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|. ALGEBRAIC PRELIMINARIES : CHAIN CoMPLEXES
Graded o\LeL‘qv\ g-Coups
Dd A z-yrmu aLekM afwf C s an abeliam o 0up 4@34%
Wi, o diedk sum Aﬂcowron‘)\'ovx
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Also gek quoRent complex ZQA/C* (o cosets [E)={E+c:ceC,})
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§: Ny (C)— B, (M 1]
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S -Lemma.
ASB — C —DdD-oE
2 | z|,r 1Y x| § SLs exadt = X also 1So.
Psl___,Bl_,a C/ %:DI 3E’ OWSg
PL exercse (ACW dnase) [
Spl&ﬂ:it\% Lemma
Co O-’Aiﬁ B—(;:o C — o SE’Soj—U\Lb&a\n IPs

I BKL/C st poy =id  them the SES Sphts : BE=ADC
Ty

0
Eﬁ Q> AREC —=¢Cc —o0 K(:;:J::i " BE{X&
I | L) [ ¥: CSABC B
0—->A—oBR—C— o0 D «
Exercise |68 A5 B 5.6 Mool = CdA Hen it splits ’B%A@C
=1 (and equivaleat 4o existence of ¥ above)
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Rmk A free 7é> s, e9. 02252 —2, 0
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2. - COMPLEXES AND SIMPLICIAL HoMoloGY
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Def F { } +l€ any k2 0
\ \5, -e) Vn-Vo |K—£{l\€0\fel3_ §AWMAM
[.\ro,o--,\rv\'] puy '\‘S.\m'Ple Sf’&ﬂf\'eok b") \)—o)-ﬁ\rn
= convex Al o Vo, ¥
={T4v 0 b0 and Thi=1]

n+k

= | R-Linear homeo 0= A\ —
maaaadé . eo/ cle;)= R

canonical homesmorphism

homeo onto ‘\"'\2. n+k>

inage,not onto R

{
(so\.',x peism: > Wil often Ylur Yo dishnchon bedween
includes inside op 0 ond its inage

O—. E [O—‘eoj ~c ) (fen’l
bt Hhre orAerir\a ""S— Yl vy Wi|| be \'N\Oo(-l'an"‘ (so +Hhe map o is

More precise
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i C<_)'
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|
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Example Can buld a "|‘Orus oul of s\M‘O\\ces
. ? 4 O- SWYXUX Qad«%u&t’
V=101 3 seglis o 5o /7/ L e

S\MP\—Q.X/
and
2 2 "S \ |A€w}\
them \mear|7

o £ th
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in T2=quokient space.
for QMW\VIQ fAQV\‘\\'G“) 'F&Lc.d‘ 4, with | via. near homeo
a, (or\ev\-\u‘kow pregu\/ui)
Def A—towplix s o{d-eryv\w\!;o\ by date

me\r\g, set I 1C°(" each neN
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. Cons;lencvl condikon (see Joder)
The A——Cowwfb% s Yha OJUOHQV\'}' Spevcr

X Ll O‘ [ - -H«Fawl'ﬁ,o' is dentfed wirh o7 (5( )
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NOY\-—CXOLM()\Q, \ 7 v"} R verkees are not
This Ae’c"“’\F““}"o“/a A A because: Yotally 0 dered :
for T (s not

o D-complex .

WV
<
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Comis{;uwg.wv\&i')\‘oh

We wWant 4o aalo(?-[—{amﬂl«oq tmsure Hhot gah pink of X Lies in the interior
o] exacMy one 0 | becavse we wamt 4o avoid unexpecled idemhFiahons.
Exowyle -

( L
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nobice how 05,07 gek dewhiied ia Y quokent, buk we only noka Has afte ghig o
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wp —o\ekﬂld—epxkr‘— You nohie
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Arother equivalent condikon + can define Hhe R-th skeleton of DA-ox X
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RN i o)
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will Show 3<D =0, 5o g2} simpliciall homalsp - H*(X):\’\* (CE o)
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Sti¥n normal form OF 9, * \

~ Z %:OIZ- (ll |I r;w(lol op (IO Hm\ser?"z

= 27- X =\ = - o% o0 e CoKer'B =z
o ) =Ny So after Z-isos o] Cz,C, We
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Romelic orientations on Y (Hertfore if We Keep Mack of orientalon signs we oust +¥-y =0)
(hecking Mk they are oppesite requis some thought, one approach is fo say that we

Cann deform £ ,‘(‘lz unk! ey make a flaF an 'N\o‘ Pichce ¢ delorn, Y gt +X'ﬁ!m3f
then their outhrA normals Zn'l\ be opposite . ah (hee s "‘.,’ 3 + 1\%’ :
£ 1\’ £ {1 * 'ﬁ!mafz




Lemme Hf (X)= & Hf()(:) Where X: ace Hhe path~ components Df,X.
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Connected + Qomﬂ‘a_ path—conn . =5 pat —connecled).
However for 4op- space they need not be fhe same, e.9. Topu(oa-\‘sl".r Sine Curve
{6, smd)smelonl) o Oxloi) e WN\ e ook
+ nok eocalb3 path-connedtd

A A—
i-e.l-simglices

Lewmma, X A-cx, X connected =V varices Vi, Vy ,3 paX, consishag o edges fom v, 4o Vv,
Poof Pick o verdex v,. Let A={s\'w\o|\‘ces o in X sach Yot one (hena al()
Verkces (4_ 6~ con be connected. o Vo bJ a F“'M‘ in X cpn.!\'s-{-\'f\a of z«kaes)_

Let B = ES:NY“CG,S o of X not in A}_ Obsecve Yhat if ge A Hhew He facets .:j_a‘
arein A, similacly for B. Afder gbu‘ma, simplices as presecibed in X Hhe setr A and B

define suwbspaes of X 6"""‘3 Hie quotient +°p°\°a":))- Execcise : A, B ave closed subspas.
Note ANB =@ (obhwwise they have a V&rHx in ommon and we onicrdict tha dgfiniton of A)
= X = AubB is & A&s\)‘oi,\-\— vaion of closed se.-}s, so X conneckd foras 'B=¢- a

Theortm X has N-cx shvevee =S Hi (X)g @ Z
P_£ B‘a lemmon , WILoG X path-connected Pgﬁ;:\z‘:\h
cokx v = Ve ) 2= N=0 5 [v]eHo(x)
* Verheas v, Vi € X Le'=m')\“‘ 360\:\{\ \(\C{Om o to VI, Cohs\‘s-){:\gomcealaes
= ¥ is SUM.)J_ I-chatng sk QY =Yi-vo , so [VU.]=[v]) e Ho(x).

