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Elastic waves

» Recall the unsteady Navier equation (no body force)

d*u . 9
PaE = (A + p) grad divu + pVeu

» Seek travelling harmonic wave solutions of the form

u(x,t) = aexp [i (k- x— wt) (NB real part assumed)

. 27
a = (complex) amplitude  |k| = wavenumber = wavelength
w = frequency W = wave propagation direction

w
k = wave-vector c= m = wave-speed



Elastic waves

> Plug u(x,t) = ae'* %! into unsteady Navier equation.

» There are two distinct types of solution (Problem sheet 2)

(i) P-waves
“Primary” or “Pressure” waves

» Longitudinal waves with
axk=0,i.e.

‘ w = Akei(k-wfwt) ‘

> P-wave speed
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(ii) S-waves

“Secondary” or “Shear” waves

» Transverse waves with
a-k=0,ie.

u = (B x k)ciFz=t)

» S-wave speed
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P-waves and S-waves
P-wave speed S-wave speed
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@ The earthquake @ The first P waves arrive @ The first S waves arrive
happens at time 0. alittle over 2 minutes later. 4 minutes later.

@ P wave @ Then @ Surface

arrives S wave waves
Background first arrives arrive last
noise

S-P time—|
interval

Minutes

@ The surface waves, which travel the @ The S-P interval, here slightly less than
Iong way around Earth’s surface, 2 tells the sei logist how
arrive last. far away the earth ke was.




Wave reflection
» Solid occupies half-space x < 0 with a
straight rigid boundary at z = 0.

> P-wave travels towards the boundary
making incident angle a.

> NB can generalise, e.g. incident S-wave or
stress-free instead of rigid boundary.

Incident wave-field

COS @ i i i
Uine = < )elkp(xcosa+y51na) iwt
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( . > = direction vector kp < . ) = wave-vector
sin sin o
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amplitude = 1 (wlog) kp=— =

Cp (A+2u)/p



Wave reflection
» Now include reflected wave-field w,ef s. t.

‘u:uinc—i—uref:Oatx:O‘ (%) P

> u,.f must consist of both P-wave and S
S-wave to satisfy both components of (x).

» Consider P- and S- waves making B
reflected angle v and (3, respectively. o

— cos e (— o
Uref = Tp < i ,yfy) elkp( Z cos y+y siny) —iwt

¥ (Sin 6) eiks(—x cos B+y sin B)—iwt P ,—0
cos 3

wave-vectors = kp < o® 7) and ks < cos B)
sin -y sin 8
w

w . -
ks=— = Tp, Ts = reflection coefficients
Cs [/ p




Wave reflection

Now impose © = Uinc + Ures = 0 at z = 0 (NB ¢! is a factor)

<cos a) eboysina |, <— cos V) oikpysiny 4. <sm ﬂ) oiksysing _

sin sin 7y cos 3

y

» Must hold Vy so exponents must agree

» Therefore P-wave reflection is specular
1=a

» S-wave reflection satisfies Snell's law

sin3  sina

(cs < ¢p)

Cs Cp

» Then solve 2 x 2 linear system for (rp, rs)

v

Mode conversion — boundaries convert
pure P- or S-wave to combination of both.




Love waves

> Example of wave propagation in a layered elastic medium. ..

P> e.g. an underground coal seam.

y
» Consider antiplane
o displacement
“rock” fo, o
h
“coal” 0
coa. M1,  p1
z u = 0
- w(z,y,1)
“rock” K2, P2

» Unsteady Navier equation

= w satisfies the wave equation
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Love waves

y
1 9*w
5 Ao = VQU), |y| < h
ci Ot
“rock” 1o, 2 )
h 1 0w
_ 2 h
“coal” m, S a3 = Vow  |yl>
. Co Ot
o _ [m
“rock” H2, P2 Csi = pi
(A

» Continuity of displacement and stress at boundaries:

ow ow
w1 = wa, ula—l = ,ug—Q at y = +h.
Yy dy



Love waves

Seek travelling-wave solutions |w;(x,y,t) = f; (y) eF*=«?)

Suppose displacement is sinusoidal in coal seam and decays
exponentially at infinity:

Y

fi(y) = Aj cos(my) + By sin(my)
, —h<y<h
“rock” Hoy P2
h
“coal” P foy) = Age™ y>h
“h fo(y) = Bae® y<-—h
“rock” H2, P2

The seam acts as a waveguide, propagating waves in the
x-direction without energy radiating to oc.



Love waves

» Substitute assumed solution into the wave equation to get. ..

w?=cZ (k'2 + m2) =c (k2 — 62)

» Love waves travel at a wave-speed ¢ satisfying. ..

w? m? 0

» Such waves exist provided i.e. coal must be

slower than rock.




Love waves

» Apply boundary conditions [f]J_r = [uf’r_r =0aty==h
» Solutions for f(y) can be either even or odd. ..

» Even solution: B; =0, By = Ay

» Odd solution: A; =0, By = —As

Y

o P fily) = Aircos(my) [yl <h
“coal” : e  faly) = Age™ y>h
woge . faly) = Age™ y<-—h
Even modes: Odd modes:

pimtanmh = gl ‘ulm cot mh = —puol




Love waves

» Transcendental equation relating m and ¢:

pol tan(mh) even modes

pam — cot(mh) odd modes

» Simplest case: pa/p; — oo i.e. rock much harder than coal.

Then ‘mh =(n+1)m/2 ‘ where n € Z>g;

n is odd for odd modes and even for even modes.
w? (n+ 1)2772

| 2 Then ﬁ: CE:czl <1+4h2kQ)

> Love waves are dispersive — ¢ varies with k.

v

TCs1

2h
waves cannot propagate without attenuation if w < wc

> Note cut-off frequency |w > we =




