in (4) for the points wyg, w1, wa, so « sends 0,1, 00 to wg, w1, ws. Then
pooaisa Mobius map which fixes 0, 1, co. By looking at the equations this implies for the
constants a, b, ¢, d which define the map, you easily deduce that: b = 0 (fixes 0), ¢ = 0 (fixes
o) and so a/d = 1 (fixes 1), so this map is the identity. So ¢ = ¢~ta~! is determined.

For (6): since M&bius maps are biholomorphisms, if ¢(H) = H then the restriction ¢ : H —
H is a biholomorphism as well. By continuity, the boundary R of H has to be mapped into
itself. As ©(0) = ro, ¢(1) = 11, p(00) = ry are real numbers, by the above formula we have

o 2) = % This is in PSL(2,R) so its inverse ¢ is also in PSL(2,R). Conversely,
if a,b, ¢, d are real, then ¢(R) = R, hence ¢ permutes the two connected components of C\ R
(since ¢ is a biholomorphism). So ¢(H) = H precisely if ¢(i) € H. So we check the sign:
signIm (i) = sign(ad — be). So p(H) = H precisely if det > 0. We can rescale both
numerator and denominator by a positive constant without changing the map, so one may
assume det = 1 (this still leaves the freedom to rescale numerator and denominator by —1).

For (7): z = b+ia in terms of real and imaginary parts b,a € R, then ¢(z) = az + b works

(so take ¢ =0 and d =1). O
Exercise. Recall the hyperbolic disc D = {z € C : |z| < 1} is isometric to H (using the
2
hyperbolic metric % on D). Show that the Mdbius maps for which p(D) = D are
az+b
z) ==
#(2) bz+a
with a,b € C and |a|® — |b* = 1. SoEl
b
Mob(D) = {az—i— ta,be Clal* — b2 = 1}
bz+a
= {(%2) ca,b e C,det = 1}/{e"1d : § € R}
PSU(1,1)

Notice that a # 0, so you can rescale numerator and denominator so that |a| =1, so you can
replace a = €'%/2. Then ¢ becomes:
- b
o) = et 212
bz +1
with b € C and |b| < 1. In particular, then ¢(0) = €b so picking b > 0 € R shows that there
is a Mébius map with p(D) = D and ¢(0) = some chosen point in D.

21.2 Isometries of the hyperbolic disc D and the hyperbolic plane H

Theorem 21.3. The group of orientation-preserving isometries of H contains Méb(H). The

group of all isometries of H contains Mob(H) and the reflection z — —Z (so it contains the
. . . . . —az+b

orientation-reversing isometries ¥ (z) = 72;1{1 .

Remark. Later we show that there are no other isometries.

You could repeat the proof for H for D, so asking yourself which Mobius maps send 9D to dD. The
shortcut is to observe that isometries D — D arise from D — H — H — D where H — H are the isometries
we found above, and the maps D — H (and back) are the isometries 7, 7~! mentioned at the start of Section
You can calculate compositions of Mobius maps by multiplying the corresponding matrices.

For SU(2) the (2,1) entry of the matrix would need to be —b, so that det = |a|? + |b|2. For SU(1,1) the
signature of the quadratic form has one + and one — sign: det = +|a|? — |b|2.
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Proof. We start by checking that Mob(H) are isometries. We run the same calculation as at
the end of Section [[0.9t we need to show
dz”_ ld(e(2))]?

(Imz)?  (Imp(2))*

First, dp(z) = ¢'(z) dz where, having normalized: ad — be = 1,

a(cz+d) — (az + b)c 1
¥'(2) = . = -
(cz+d) (cz+d)
Secondly,
(az +b)(cz+d) (ax +iay + b)(cx —icy +d)  (ad —bc)y Imz
mp(z) = Im lez + d|? o lez + d|? lez + d|? lez + dJ?

The required equality above then follows.
For the last part, notice that |d(—2)|? = (—dz)(—dz) = |dz|?, and Im(—%) = Im(z). O

Exercise. Show that Mob(D) are orientation-preserving isometries of D, and that the reflec-
tion z — Z is an orientation-reversing isometry of D. Notice in particular that the rotations
2+ ez are isometries of D, and that the reflection in the line with angle 6 to the real axis
is z > €207 i

z =¢ee=9z s0 also an (orientation-reversing) isometry.

Now the issue is: how can we show that the above are all isometries? How can we be sure
we have not omitted any? The easiest route to prove this, is to use geodesics, as follows.