F Ho (XY =< TVY> 2 is injekve ?
hi <« N jufpo;g nJy = oc Jon~g CéC(X)

con A a_uamahkov\ bom ¢: Co(x)%Z} 2 n; Oy —£ 5 S,

2 Fa-\‘L‘Conn-Cow‘oonzM'S

- M~ 0-simglices
= composikon COX)CO)EZ is O as '9‘(' f "Yl"‘)= 0,— 0, = |-1=0, O7swpie
Oo a,

= Nn=¢nu)=23%c=0. 0O

Harder execise (nor\-exam:r\aUe,) If F:[o0 )X pat, Gom wriex v, o V,  +hew We can

17NN/ | homotope (=continmously debem) it imto o pa¥h consishng of 2dges.

&\:;' 7T (H"'\"S--Firs-\— show thok o A-cx is locally path- onntcied. Then >
b

uwse Yhe fadk Heook Mo domain Co,t) ofF ¥ s o mpact in order o

agpoximate Y acbitvarily well by a plecawise linear Path. Fnall v
Hwe Rsult for p:e(.!uistn\‘mew 2.-\4\:.& ' " 2 "9 $rove

Vo hew Y



3.SINGuULAR HoMologY P
Moth‘i\ov\ Not obvions Hat H,x (s ‘FUV\Vl‘W\KQ A X

Hea fo o typically ot - sivplex - A_) %_)@
Solukon L1 ony allow Simplicd wmaps £:x 3y (so £o6 smplux Vo)

Solulkon 2 ¢ show Yaak any s tep FixoY canbe a,pp,oy\ma\&d acoit oy
\/\lUvQ 5'9, /8 Slmf)] M\X (N’v() afier '/mvm%u p.eraformzok bmrv,u,r\k\g subdivision on X,Y
mough Kmes. Also any tuwo suda appoximations indutt Har same mop Hi () HoY)

Solukon B3 dovthop nea homologt Hx (X) whidn allows any ¢t mag A X
and proce HY (9= HylX) for D-corploses Xy 15 any

+top- Sporce

> Y

Q nhnvous
it f

T
WIiLL Do THIS,

M Siaqular r\"S:N?‘CQD( is any- [ coohavovs map N —— X

Stngelo nochatns Coh(X) = feen m%dmgmvygw»\m}dbj5

= 2 C g CRHE Z
SV\')J\N On\», -Qn'\\-eL, many ca_:#o
n-Simplices
> Y- T and. 2dond Bingov
( |A.“\i-\:\r\4¢auj— ( %)

Rk Here AY'=[e,,..,8c ., en] is idaihed canonically with A (ud €rse ke )

Lomma 2.2 =0

Proot 9n+l (2 a)— Do ( ma—\h o ]
RN R S
177 J /- D ﬂ\/\“\s W\N\C'\JIC
+Z( |) \) O—| n A if Swmf \:J
- ecl’7ej'"')

I
—Oo . O

— singlar homdgy [H00)=H, (€0
‘For‘ A OOW\V&-’X >< \'\O\\IQ. \I\CQNS\OV\JX’ S'\)oCOWYb'X C.\F—}Cx_
— induas H O(\ —> Y Oq Fock \S‘ON\O(‘\O\I\SW\
(proof laker; see cellular HEWz 1)

Gorlary  Hy (X) is indegemdont 7 ot o A-cx shuche oa X




Bomle X =pont = C.X)=Z - (s A“—»x the conphan map

0 g, = 2(1)6“\“_—2(') Op }@ L2225 2% 250

5 Q | i n even = & 2
{ v odd /] —) H*(_P'k) {% :lsz

Lemma H*(X} =@ H*(X:) whee X ace (x\-lfk-mw)oonew\:r o X
E |""“3€ Oj— ks mop AN X s (Dw\’(« conn. so lies in some X;.O

Cor [Ho(X)= @ Z —genermors o Col)
E By Le.mmm) wlLO§ Krmﬁ«——wm\aokok. Ao=\0{'% X is a/o@- Sin@ C——l (X)=0
Given 2 points x,yeX, a path A= Lo}y X, ¥©)=%,¥0)=% is also a |-chain!
So W-x= 'a)’/ So XY ore ’noma|ogous. F{na\l\a W n-[xJ=0 € Hs (X) Yhen
N =9C some ceC,(X)=32m%\+eo\ by paths . Now run +a Mgdn@n\'w\w'af\
bomHick ke we At Hor HS: n=g(nx)=¢dc =0 a5 £.3=0.0

Na"ivm,u;l"a— (t'.L. fvnckn‘«ﬂ&'l‘g—)

LQW\M -F X—-ﬁ y oovr\\m/ous

/ “C - C*(X)“’Cx(y‘) NI, X
iMNao\Maf -&(6’) = F o§ au\,:ol CTWA \ &‘C
\{\Cd\f)

- O (—C_\L o) = Z—(—\)n-FoO‘ N =.F* (Z(-])" O—A'E'»:‘F* (’bnd‘) 0

Peoper Res ) Ty 2,2 — (8‘”(:)*: Fe o Fu

2) d, =id
P ) Ged), o= gofor = g, (fo0) = g (80)
) 4,0 = deg =0 4 D
Cor Hy {woba«dseaw} {3"“*“2“{““&" “VS} s o funchor
ch Maps Gended Doms

Cor XV = H.X)= H.(Y)



4.CHAIN HOMOTOPIES AND HOMOTOPY INVARIANCE
AMAM‘&. : Chain ]r\ovvw‘l\opiei

'E”gt : (C /9 (6 5) chain  maps

be&" -@ 9 WX Untin ‘I\OW\O'\‘OP\C i q(&aﬂfé '\'1)
foon Q: Cy—> T[] st

rao&+&o’a=£,—gg

hoie called a chain homobopy

onseqrima. F = 9, My (Co2.) — ML, BL)  on homelsyy

P—F‘ Cy\+| Cn 9—,‘> Cn—| For C CVJ,L e Cna
%H? / = £.(0)= gale) =
- v ~ =D el )+B _° 9nle)
Coawy = Cn d C,\_, G AN e
’a“-ﬂ \Eﬂé&,—‘a:—\f\oj
Hacder exerase (Non-exam:nal,le) So 0 eHn(Cs). O

& chain Mops F..,g,, 1 C, > C,‘ induce the same wmap on koMo\.naab

and Cn,Cn are free abekan goovps Vn, then +, 9, are chain homolopic .

