BO1 History of Mathematics
Lecture Il
Analytic geometry and the beginnings of calculus
Part 3: Geometry and tangents
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Analytic (algebraic) geometry
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Descartes’ analytic geometry

We may label lines (line segments) with letters a, b, c, ...

Then a+ b, a— b, ab, a/b, 4/a may be constructed by ruler and
compass.



Descartes’ method

» represent all lines by letters



Descartes’ method

» represent all lines by letters

P use the conditions of the problem to form equations



Descartes’ method

» represent all lines by letters

P use the conditions of the problem to form equations

» reduce the equations to a single equation



Descartes’ method

» represent all lines by letters

P use the conditions of the problem to form equations

» reduce the equations to a single equation

> solve



Descartes’ method

» represent all lines by letters

P use the conditions of the problem to form equations

» reduce the equations to a single equation

> solve

P construct the solution geometrically



Descartes’ method

» represent all lines by letters

P use the conditions of the problem to form equations
» reduce the equations to a single equation

> solve

P construct the solution geometrically

For examples, see Katz (brief), §10.2, or Katz (3rd ed.), §14.2



Algebraic methods in geometry: some objections

Pierre de Fermat (1656, France):
| do not know why he has preferred this method with al-

gebraic notation to the older way which is both more con-
vincing and more elegant ...

Thomas Hobbes (1656, England):

.. a scab of symbols ...



The beginnings of calculus: tangent methods

Calculus:

> finding tangents;

» finding areas.



Descartes’ method for finding tangents (1637)

» based on finding a circle that touches the curve at the given
point — a tangent to the circle is then a tangent to the curve

» used his algebraic approach geometry to find double roots to
equation of intersection

» was in principle a general method — but laborious



Fermat’'s method for finding tangents

Pierre de Fermat (1601-1665):

P steeped in classical mathematics
P like Descartes, investigated problems of Pappus

» devised a tangent method (1629) quite different from that of
Descartes



Fermat's tangent method (1629)

Worked out c. 1629, but only
published posthumously in Varia
opera mathematica, 1679.

See Mathematics emerging,
§3.1.1.
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Fermat's tangent method (1629)




Fermat’s tangent method (1629)
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Fermat’s tangent method (1629)

Choose an arbitrary point B on the parabola.

Suppose that the tangent at B exists, and that
it crosses the axis of the parabola at E.

Choose any point O on the line BE.
Draw horizontals O/ and BC.

Since O is outside the parabola, we have

CD  (BC)?
> ,
DI~ (OI)?
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Fermat’s tangent method (1629)

Since O is outside the parabola, we have
CD (BC)?
= . > >
DI (on

By similarity of triangles,

(BC)?  (CE)?

(0?2 (IE)*

Therefore

CD (CE)?
—_— > .
DI (IE)?




Fermat’s tangent method (1629)

Therefore
CD (CE)2
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Fermat’s tangent method (1629)

Therefore
CD (CE)2

DI (IE)?’

Put CD =d, CE = a, Cl = e, so that

d a°
> :
d—e (a—e)?

Now (Fermat says), we obtain equality as e
decreases (as Ol becomes BC):
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Fermat’s tangent method (1629)

We solve the equality

Rearranging gives de? + a’e = 2ade.
Cancel e: de + a° = 2ad.

Now e will be small, so we can neglect it,
leaving us with a’ =2ad.

Hence a=2d.

Or CE=2x CD.