21.3 Geodesics of H

Theorem 21.4. The geodesics of the hyperbolic disc D are circles (including straight lines)
which are orthogonal to the boundary S' = OD. The geodesics of H are circles (including
straight lines) which are orthogonal to the boundary R = OH.

Proof. By Theorem the straight line ¢ — tv through 0 with direction v € R? = Ty D is
a geodesics in D because the (Euclidean) reflection in that straight line is an isometry of D.
So these are all the geodesics 7y, for v € TyD by Theorem m By Lemma (and the
fact that H = D are isometric), there is a Mébius isometry ¢ : D — D which sends 0 to any
chosen point p € D. But Dy : TyD — T, D is bijectiveEl So for any w € T, D, Vp.uwy = ¢ © V0,0
taking v = Dyp~lw. So we have obtained all geodesics in D. By Lemma [21.2) p oo, is a
circle since 7o, is a circle (line), and ¢ o g, is orthogonal to 0D because vy, is orthogonal
to 0D (using that Mobius maps preserve angles, and that ¢(0D) = dD). Since H = D are
isometric via a Mobius map, the claim for H follows by Theorem (again using that
circles map to circles via Mobius maps). (|

Exercise. Use the explicit geodesic equation, at the end of Section[16.3, to obtain explicit
solutions yielding the geodesics claimed above.

Hints. For H, one equation becomes %(x’ /y?) = 0, and the condition of being parametrized
by arc-length becomes (22 + y'?)/y? = 1. You want an equation involving only x,y (not t),
so calculate dy/dx =y /2’ = ---.

Corollary 21.5. There are no other isometries for D,H beyond those found in Section[21.3

1By the chain rule the derivative of a diffeomorphism is bijective: (Dg)~! = D(o™1).
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Proof. Suppose T is an isometry. Pick a ¢ € M&b(D) with ¢(0) = T'(0). Then ¢~! o T is an
isometry fixing 0. Isometries map geodesics to geodesics (Theorem , and the geodesics
in D through 0 are straight lines, so T" permutes the straight lines through 0. Say it maps the
geodesic line segment [0, 1) to €90, 1). Then, since isometries fix lengths, e=®¢~! o T fixes
[0,1). Finally, isometries also preserve angles up to signEl so e~ o1 o T must either fix all
straight lines, or it must reflect z — Z. The two cases are distinguished by whether or not T
is orientation-preserving. This proves the statement for D. The statement for H followsEl by

using the Mobius isometry D — H. O

21.4 Hyperbolic lengths and hyperbolic angles

Theorem 21.6. Hyperbolic angles are equal to FEuclidean angles.

Proof. Recall I = y%(de + dy?) in the usual parametrization F(x,y) = x + iy for H, so
the matrix entries of I satisfy the conditions e = g and f = 0 required by Exercise Sheet 2
to guarantee that the parametrization F' is conformal (i.e. angle-preserving). So hyperbolic
angles equal Euclidean angles. ]

Theorem 21.7. In the hyperbolic disc D, the distance distp(0,z) = 2tanh™" |2|. Indeed

a—p

distm(p, q) = 2 tanh™? —
q—7p

distp(p,q) = 2tanh ™! q—p’
1 —Pq

Proof. Recall I = % for D and F(z,y) = x+1iy. The curve v(t) = (¢,0) for 0 <t < x

has 7/(t) = (1,0), so I(y'(t),¥'(t)) = ﬁ. Thusﬁ

L(v):/ \/I(y’,'y/)dt:/ ﬁdt:2tanh_lx.

0 o -

Since rotations are isometries, the formula for distp (0, z) is the same with « = |z| in place of
x. Given general points p, ¢ € D we simply apply an isometry ¢ to move p to 0 and then use

the above formula with z = ¢(g). Now ¢(z) = =5 works (see Section 21.1|). The formula

for H follows by using the isometry H — D, z +— 771(2) = i%i
e PFip— _
distg (p, ¢) = 2tanh ™" % —92tanh ' |21 P q’ — 9tanh—t |4 p' O
1-L=i= pt+iq—p a—p

Exercise. Show by direct calculation that the length in H of the segment (1,y)i on the
imaginary axis is logy. In principle you could now find a Mobius isometry sending general
points p,q € H to i,iy to obtain disty(p, q), although this is not as easy as it was for D.

21.5 Areas of triangles, and limits

We call hyperbolic triangle a geodesic triangle in the hyperbolic metric. We will call
A, B,C the vertices, «a, 3,7 the internal angles, a,b,c the hyperbolic lenghts of the sides
opposite to the vertices A, B, C, so

a = dist(B, C) b =dist(4, C) c = dist(A, B).