Hinbs Let B,_=ImJ, , Ko=ker 9, . Wse fact Hat subgroues of -ﬁnee 34wps ore free 4o
show Mok B, Knare free. Deduce thar C =8, @K, (show 0- |<,\—>C.\—>Bn-.——ao selits)
More p e usely ACA\A.CZ Yhe chain complex (Cy, 3.0\5 \Somor(’hch D= (- —30—337\—)\(“—’0—) 2
thaH-a)r iso, £,- du dlrmines & chain map ol D, > DL such ,H\,& T han e wi;:
on oMoLo% {=0:H (b)_m (D). Consides &: D "’D’H b:K,o B is oL, Kn in degree n

(heace = (Kn)E BA € KX )

% B O IS zero, Bn v % nti
\ ~—£m the diffecenKal

: — . BnaKn is Yhe

Let o ° X_ﬁ >< x .L, Lo (A) = (x/ O) ‘”“-l*-’\'?m-

(Lt X— XTI, i (=(x,) whee T=[o)]
— gt} CoOO o G (XxT)  ave duin bpic,
K€‘1 idea Nee_c’k M\e pr\va\ o‘oo('a-\or' Nl/\\c‘n culs A X I m*o a Sum r of

(h-(—l)-S\r'Yhoe.S in N'xL - What is 9,2
. N TrRa— 1, (o) ™
I M =s,-s, ' ' o AL 1\
K e A NS = -y ovelied s
Iy "

e o G o
AxT MAMx LT oW oy

2
"hew" atk chainhpy +2(t%)




— Non—-&xaminable
bolom £t A X 0

«—V.=¢€. X0

= Loy, 9n] } SN YA RN

+op ’F"L(»d— AY\ x | = [:byo,-j \*)-r\}
Exo\w\ples N~ w = e X|
n=1|- h=2: w
Wo W) Sy \ z S O
3 g \/ z—g\'meh‘ces o /E\ v Yheee ?"S‘"‘Fl“b:-
I e [\Yo,\x’d‘] T [V, v, Vo, W]
Jo e v, [0, b0 ) Lvo, 0, vy, )
N Now —(—— 1, C'\To,wo,w“hf?_‘]

Lejb SC = E_vo,—-)\j},wC,--; \/J‘Y\'}
Clam = The s: cover Dx [o\1) and gt A-cx shuchre on A%T

Cotort )

C. C
y, \-'Hl"'/ n
T Zron=1

E kgtk\,—k +lzz>;l‘:khrk = (t°/"') tt’—l) ‘t_“-”—c

So 9'\'\f€n (xo,.-.,x,ua)e A"x'l_:j eqwd-e amd solve

_ e = A==~ Xn
't'o— xa/-—-} ‘t‘;_\’ x\-l Yy, r;.(.l: 'I;H,_../ rn = )an amd. {.L;_ =X, —r;
Note X420, Tap=1 a€(o)] hence Jte+Z,=1 v {tz 5,0 for k< v

MMe >0 for R >¢

but r»?/"}@ {&7/1:+.+--- *Ln | Thus & solvbon exists if we picl.

tin0 A+ Xgt +Ln 7R (=minlR: A7 Xy + - +Xn] g
The(ﬁ ol mth'p\e So|\ll’;oﬂ5 (F =X +-..+Xn SR Hen also i+ wWorks
Sincr A+ Agptt XnZ 00 % Xigg+ oot X - This is expecled since Sc 5o meet

along o facet. Exawple : n=l picture %—’Soﬁ\ meet along Facet [Vow;] which

De-F albove acises for C=0,I'6=O but also l::l,{'q:o .

T'\ = Z ("|3L SC = Ch+‘ (,AV\X [o‘|]> &960'!'\64(\‘“[{7 %;{ ”refr‘lf&n',:r“

ANk T s a :n‘m(:h‘c.iql chain

Sl = TTEFEN Cony G iyoon) ] gmtish o

RPN prsents™
. < ) N "eT)
) (- N Ve Je W W (L ¥
N ? sz ¢ (Lo, oo ) o7 I ] =L «T) (' 2T)

EXaﬂg\e
Wo > W, r.l = ["_0, VJO,\/J)'.S - [\ro, ‘rl, (’)l] ! S (3 YCZJO\.('Q."
t AL o =0we,w) =[5 + [ve,wd =, 9, + [0 Y=L ¥7]

\ . 7 e . \
N s ‘0 o’S, Square inside facats™ canced




Poism o?eraa\cf'

D Pl = 2(6d)x(Tn)

P: G (X) — Cniy (X x (0,1])

PCo) = (oxid), (T
7

T A — X

Noxd: A"x 1o) = Xx (o)
(oxid) (x,%) = () t)

Hhis abbreviated notahion means He moyp

P
(tol,.-,ty\)l—)( (fon'f' +tJ -§ +t‘, eJ_H-i'

m {,'He +t‘ €. 4-- +tneﬂ) t,; +----+ty>
Af\

(G'x L(J) (’6 rv\)

€ Xx1

2 i PG (")° [ % 6C, . Ge; - L0 L0 \Ge,\]
(O‘x'\.a)(’\r") h J<k 341 . ) PSS
bxid)(e;0) | * ? J2>L("3 (-9 [%0‘@0, ) w68, LT, {08, -t )
= (0te:), 0) , ‘

=@ (e | = leT = o = PRo O

N \ ,

6 xi® () i T £

= oo vS)TO i (36) xed),, T,

= , =)= i=)=n Xs )

I(G_) (e\.\ 1S+SUM 2_“‘&)34017/\ -f_}'\ \

+ke Ol’L\Qr b"J ‘I'Q-(MS ‘H\
acise in both sums Wt
OPposite signs so cancl)

Exa.mele to clacify
=2, k=0, (=|
r Ev, wou] VoV, W)

(O‘\C R T AR 0\)(Lv° )
Maps +4oVo+ t Vit W, = ("‘-o £ +tl— 7.)
to (@ (o, ‘to,*: +t2), t2)= (0'(’(7 e +t, Qz“'tze)b_)

Homo+op\3— 1aVafiancCe

_'RSQQ=Exam?|e.=
Def f,,f:X— )’ '[ o £ homotopic if T conknvous onap

F:XxEO ‘]—)7 colled \I\OMO‘\"OP‘A- s.t. {'ﬁo: Eoo \':
ldea Think oF ¥hs as & conhruous f%wn ‘¥ Maps
fL=F( )%= from 4o to £,
ﬁ?uu/a\bnce 6‘6&}’\ .
HQMO‘R’P‘.O \‘GQ_AJ"NC ‘|'° Aex I‘F F(o\}t) =f (&)= (0‘-) aﬂ O\GA
Wete "_p-:? rel A"

2.0 [ -, V) W, Sact]

30‘ Zel O—|C€o ek, e '}

_NO‘I'C &f k(b “’le ‘-P oWa*qr on
(")kd' |ce,, /8, .. en) Gives:

z (") (“) [‘ Q -}L o-ekl )(. ¢eL+ l)\-|0'€ +1 ,‘: fe,\])

Exercise o

S am




M Xc\/ \y\oMo|o‘A:, E?VWM spacks & 3 naps
_]C .
X ey wh gt ="
9 -Foz —~ ¢
RmR  homeo = hpy €quvalent
Db X odadible ¥ = pt
2qmivaleatly ()(_LL*_) X) = (X ﬂ)bpa?v\*é)()
Examgle R™ o pt
Fxt)=tx tow £ =0, £=0d .
‘ (SW—SL\‘YOZ_A s ubsels s R™) = pt

