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X= -RH1 X=t Rlt )

Model - evolution of the boundary ,
Rtt)

- nutrient concentration
,
CLX it )

Nutrients
= Dd¥, - d IN a RLH

-

-

diffusion uptake by
tumour cells

elxitl = C* fer IX1 7RH )
.

Assume symmetric about × -0 ,
solve on OEXERLT)

with dc

5=0 @ X - o

( ( Rct ) .tl = c.
*



tmonrbMdaf
did = [

"'

plc) DX
-

9

pwnterahon rate
at concentration C.

RC0 ) = Ro

-

Non-dimensionalsatin /Model reduction
-

X = Rog t= IT Rct ) = Ro rt )

°
CLX ,t) = C' ctg ,

T )

⇐ = # Eg , ⇐ = Po# Pcc ) = people )

nutrient cap. = %.
- ×

←¥÷=¥¥
= ¥ - n u

Ro%÷ ← typical delusion timescale n minutes

← typical pwhteralian timescale nwee.us

ie Ro'⇐ I assume in quasi - equilibrium .



ie

.

0 = 02C

Ig
-

µ OE3E rt )

(13,7 ) = I
3 > rt)

with to ,zI=o certain)=I
.

Boundary Rf¥Iz=[popcc) .#d3

%[ = for pcc)d5 ,
No)= !

-

Solution

Nutrient : C13 ,T)= MzIt AIIISTBLE)

2C5/3=0--0 ⇒ At ) =o

(Crt ) , -4=1
⇒ I = MrI TBH )

Bt)= I - MIME)

-

'

. 43,11 = I - µr2kI -32 ) o⇒crk )
( 131T ) =/ 3 > rt )

.



Minimum value A- nutrient concentration - at 3=0 :

Cmm = Clo
, t )

= I - if R2K )

NB Cmui could become negative ,

which is infeasible .
thence

model only valid until

rt ) = II.

Tummrb#hdary

If = for plod} assume pcckc

= for cts , 'Ll d3
= for
"'

fi - gratuities
' ]d3

= rt ) f- until
I n

T) .

%) =/
.

dT

unstable#µT?f



celldeatnatwwnwtnentnratin
Suppose 7 Cn t 10.1 ) St .

C > cn ⇒ cells can

phhlerale.CC
CN ⇒ cell will die

.

and degrade .

Assume e 2=0 Clo
,
0 ) = I- if > CN

Tumour boundary will evolve until either

①↳ state attained it r= re = JI
µ

•

② Minimum nutrient concentration

reached at tumour centre ie clo ,
TH Cn

G-which happens first? ?
←
tumour size

Necrosis cn = clo , =)
= 1-µr,2

when neurosis

-

first occurs .

2

-
⇒ r

,
= /2v)

M

But re -JI and 211 - Cn ) C 3

µ

⇒ always hrtr, and

necrosis first
.



At what time
?

If = rt ) f-nr]
Integrate and solve :

/
,

"

qI )
= /

.

"

ok = ti

-



7.2 A revised model - Including proliferation and
necrosis
-

(modify the model for T7T, )
Nutrient
- 0 = d¥z - µHCc- Cn ) assert)

( 13,7 ) = I 37 RK)

2C

-03/3=5-01 clrtl.tl =/

and Clark )
,
I ) = Cn

,
c cts across f- rnt)

G- cts across g=rnt )

Boundary pcc) = { C C > CN

- or CECN

If = [
"'

puds =/! cds
- /
.

"

d} .

-

rt, I = r, E)211¥) .

µ

For T7T , then rt ) as given above .

NB rn changes overtime
.

: rn= rnt )
.



Solution

Nutrient %g= {
0 OE3E route )

µ rnt ) as Ert )

(13,1 ) = {
A1K )3t Bit ) OE3 Ernle )

EM3 't Aztlst B2K) rntksar

At 5-0 o§=o ⇒ Ait ) = 0

At J=rn ,
C=cn ⇒ Bit ) =Cn

At 3=rt ) , c= I ⇒ EUR24)tAzt)rtIt Bit) =/

At J= rntl , G- Cn ⇒ turn't)tAzk) rntdtBztt.cn

cts ⇒ 0=µrNthtA2

⇒ Az=-µrNt )

Bz = Cnt turn't) .

.

'

.
C13 ,T)=

{ +
CN OE3 truth

<µ( 3- RN1E ) ) 't Cw route)c3Erk )

I 3 > rt )
.



Then
, using the final condition

1- cn = Eµ2 (rt ) - route ) 12

- relates rt ) and rn IT )

width of the proliferating nm :

rt ) - rate) = )2T : = a

µ2
(constant)

.

Boundary
- frtutr, )

IT =/; Guts - rntuttcnT.dz + [
"'

od ,

Insist Cna - orCrt )- a) ←

= f-mirth
- rn tell

'
t Cn ( r- rate) ) - draft)

Note that I- Cn = tux

.

'

. Gq = f- all- Cw ) ten at da - Ort )

= -art ) t ¥4 [+ 2cm - 30]
-

to
solve ter rt) :

off = - artist P
→

PT0



§ p AT = / DE = IT- E)

⇒ rt) = It In
-f)e-
"⇒ )

(Eto)

→ tf as too

⇐ f- o : off =p ii linear growth)
.