Lthey preserve the Riemannian metric, so they preserve cos(angles), but cos a = cos(—a).
2For the orientation-preserving ones, D — H — H — D is a composition of Mobius maps, but we already
found all Mobius isometries of D; for the orientation-reversing ones just compose with H — H, z — —Z to
reduce to the orientation-preserving case.
d _ _ _ _
3% tanh~1(x) = 1/(tanh’(tanh ™! 2)) = 1/(sech?(tanh~! z)) = 1/(1 — tanh?(tanh~!(z)) = 1/(1 — z2).
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Recall that geodesics in D passing through 0 are straight line segments, so geodesics passing
through points close to 0 are almost Euclidean-straight, so small geodesic triangles near 0 are
almost Euclidean. Recall that by Gauss-Bonnet (using that K = —1),

a+ B +~v=m— Areca(ABC)

so if the triangle is small, then the area is small, so the sum of the angles is almost 7 as
expected in Euclidean geometry.

All formulas you write down in the hyperbolic world should, in

the small limit, resemble formulas for Euclidean geometry. In the

large limit, if we let the vertices A, B, C' limit to the boundary 0D,

then the angles «, 3, converge to zero because the geodesics are el
perpendicular to dD. Geodesic triangles with A, B,C € 0D are triangle
called ideal triangles, and by Gauss-Bonnet they have area m.

21.6 Hyperbolic geometry and Euclid’s axioms
Non-examinable. For the purposes of this course, the following is just a historical curiosity.

Recall the axioms (postulates) of Euclid are:

(1) There is a unique straight line through any two distinct points,

(2) Any straight line segment can be extended to a straight line,

(3) Given a straight line segment AB, there is a unique circle with centre A passing
through B,

(4) All right angles are congruent,

(5) Given a straight line ¢ and a point p outside of ¢, there is a unique straight line
through p which does not intersect /.

The parallel axiom (5) as above is called Playfair’s axiom. Euclid’s original axiom
(5) is: Given a straight line ¢, and two straight lines Lq, Lo forming internal angles oy, as
with ¢ and satisfying a3 + @y < m = (two right angles), then L; and Lo intersect. These
two formulations of (5) are equivalent. There are other interesting equivalent formulations of
axiom (5):

The sum of the angles in every triangle is 7 (Saccheri and Legendre).
There exists a triangle whose angles add up to 7 (Saccheri and Legendre).
The sum of the angles is the same for every triangle.

There exist two triangles which are similar but not congruent (Saccheri).
Given a triangle, one can construct a similar triangle of any size (Wallis).
There exists a triangle of arbitrarily large area (Gauss).

Example. In spherical geometry, that is the unit sphere S? with the chordal metric as in Exercise
Sheet 2, axioms (2), (3) and (4) hold. Axiom (1) fails: there are infinitely many geodesics joining
the North Pole to the South Pole, and axiom (5) fails: any two geodesics will intersect. We can
make axiom (1) work, by using RP? instead of S2: that is, we identify antipodal points. Then
only axiom (5) fails. This is called elliptic geometry, and is a non-Euclidean geometry. It should
be noted that the Saccheri-Legendre theorem (the sum of the angles in a triangle is at most 7)
holds in hyperbolic geometry, but not in elliptic geometry, because parallel lines do not exist in
elliptic geometry. The construction of parallel lines in geometry uses the fact that a straight line
divides the plane into two connected components, but the geodesic from the North to the South
Pole in RP? does not disconnect RP2. The proof of the existence of a parallel line in Euclidean
geometry tacitly assumes the axiom of order: given three points A, B, C on a straight line, one
and only one point is “in between” the other two points. This fails for RP?: can you see why?
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Theorem 21.8. The hyperbolic disc D satis-
fies all of Euclid’s axioms (including the axiom
of order) except for axiom (5).

The only thing we still need to prove is axiom
(3), which follows from the next Lemma.

Lemma 21.9. Given any two points A, B € D, the hyperbolic circleﬂ with centre A passing
through B, is a Fuclidean circle (whose Euclidean-centre is typically not A).

Proof. Mébius maps send Euclidean circles to Euclidean circles (allowing straight lines), and
hyperbolic isometries send hyperbolic circles to hyperbolic circles. So by applying a Md&bius
isometry we may assume A = 0 € D. Since rotations about 0 are hyperbolic isometries, the
Fuclidean circle with centre 0 passing through B coincides with the hyperbolic circle with
centre 0 passing through B.