S~— containg |(ne. sejxmw)'r
o a SPQUC-F-.'C_ ,Oom" P

WloG p=0o X wst same F

-meslqk

(exawples : D", convex Sets, o)

TL\,QOF‘QW\ 'F o ‘Fl - ’(\‘o* = ‘6\*_ : H*XH ny

o

% 'ﬁ‘a( - -ﬁoa‘ = E;.CHL - F-F t‘o* (W\'\MF:L\oMO'Lof?_J )

‘:O,C‘ &S in Previous Thm

= Fe (4~ loy)
T = Qo(FeP)+ (FeP)°0

Fy d’,t,\"‘i’;, /% EeoP s dnain Wy from £, o i 0

Cor X =Y — HiX = HoY
PEf, 4.5 d, , Gate =34, O
X =0

M‘Q X Oovw-Voxcklole_ = U X = H*(P{;)g {% o

Cu-e‘l‘\)(b\l KW\K (\A’h‘ll'e,»\'eﬂdk \‘L\0,0VCJW\\) Yor nce “I‘OPO(OQACAQ SFQCQ.S &Gl/ge;—ogx‘f;f?i>

i€ XY ae simply connected amd 2 £: XY indvsing. isomarphisms on Hy e
Hem X oV ore homolopg 2quivalont.




Relakve homologn,

Dok (X,A)  paicobspaces  iF AcX toplggal sibspace
- L=rincd s A e X indoes a subex Ayt CoA — G X
= C*X/C*A 7\/0{\'&»\/" chain cx é-e_&\\ O[] = [,B'x'ﬂ

H,\,_ (X/ P{) — H#— C C-FX/C*A)
relakve boundaries:

|ﬁ.: relahve C‘jd‘:: X L
Cc e X ‘ ‘ € G X
S'.‘t_’ac éCa\:A ’W S'-'t.HDCéCy.HX

¢ Ix=b+a
SGA

= 05 CGeA - CX 2CX /0, A—> O SES
Cor |- — @ (AY™s H, (X)) — H“(XA G =

< LES forHe pair Sc ,ac
EQANQ'A l"""""e’ﬁ: Need no+
be Da.

FaX= Kor (HX— Hale®)) g—
S indoud by X gt
For X4, A,X = H, o asgmented dhain complex :
..__,CHOQ.——) —. s CD(X)—SQZHO con view
e(Zn, - p)=2n; €0
nYoron — N = Z (e $X
vgmenTaTon ! on{n‘rx NL\erg allow +|r\e)

€Z
Exarge H.(RY) = H,k( ID“)”H (pt) =
ChecK H*X H.\‘X ¥+o, Gknok HXNHX®Z "@FX:#¢

CFix=Y =2 A M — LY
e (X A) pair = 3 LES

empty simplex @

T M T (0= H (xm— F_(A) 5 — Ho(xA)=o
E wse Mafme,v\-\l_ak h-ex. amdh Z,2 =0 ()




IR

Com H=\=CX, pt)
P_‘(‘ II:{J#(PE) =0.

H,. (X for X+

~J

0
Exauple 50 T, 6™) — H,(0)=0

H}V\QR‘\ [-\—_‘\\ ./ nen=ty 0~ T n-i
\D“=s““ Mo(pys™) 7 H(035™ )= Ky 57

Natvcality of the LES for pairs

el A mopd pairs o spas  (GR) —s (,8)
means "F: X—=Y and H£(A)EB.

Lemma. - — H A D HOX — KX A) — H A

'C.\,.\L LKJJ J, ['&L
e H_K‘B — H*y_) Ha (\/IB>ﬁH-¥~\B_)-“
and similarly or H, .

PE 00 GATICKX S X/ Cah =0 = claim follows by

TN ful natvedity of LES ndveed
00 CBCuY D CY/CeB— 0 by SESS of Chain xes . )
. EXC\SION THEOREM AND QUOTIENTS  (%qierts
(X/ A) palr g +£\QM/?:ezc";f\r&c.r)
Def . X— X reNuction onto A if {V(X\:A
r‘|A = &o\A
Exmmek A X:éjv Sl = 4wo gg\nerLS 2Lre.ok ak one poinY v
A ‘D Y (Wedge sum)

r: X—)A\ Mmow Selond Sp)\e_re ‘o v
EXamele_ )/\ P\C o(— Browe— g\'XZaL ‘)h Y we LV\.QH’ A rehachkon r— \9‘7 conhodichon

Gr r orethachon = 1y Ho X — Ha A sucjedive
inoe_*! HeA— HxX inyedsve

PL lac r. .
T A\/_b/\ now use H* faddorial 0O

ida




M C: XX Aeformation c'e.'k‘&(*ion onto P\ E'F ~ rehneon

r = de Y_CQ A

A = equator = X </X
nd

Lemma Jeﬁ . = Aﬁ X is o horvLo'IVW") Q_quf\/aflnw

indx and My &re isos on Hy so H A= HX

fm,Qor-zr‘f:I'O( y roind = \"|A: id Q

P’F AIV\OQ

r.

XNV\P_\L S \ L def. rebacts to [D = |ower hGM-\)'p"\CrL 2’\‘3‘55
=23 \ek' ~ 'D ‘\ Oees

= ™\ T2 potals] =D \pt = D" \ON@\
= S™\ {32 (omk} h—eA— mowe. out

(G ql‘a-

SV\ I 7\-\ &B)D _S'h \
D"

E xcision theo em
ECACX sbspaes = (X\E A\E)— (XA) Tndwees ico

with EE Ao r~
X\E ANEYZESH, (XA
Proot Laler. H*( AN )= -’6( ,A)

Bame ¥=5vs'= (XD 2A= 2O 2 E= s
= H (xA) = H, (&, 2) = H (v,2D) e H(5Y =2
RXC- Ham. hpy invce \‘so ?.Polﬁ's

Example [nvariance of dimension fom ckwkx 0 also holds i replae R",R™ by
nov\-empl-a open Sets AcR" \/C|R’“ because for pel —~— S‘+a*evnevr\'\>cmw\es)

H (0 Uep) 2 H, (R R'-9) & Hua(R-pr e H, ) "

&(’(C‘SQ R™\U "-LES of poir \o\e&:rmw\\on redcact R” ?"’S !

2R

Rephcrsing. of Excision Thm w5 H*Ugn)' induced b
X=NuB = [Hy(X,A)= Hy(B,ANBY | inclusiorn ¢
(AIB <X SULS(OLCQ;) (X'P') <_(B"AnB)

"R DB

PL Toke E=X\B so X\E=B and APB=A\E.QD

ldea wb\v, exusion holds = G, (AV+C,(B) — Ce(X) is o kow\o-lo(’\? eﬁ]mvm\enm

Amdh Cou (MY N Cu(B) = Cx (ANDB). |J\e,ou_]\C0\r\ subdivide. dhains in X many
Hmes, andk Small enough chains lie either {n A or in B (or in both).



QGood pairs and quokents for ()(, A paic :
: LYeA
| M\- X/A — )(/ é_/'e.qui\Idev\cL relabon >~y <=>{x JE

(xc:-}
- O( A a.(_) d eafr iF JA
/ ) gee | A7k5;secl mz’
A Ae{onv\w\\ov\ etk N\

oj.hloo( Oj,A
Exarple ¥ svs—OO:v_)Q > A={)=s

X/A = OR_(“H pomh o} A oe m‘%‘)\ﬁed With %Lhodi)

_ |€ L . (,onv\.e_okd
NOV\ exav"\p TOPQ{DanS‘I" Swe Curve HJWV\ n.oi_'l' P'L‘M Connected
hot Gocolly cnneded
ot Gocdll path-uanedeh

inJ' - ) 0 \I 3 A)
Y (x,sink):2e (0] u Oxlol) e

A hot o 3‘”0\ pair.
Chvad Rmke. ol
Smoot Yumen\'f;|ol < Smoota YV\GV\\Q\J IS o aaool Paic +U ;kigu ooo\)
+ eorem
@ (X, A) zoool = (X,A —> O(/A) PJC) indwces (so N
H, A — H, (X, 38) = F_(X/n) X A
PE good = T nbhd Vof A, amd AZ>V ision
LES for— O\, ~
paie> Ha(X A) =, Ha (X, V) «—=/H, (XN& VAA)
;\;\i\:\ma quot. quo'&-l b :l CA* =|d€v\++7
f/:q’:v{q Hn(x/q/ f{/\\) = HA(X/A/V/A)é Ha (X/A\F / V/A\ F\

T al s Point p Henwe el arcows ace iSos A

e qvo\'\QI\*’ m\'s A=S
EXO-"")Ole_. I:D‘q 2 S ! 2.oool: <\Sh \ PolAev\h;\QA
Al TS

. [DV\SV\——I ,;N "/ en—t ':N
= H{D,S™) = Ha (D /s )T\H"_(/")/S““”S

Exercise  Check Hhat the iso in the Cor is naturat (%;? Vm g+A20:v£VAE%r:f\




Recall we proved  H (D" sm7) ﬂ;_,(s"-')

(me LES
H-r.“D "0)
= H_(s 3" " )=§2Z n=k
Vodweket ly, ( )= ) = —h(//) io eloe
lAsiAa Eme\p\& 2 ?oini'sx

HO(ZP*S)ZZ@Z

Gemarnbor o WS = HL(DY/5™) = H, (D",s") =2z

Observe 3 homeo e A"

N

molmw\g, N-cx shvdvee on SM

D)Y\ (homewOrk)

LY

> D" =57 .
l:xo\mPle. ‘2‘4\5“’6“}:’\/\;\56 ;‘){(A)
~ m\oa\rvcbv-
3 z@x pANE Q .
Upshot H (D" S“_)— D Les
(h>2) H,\ ‘(sh") = Z ’ae“ g— for 1191, 5 132
Ha (D /5") = Z-[e] 4—'ycor
'K [e"] pe_au-g lives et
Exeeise Real| andher [\ =cx shve on S (‘2: ((,3) ssn).
n il e TRV R
£p [ = b e dopn =)
N7/ CaIH-k.s By ™ this Ao
Yeon N A because & — A, 5 & cyle and ,,H“(Sn)
HaS" =Z'( ‘ ° n(S“) H (S700) T H, (D, 20 ) = Ha (D) 2D")
A > AI —_— e
Pvother remark aboud on(w)-d\ov\s (by LES for (S70,) vsing na1)

Fa_ct {\/\OW\MS A — \B} has 2 pm\'{\—cowwonewh

Above we. chose a Fo\J'L,Com‘ooneM- \0‘9 Cth’)WOHI\a, Qv‘_
¥ © s any re-HetAnon in R e @76 is in the other path - componet

=H, ",

]

—

% SWop 2
woocdinales in A

e” \%-H

e,ol"' — I



We will See |oc|-¢-r ‘a the Course Yk Mais o (ctSponds 4o a choice
of oriemtabon of D" and S™.

O\AY' Ll'\okl- s wnsiskent with H.e inclusion |Dv\§)Rn (wf-\-L\ Hee
posibive (canonveal)) orientabion of \2“) and  Yhe inclusion

(B eRT) 2, {E,-,£) e R: ty0, Thog1)
(‘b=°1’7t"\) — (EJ’)*"‘X ‘

iy 0, L=l
EXaMfle, L
A‘J_ _ o C IRL “ Ibz - )?L
/ P = B
[_eo,eue,,] . L \

e,,€, poshve R -basis shavdard origwaion
Our choice is also consismt with Hre “nocmal Rrst™ Convenhion

for o(‘?en'}\'ng, hypuplmnes Wit a gven dhoice of normal :

AN < hypeplane { (to,-,£0) s Thi=1} € | MY normal (L1, .., 1) (so poinhin
ol ) ) pe 7

C | 4 " o 0 in posikve quaW\k)
=Xamgle = normal
3
A’- _ e: <R horwd, €=€ , e,-¢
Y/, (X4 5, {)QSH\\'{ R3-Lasis
[eoe,,e,] eSSi-eo
Consisint also W;HA He gomednc \;ow\&c\fj ori entzhon (o“\“:::\"o\e ag“romv\ml ﬁ'rsl:)
2 2
’agfﬁme%\‘c. Az = JV\ ~ ~ S‘=9D < R*
B = L stoamdard
l 0 onentzhon
o o) |

— A 2 A
COMPMPQ ’aA"" + t%,ell'@(%aeljel] +[e°:e|JeL]

—

This = [€,8.] is not equad Yo S\‘Aaar(v harn Ee?_,eo} Sine H‘M()’
are. diffeemt Mo and we Yake €ee O\LC,(\‘O\V\ ah)\fr gkmemkd by Maps.
Bul [Rs,2,7) + Ee,_,eo‘g \S L\OMQ\OBQMJ +o 0 (Homework)




'ﬁ_m(’ijfg; (or “small simolices Yhaoremn™)
A = {Su\psma; W € X} v:l)\'\pse o cover X -
M C-’- (X) EC_‘ (X) SULCX éo\ne/u\-f_A JDJ n—sIl\\o|\Q5 g withk

a (A'\) < \A; Some

Theoctm |14 (U (0) 2 H, (C.00) = HiX

Ipanfcem‘re. of [Vs,.,Vn]

IS f\_—t-T (\TO“" -{—'\Yn)
Skelch p—f— O Ea(‘\/cgw}ﬂ'c SULJiviS\'on loar)'cen‘ﬁt divides ealg,e in2
AI —_— o—o—o S (A)
NOV\Z"QXN'MV»L\Q,
A SN
—) 4)

_>C/L\6‘VU\ VV\AYO S C (><>_)C (X> S(/\.Lo(\v\de. -\'L.e L)Ob(f\dd\.f

T — o S" (induchvely by dimerns: on) Hen
Mol S (C“) C C W 0‘(&\/\/ 'H\e new ‘Fﬂ(ﬂ—f Obf'ﬂ.lr\e—"{ b?
¥/~ % ConveX Cowmbinahons mvolvmg -|4\p.