Remark. The Mobius isometry will typically not map Euclidean centres to Fuclidean centres,
indeed the hyperbolic centre will lie closer to D than the FEuclidean centre, because short
Euclidean distances near 0D are actually very long hyperbolic distances. (|

21.7 The cosine rule and the sine rule

Non-examinable. For the purposes of this course, the following is just a historical curiosity.

Recall that in Euclidean geometry, the cosine rule states: ¢ = a2 +b? — 2abcos~y (which is
the generalization of Pythagoras’s theorem, which is the case v = 7/2). Here Roman letters
a, b, c denote the lengths of the sides of a triangle, and Greek letters «, 5, denote the angles
opposite to the edge with the corresponding Roman letter.

Lemma 21.10 (Cosine Rule). For a hyperbolic triangle in D,

cosh ¢ = cosh a cosh b — sinh a sinh b cos .

T e 4o+t 41—atia? .
Remark. For small x, coshx = ¢ Jr; ~ ] 2— =1+ %xz and sinhx =
x —x . . 2
e~ H"T;Hm = z, so for small triangles the above cosine rule becomes 1 + S ~

(1+ “;)(1 + g) — abcos~y, which is the Euclidean cosine rule when dropping order 4 terms.

Proof. Using isometries: we may assume C' = 0, and then rotating we may assume A > 0 € R.
Then b = dist(A, C') = 2tanh™*(A) by Theorem So A = tanh &.
Rotating by e would make B real positive, so the same formula
would apply, so B = €' tanh 5. By Theorem
tanh & = ‘B‘A‘ |
1-AB

2

Thereforel]

Lthat is the set of points {g € D : distp(A, q) = r} where r = distp (4, B).

2Refresher: sinh(iz) = isin(x) and cosh(iz) = cos(x) so any formula involving sines and cosines gives a
corresponding formula for hyperbolic functions provided you replace sin by isinh. So you replace cos?, sin?,

2 2
tan2 by cosh?, —sinh?, —tanh?. So the formula cos? z = cos? ¢ — sin2 g = oS L—sin" @ _

2
1—tan® z
cos?2 z+sin?2z = 1+tanZz becomes

1+ tanh? z

coshx = —_—
1 — tanh® x
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1+tanh® S |1 —-ABP2+|B—A?  (1+|A]»)(1+|BJ?) —2(AB + AB)

coshc = = — =
1—tanh®¢ [1—AB]2 — |B— A2 (1—|AP2)(1—|BJ?)
2p

Similarly, coshb = i::ﬁ;g = i}’:l‘z and cosha = 1J:Ig|;. The claim now follows from the
final calculation:

2(AB + AB) 2tanh £ tanh (e + =)

= = 2sinh 2 cosh £ sinh £ cosh 22 cos
(1—A]%)(1 - [BP) sech®? sech?8 2 GOSN PIRR G OMRRESY

= sinhasinhbcosy.
Exercise. Show that also another cosine rule holds for D:
cosy = — cos a cos 3 + sin asin 3 cosh c.

Exercise. Show that in spherical geometry, so for the unit sphere with the chordal metric
(Ezxercise Sheet 2), the cosine rules become

cosc = cosacosb—+sinasinbcosy
cosy = —cosacos S+ sinasin §cosc.
Recall in Euclidean geometry the sine rule states: *2-% = % = =1

Lemma 21.11 (Sine Rule). For a hyperbolic triangle in D,

sin « sin 8 sin 7y

sinha sinhb  sinhe
Proof. By the Cosine rule,
sinh? asinh?bcos?y = (cosh ¢ — cosh a cosh b)?
= cosh? ¢ + cosh? a cosh? b — 2 cosh a cosh b cosh c.
Expanding cos?y = 1 — sin® v and sinh? = cosh? —1, then rearranging terms:
sinh? asinh? bsin?y = (cosh? a — 1)(cosh? b — 1) — cosh? ¢ — cosh? a cosh? b + 2 cosh a cosh b cosh ¢
= 1—cosh®a — cosh? b — cosh? ¢ — 2 cosh a cosh b cosh c.
Since the right hand side is symmetric in a, b, ¢, we deduce symmetries for the left hand side:

sinh? a sinh? bsin? v = sinh? ¢sinh? asin® 8 = sinh? bsinh? ¢sin? . O

22. APPENDIX: CLASSIFICATION OF RIEMANN SURFACES

This Appendix is non-examinable.