(onshvckhon o “0'0 St 5 tndwehve new verkies dmi%r.barycznkt
On lineor simplices (Yrem for maps 0= you ceskivka]. ) gomelcally -—e-—>—-b

o S [er) = [©.] e Y
—o+——- S [_63213_. [L} 6‘1 EL) e-o} (— Eb SQE‘CQ Q]J >

€ b <,
L e Sleq,e]="[b Sl ,61)
° “ G ="[ b, S e, eJ] [b, S(e,e])+[b SLe,e])
LN, = (Cb, brn 21— L, 0 ) =T bor, .3~ T b )
+ ((lo,boy, €, = [ b, bey, €01) d
So for 0 AL_—)X Jou L melt 02. Ln_
take S(o) = rr|[b b, €2 o_ll:'olon_/e.) Pome C"JLQ? ?p
¢ e

Ol

@ S dain Wpie Fo Al
T:C,(X) >C _H(X)

Pl".)l&\'

T() . N T 25 A—> X ,
Qe DT+ TH = S —Ad =3¢ HX)

4., ()




| dea : S S(A'
l {1 : !
AxI = ;>T(9A') 0 v R
[ A\ xI = 7 ,/\\ Tt
Al 4!./;/' \’“ "\
®\7’ V\“S\I\"f\ex Wtbﬂ_} X/ a’f(’{j S() QHOM?’R\ ‘I"\'!V\CS - N\
U\W\%Q f(e&d« Y\-.S‘-r\r\p&.x of Su,"AiViS\'OY\BQMC Some . Az_

YV ocydo ¢, In ot S"(c) € C*(X) ey cle
/7@ Z‘IQA(O — e (X)  surjecht e
\y (S" e S2 T} =) by @
V bdey c¢=2b, 3 st. S7(b) € GY(X)
claim: H () — Uy (X)  injechie
suppose. [c)—s O them c=2b for be G (X)
now Shc,S"b e CAIX) dfor large n
= 95"Lb = s"3b = S"¢  in CHX)
= tcjéS';[c]:[s“cJ: [25"b]) =0 in HA(X) / 1

Proof of excision theorem
E_Anb L+ B = X\E

7N o we W= {A B}

TR T—— so CRX) = CUlA) + Ce(®) € CulX)

B
C,(X\E) — C.(B) - =C.(B) = C(X)
- C, (A\E) /*@"\B\ m\C*{B}\ %x (A)

na . .
L Ha (X\NE, A\E) 27 isomerehisim
= COMPM LES s 1L ¢—by ﬂ\oove.iSoS; foc groves

Ml — Ha (X — ML (CEX /0L A) — Hao(R) — H,_EX)
| |om\i4-al'2-‘ lfSo b7 S-levme. || |oco.|:-l-al ~=
HolA) —Hy (X)) — Hy (X /e, A) = Haoy(A) —H, LX)
|l

are wsine, nahurals LES s
(S il T VN .



C. MR\IE& ~V\ETOR\S SEQUENCE «— |(ev~9_ CowY:\H-M-\'ov\aQ ~+oof
X:AUB s.t. ><=AouBo ’\-/B\/'\

A L
any Su]ospaces X
MV Theorem 3 LES -

A
oo H (A B) 5 HUB@HB) — H(X) o H,_(An®) 25

WH)

& same. holds for ’):l; Pnov\‘dll A(\Bif¢- /\L:{A/B}
PE SES 00— Cu(AnB)— G (A) B G(R)—> Ch(X)—>0
o ) } (O‘) —6‘)

(X, (3) ——> o +[3
= induces Hre LES (U\S'\l\} baldy WA xzH.X) .
EXxerzise ConnecHr\a, Map is §: }’|+(X) — M, (A nB)
[o+/) —> [9=] = —[2()

EX@-V"V"Q 2 A'_\:P"‘
T BT g 2
Aa®

— HaHOr, ) — Hps™ — H(S) — H NS E)

1

O GML?Z 2 o
EK.Q/Q:SQ, C_O\M{)vl{ Hw S _{% il f\ wivey MV
o se
E>(ouv\p\e wedge sum of X y XvY = XuY
With base points < %w %ﬂ_
5" 5" QYD) A=A o= 2/ a2\
NSV‘ v __Pt
OHZ@ZﬁHﬂ X) >O—)..-—>O—v‘z—>Z@Z—>H(X)—>o
= I — (1,-)) X7

Simi\ar|3. He (XvY)= H*(X)@ He(Y) dor x#o| ¥ T condmchble nbhds
of xe X ,o0f jeY.




Cone.s amal suspensions

(XX [O Y)> /(7( s) ~ (g, ) HF eqva,Q oC

~ ot s=t=\
é ZX (XX [O YB} /(D( 5) ~ (g, L) HF equ
Examgle CS"= D™, TS S ;ORI

Lamman HaL(zx)'_—tﬁ X

\,
A =R (=N ANB = X now apply MV, 0O

LES

Rmk dzpcX = H, (X uCA) ~H, (XuCA CA) é Hy (X, A)
Conneclth sum  idikfy acAcX it (3, 0) € Ch
M, N Connecie o = M-H:M— (M\ el?ﬂ) (N\ ¢ 3

. //
N-~ w\oml-Q)HS

IA&A-I\F Yballs vie a homes

()

Fact Compact connecfed orientsble surfaces are homeo to S o w
and /7 7 non-orientadle ones : IRP# ... #RP™. ?M\Q 9. = # cofies

C:ox\\e_& Za_

—

EXtise (Homework) Tor~ M, N compact connected n-mids:

By MV, [H, (M#N) = H,(MOH,(N) % 1cxen-z| |HlN=Z

Since conaecied

£ Mor N orientable : % =n—1 also works ) i
1€ both non-orieatable: %= n-1 one of Zs Summonds ™ becomes Z Z or O
’2_ for N even T %e.\re
COF I)X (M#'\j) = X(M) -+ X(NB - /4 Jr odd ;{;'T'rq\%'\
Y4 X=o0 \’V_\J e .
2 Z = 2y — see |ater in
) H ( 93&9{ nos & {%_ :\;-:___!Z ’X(.S") ( course )



3. DEGREE OF MAPS OF SPHERES
f.,s"_5ys" = an : H“S“—}HV\S“

r— T
= RS o F, 5™ s dea(d)-d Ly M) €7

Propertes ) (id) =)

2) dug (£o9) = )uzng - dg g

) -F/:? =>0\a§4:0uf9— igm depemds o

4) £ ~ const = £ =0 /(h;m;f e e
Ori%'\u‘\\‘ov\—PreJ%(\l\'Aa

b) 'P hOVY\QOMOI‘F'/\.{SW\ :> okea.F — __tl

P_'€ or reversmg.
Cd\c\‘_—:‘t(l} (-Fog)-v-: 'F* °%x/ 'F'la =>—F-‘r-= ?.\«.) COV‘-SJC\,.':O/ + homeo=)-(ln iso. O
g%a.W\pLeJ A sinea S"— pt— S™{adtors

So H"‘S“—vH:"‘(pH—) H”

\ Sh= Nxi v Kx 0 <—call this 4, a8

) g (b,1) ~(b:0) i# bedD A" Q
recol HnSn = Z'<A|"Ao\) 460 @
refadcon: r+ S"— 57, r(X,t) = (x,1-+)
0 0,60 A swaped by, so 6 (A-AD= (D)
= dgg (r)= - +

2> antipodal map —ih: ST ST Viewip SMS R
= o\eg (—d) = (-«l)nH

P_'(: —A.OK = (Hl, >o (I—\ >o ... © (l o ) c:—:;v:e%\l;:hs“itac\,\
° ' - homeotepic 4o . [
3) Ae On = A: s SMl> o(egAzolQ*A éZi\lj
P£ fact SO s Pﬂ%—wnnecko( so AeSO(n) is ~ id so oQ,gA=J~M‘A= +1
The other paH.- componemt ofF O) is ro30(n) where (s any ceflekonD

’4) £ not surjehve — Aep £ =0

PEIE ydimE = HA(ST) fa )/th (s™)

1C“‘\I—\h(S"\:;) = H,(RY) =0 O




APPl:‘w\\.OI\ '|° vedor KWS on Sy\ (%)
B +0W\ €n+ 2

AT SV\ |Kv\+‘ “\"ﬂ R \fe-(rl-of— —Q(I,Qak on SV\ SPG-CL x+-< R

So v(x) L x )
S

Cor Haiﬁ? ball Raorem 3 nowhet 380 v.€. on ST & o
(COLSE n=2: ”you canna{’ comb a ball of haic wl'Hnoud' c.reaH\'r\a o ’cuuPc“)
PE Suppose V(X)) #Fo Vsl

———B]npg F:5"x (o)) — 3"
F(4t) = cos(Tt) * + sinlmy)  vi3)

= FE =, =4 el
n )
Fo B = )
: N oi:d d‘g "'\2“‘"

k
~~r n odd 3 \T('i-): ("12_17(\ ) T77) '—:Izlz, “XZM—JQI’P?‘

Cudval Rumoske  Adams in 1362 proved usin Foplopy
(me # poinhwise. Lineoly \‘AAW/\M veclo E(LUA on S")=12% 4+ %a—]

w\nere_ N+ \ =7_'+a'+‘o'(o‘i°( numLe,r), OSL’S?’/ “JLGN’ "z 1\92"'" 0 ¢

N even
R = Cov~ \/
Locat dpte 15" — S
¥ s y= fny
®5uppose_ Pom‘\'s#—'x_ near > deo not+ may to Y

= nbhds "é,‘a{'?é\(w&) s | (U UN) £ (v U\y)
D" "

A
= (L), ¢ Halw, ung) 5, vy call s £

e Locad map ajx
excse /;f S 5 \x 2
N2

S™MU

will use this ogain lader:
Ha (5" = : H. (s",s"\pt)

QJ ohent




Lemma Logn 59 ) '9_\(‘3): 57(!)—97('12)‘
= |dyf=3dy f

fL H ¢h ; Pn ( Sn\
O[uOLew{" l N\L quokemt

Ha (s 57 \{vcl—,i,&){é H(S" S\ ) xt./
exc. SN\ ual =
@], G ol § v o
@ HalU U\ ) = Un(V,V\4) PN

\/ =QOV.
wpbed ST 1 ez df, z &= £+
)

( e 2 Squares Lommu){)
A

= n
LQXC- SNV Onwse same

st quokenmt s natv

< d QKO\S\W\ is  natral
Mol gne®z——2 0
So So. ® ‘:
v Afé l//‘“h#':O

EM |(’- ? - CE—-’\ C PO(-7V\DM\.‘\/Q 6{.\'%.“—‘- a“,"-t’-(’--—-(fqa/ q;é(‘
] ,F; S?___ G:PI —s ¥’ _,S (Wkere_ vield CP'=Cyoo = SL)

2 — PR A

cP f—) cR S‘)ef'eOWLNC- PNJCQ-\OV\

2%t
= \f\e\a— Fl= -E)""ar\'t + Jc(ﬂn\ *-os 4 Go)
hp‘a, (S Con'\'snuowmdk'oo Snee q,\?_ His WQ:EO( flmq;fp
— — dominaRs ol dfms : £-IfCP'\ K) Youtried o homolope
r° An2 “Mk F 'F “(,P'\(Somf.cowf‘:ada Vco(w\pa>t'l< t(aa")+a, 2,

Nn-=\ 2N k

= deg £ = Aﬂ;(a“ Lﬂ“ A,e,cr an2. W =e TN
onr\ew‘ prestrnnd

= 0\281'32_ of He po\\& 9 =\ Nomes " ‘Wi

Cor (Fundamentad Thm of Plogbtn) 31 =5 p s o root  Shckmephe
PE pYHOV=8 = f0)=¢ = Mgm‘:o Z 4 %—l;é_;l%ﬂ\:o:\\

&~ Norhh pole
Colborl Rk Ror Sn;:::r:\wi orin)r:;“sslw F’fﬂ’l—e S:‘—)S"‘ T “‘: e
DUJ'F p— (‘H\L ”UMLU_"j—frf-'“\”‘J?"‘) SM:;JO?::{\_::,(‘[Q; ;lizg‘* and  North 1o Nocd,

°j Fornc poiat S Ag=d=# peimages of a poinf
(iz aﬂmo:+ any point Works) Sxcapt it pick No?ﬁ;"“&a ol




8. CEULULAR HoMoloGY o
Del C\l\‘ OOMf’ex X s So_7mce ¢=X—'C_:3(QX'§X1§._.

s & X° s any. set __—n-dvses labelled by
V\—Skﬂ.uht\ Xn _ X h-1 Ll p° el Some indix set I,
I . e i
7 X r~ Yo( (x) athaching map

=

(0\1\& conhavous vmp))

n often vot injechve
s _ . J
) X =UX" topspar il wenke dopdoggy -
MéX Op€w = Un Xﬂ < X“ open Vh.
(&= UnD) <D open in,)
Ca.ﬁ,Q X '\—&Mnﬁw\aﬂ i X=Xn and +his s +he lea:{— such n.