22.1 Conformal structure of a Riemann surface

Recall that for a Riemann surface R the transition maps 7 are holomorphic, so their
derivatives DT = 7/(z) are a composition of scaling and rotation, so D7 preserves angles. So
Fuclidean angles defined in local parametrizations are independent of the observer. This is
called the conformal structure of R.

It therefore makes sense to restrict one’s attention to only those Riemannian metrics on
R for which the angles measured using the metricﬂ agree with the above well-defined angles.
Since in a local holomorphic coordinate

z=x+ 1wy

I(v,w)

VI(v,w)/I(w,w)

IRecall cos§ = for vectors v, w # 0 € TS defines an angle +6 between v, w.
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the standard basis vectors e; = 0, and ez = 0, form a right angle, such metrics have no
diagonal terms dx dy, so:

I= f(z,y) (da? + dy®) = f(2) |dz]*,
where of course f(z,y) > 0 is a positive smooth function (positive definiteness of T).
Example. For H, f(z,y) = y% gives the standard hyperbolic metric.
The above is just a local expression, so for such I to yield a well-defined Riemannian metric,
you need the local functions f to be compatible with changes of coordinatesﬂ
The equivalence class of all such metrics is called the conformal class of R. (Two metrics

are equivalent if they only differ by a positive scaling function).
Recall from Section

Theorem 22.1 (Riemann mapping theorem).
Every simply—connecteﬂRiemann surface is biholomorphic to either CP', C or H.

A special feature of complex analysis, is that a holomorphic homeomorphism is automatically
a biholomorphism (unlike in real analysis, where R — R, x — 22 is a smooth homeomorphism,
but its inverse z — 2!/3 is not smooth). Indeed, since it is a homeomorphism, the local form
of the map is z +— z, so the inverse function theorem guarantees a holomorphic inverse.

Theorem 22.2 (Uniformization theorem due to Poincaré and Koebe).

Every compact Riemann surface R has a metric of constant Gaussian curvature within its
conformal class. In particular, by Gauss-Bonnet, it follows that if K > 0 then x(R) =2 so R
is topologically a sphere, if K =0 then x(R) =0 so R is topologically a torus, and if K <0
then x(R) < 0 so R is topologically a surface of genus g > 2.

We will sketch the proof of Theorem 22:2] For this, we need a topological preliminary.
22.2 Universal covering space

As shown in the course B3.5: Topology and Groups, for a reasonableﬂ connected and
path-connected topological space R (for example, for any connected topological surface or
manifold) one can form a universal covering space R. Explicitly, R can be constructed as
the space of equivalence classes of continuous paths 7 : [0,1] — R in R starting from a fixed
base-point 7(0) = pg. Two paths 71,72 are defined to be equivalent if the endpoints agree,
v1(1) = 72(1), and if 7 can be continuously deformed into 7, whilst keeping fixed both the
initial point pg and the end-point.

The properties required for R to be a universal cover are:

(1) Risa simply-connected topological space (in particular connected)

(2) there is a continuous surjective map 7 : R — R, called projection map, which is a
local homeomorphism,

(3) locally 7 looks like a “stack of pancakes”: namely, around any point p € R we can
find a small open neighbourhood V' such that 7=(V) = LU; is a disjoint union of
open sets Uj, called sheets, each homeomorphic to V via7:U; =V

In the explicit construction of R mentioned above, the map 7 is w[y] = y(1): just map the path
to its endpoint. One can define a group G, called deck group, consisting of homeomorphisms

1S0 f(2)|dZ|2 = f(z) |dz|? for a holomorphic transition z = 7(z), so f((2)) |7'(2)|2 = f(z).

2Simply—connected means: connected, and every continuous loop can be continuously shrunk to a point
(every continuous map S1 — S can be extended to a continuous map D — S on the closed unit disc).

30ne needs a technical condition: semi-locally simply-connected. This means every point p has some
neighbourhood V' such that loops in V' can be contracted within V' to a point.
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p: R—R compatible with the projection: 7o p = m. So locally ¢ permutes the sheets. One
can easily check that if ¢ has a fixed point (¢(7) = 7) then ¢ is the identity map. It turns out
that R can be identified with the quotient R = ﬁ/ G that is, the points of R can be viewed
as the orbits of the G-action on R.

Example. The universal cover of the circle S! is the real line R, with projection 7(r) = 2™,
The deck group G is all integer translations r +— r +n, n € Z, so G as a group is isomorphic to
Z with addition. Notice that indeed S! = R/Z.

The universal cover satisfies the following universality property: given any two universal
covers Rl, Rg of R, there is a homeomorphism ) : R1 — R2 compatible with the projection
maps: m 01 = my. It follows that the deck groups are isomorphic: G; = Ga.

Example. Another universal cover for St is R, with projection 7 (r) = €. The deck group G»
is all translations r +— r + 27n, n € Z, so again Go = (Z,+). The homeomorphic identification
with the previous example is R — R, r +— 277,

22.3 Sketch proof of the uniformization theorem

Sketch proof of Theorem[22.9 Given a compact Riemann surface R, consider its universal
cover R. As R is locally homeomorphic to R, we can use the same local holomorphic coordinate
on R as on R via this local identification. This makes R into a simply-connected Riemann
surface, and the projection map 7 : R — R is automatically holomorphic. Since 7 is a
local homeomorphism (the local model is z — z), 7 has no branch points. The deck group
automatically consists of holomorphic homeomorphlsms R— R so they are biholomorphisms.

By the Riemann-mapping theorem R is biholomorphic to CP!, C or H.

If R~ CP"', then R R are both compact so there are only finitely many sheets namely
deg 7 sheets. Smce 7 has no branch points, by Riemann-Hurwitz

X(R) = deg(m)x(R).

But x(R) = x(CP') = 2, and x(R) = 2 — 29 € {2,0,—2,—4,...} (since Riemann surfaces
are orientable), which forces x(R) = 2 and so degm = 1, so 7 is a biholomorphism. So R is
biholomorphic to CP'. So we can give R the usual metric on CP!' = §? C R? with K = 1.

If R = C, then the deck group G consists of a subgroup of the biholomorphisms f : C — C.
But such biholomorphisms haveﬂ the form f(z) = az + b for a # 0,b € C. Since the non-
identity deck group transformations have no fixed points, az + b = z must not have any
solution, which forces a —1 = 0 and b # 0. So f(z) = z + b are the translations. These
preserve the flat metric do? + dy? = |dz|? on R, so the quotient R = R/ G can be given the
flat metric, so K = 0.

If R = H, we claim that the deck group preserves the hyperbolic metric, so we can give
R = ﬁ/G the hyperbolic metric, so K = —1. This claim follows by Lemmam O

Lemma 22.3 (Schwartz’s Lemma). Any holomorphic map f : D — D with f(0) = 0 satisfies
|f(2)| < |z| for all z € D.

Hndeed, the holomorphic function g(z) = f(1/z) defined on the punctured unit disc D\{0} has a singularity
at 0 which is either removable, a pole or an essential singularity. If it was an essential singularity then by the
Casorati-Weierstrass theorenﬂ g on D must attain values arbitrarily close to f(0) € C. This contradicts that f
is injective, since g(w) = f(1/w) for |1/w| > 1 would attain a value that f(z) attains for |z| < 1 (close to f(0)).
So g(w) has a pole at 0, say with principal part byw ™™ +---+bjw~!. Then f —bpz" —--- —b1z: CP! = C
is a holomorphic function (we got rid of the pole at infinity) so it is constant. So f is a polynomial. By
injectivity of f, we deduce n =1, so f(z) = az + b as required.
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Proof. f(0) =0, so g(z) = f(z)/z is holomorphic with a removable singularity at 0, which
is removed by defining ¢(0) = f’ ( ). The maximum modulus principle applied to the disc
of radius r implies that |g(z)] < L for |z| < r (using that |f| < 1, and that |z| = r on the
boundary of that disc). Let r — 1 from below, then |g(z)] < 1forall z € D,so |f(z)| < |z|. O

Lemma 22.4. Any biholomorphism f : D — D of the hyperbolic disc preserves the hyperbolic
metric.

Proof. Composing with a Mébius isometry, we may assume f(0) = 0. By Schwartz’s Lemma,

|f(2)] < |z|. Since f is invertible, also |f~1(z)| < |z| so (replacing z by f(z2)) we get |z| <
|f(2)|. Hence equality holds: |f(z)| = |z|. Recall by the previous proof that g(z) = f(z)/z

is holomorphic. Since |g(z)| = 1, the maximum modulus is attained at an interior point,
therefore the maximum modulus principle implies that g is constant, say g(z) = €. Thus
f(2) = €%z, We know this is an isometry of D, so the claim follows. O

Comments and corrections are welcome: ritter@maths.ox.ac.uk.
This version of the notes was created on February 13, 2019.
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