{bl
Example S"— (" 1 p") NP N
( / (D°~ap™) — ) =s
EXaMele. ><= |K?7—: % \LOUAAND‘S‘:Q‘S_
e o idenRed with o
X = e =D

X! = O =s'= (D°U [DI)/(- ~ (pl(x,\\ }9|D'=S°:{o’]}.t_e_?)(°: ¢
X*= (Y u(])) /g 2 o @ s around O)

=S { 2 2
:(X\u rbz)/(aﬁm;sgzé’)xES 2D =S'£S'/ @, (2)=2

Fact \& we \/\omo+op€. Cﬂ,() We g)d’ o \r\omo-)op\7 g,qu(\lc\ﬂn'\‘ SpA-L
Ex:mv\e\g |+ use anoH.er AQZ.PQ,Q, 2. map @, Aloove. |, ?ek X ~ IEPL_

Coldvral Rmk Evu‘g C\W=—cx X 'Ls\npxa e,a[uwaﬁ,w{- o a simpliciall complex Y (so
n particwlar o l_\—cx)_ CIF X Rake/n-dim then con ensuce Y i &nite /n-dim’]

X 'S Pq{‘Jn'Honeol as a set ]09' ineos of n-—cb% er:(:|w\ag&(lb:<—3)()
X" = X" Wey

o & Lot — RmK

:(ue3>u(Uéol()U(L_) Z_j)u I'M-Crioor\bo-_—m

el AeT, ogej[?_ So ei = ez




Emmpl es .—q,,Q pes; iedhve a2 RP"=S /(Z/ - ackon by +id) h‘t
15 X }R Pk |f\dUC'hVee‘a— - S,; X ~-x :
@mb n-| n-l " " "
STOXT =X Wit ¢ ST X =R S 4y
g
"N n+i ntl ~ : B
CP ( cC %S atkon by A- Io\)

X' =¥X'= ot = e
B B P , - \ ‘/a:p @,\.Sl
X—X—Xue_cff’ k(S—ap{- R oo
v :XS: queq':CL"P T 53—>(l:|9— S-/(S.(—QL{'\OV\)
> | > [x] —EAx] wNE S
zn_ XZH,Z 2,\ :CPV\ L(-'S -_) in Z_ @Pv\_

/

? C’X.:]
In cwocdinales <CP =] [20:--:2,] notall 2;€Care 0 and [(2)~LAz) Vye"
Con resade so that Tlzj*=1 so zeS”‘" amd fzf—é with ctsealing by AeS'ect

G:Ph— ~ XZY\ 7. {[‘% RE S O‘J}CCP :X'ZV\ K——n:j\él_—”m.flfrp an
2 I "= (o, vy ): 2 W M}ex vio. [Wor - iWoy VI=TIP] 72570
Obseree : For X C complex for mopt (" n_o-(;fo/,;f;);(;((; ?))

n-t A —(sine T nbhd o D" Hhak
()( X ) s & g,oo paic ("é'-":orm%\m ?—Qfmoh 1o o
— &

L~ n D) Sa= Dy /oD
X/X“ = VS 7 x </
denhRed to a point

Det Collular complex for X o CW cx

CEOx)=Ha (X7 X™") = Ha (X7x™)
” foee abelear 3p gam. by He n-wlls el

/
since. A\" = rb“e(e“cx“\—> D /fpn =S« govmk
Wil bwao( CQQW AA\C@&“HA d: C * _, prove doh =0 [as usval we use

the stoandara
aemiatio
S g [HSY () = mcc:“m,ow o B,085".




Examgle CEY'(CP) ={Z-ek for k=024,...2n hence d=0 so Hiw(dif’“)= c(cen)

@ else = §Z O0<%<2n eVen
Cellular differential: 0 else
no_ Z n n=1 [now descbe the weficents 40 € Z
o . @
4 ey €T, A"((‘ § and why fak is a fimbe sum. =
cwW cwW
d : CV\ ] Cr\-l
|| Sh qn—' ||
H, (x" x") -~ H M) H ()
nto Connech n=1 - h=t )X
02 LE;9 m¥ 7xw+
n - n-
b ) Ea
Recall LES IDQ et ex®
H¥(><n_‘>%|-‘|¥(><n) ﬂd’c}lb‘:( < X!
n N> XV\—I
1) Sas /ﬂ: L_/
HJK (XV\ Xn-\) here it is imepr'\'m’\' Hhat We dnose ihenkEicaons
’ A“%’)D“I SN = D)n/aﬂ)“ COMpme\y with origntabons
Therefure Quekons by Y

dh — dﬁ, 5“" A n—\i} n—| ~ n—i l n-|
N 3(“ﬁ)< /X IVS H.S)

n-2 — ¥
D% Dy /2 D,
Rmk  Only Fnilely many dap #0 (for fived «) beawse @y g
are ConBnvous and S“"‘wwyad— , $o 8,¢+ o covvx\oac\' inowe
in VSTl , Yherefore cannot surject onto 0O Manvy 5‘(:‘".

Nn—|

(>
LQ/M(V\.G‘\ d o & -0 Q-;—QCGM :‘F d.on'J- surjed’ %2(\ Mazo
- n
Gf‘ df\ = q:“—‘l o gh 40 by LES

n-—| Nn-1 n
> &

-2
O{r\_\ o O{Y\ q‘:\’z o n—i ° qn—l n ]

Gor |ramk HY (X)) € # n-colls
PE Hnctlly = ravk CE(X) 3 ramk kem 4V 2 rank HE(X) O

)




EXaW\o\c_ IxT I-_'Eol)] [‘IDI = E’I)ll

\ arrows hece ks how we map [, e
€ x| ~N / (so Ori&qh\fov\\ ! J‘S"

2

( | ////L./<'\|e \ XO: . : =4 o-cellls
Ooxe /—) // X e | . . '
7—. X :*\ A/l{ (-—CQ.QQ_S e(:ég,'
e xo e'xl
“—S o oxe'
'+. | .
2 _cell X/x° — onentakons o wlls
X" = // Y Jel\us wous o ori gmt
* ////‘/ ° Yo ocrc,Qx:J "
.+.
(
e* - Dy — X _\
,aea_ S‘”—‘ V(/\ _ X( _ TI\W —| becavse ~L>|o e_dae.
) > /)(o__ 01_\1:/\ Mmoys to
+ b OTV\ oriewhaon —rtves
2 o 2
%3(’. = +eovo + — e'xl —oxe! homeo morplhvs m.
(: (fael) X e_‘ — e‘ X (83') < \Wwe Come. Lack to Hnis |0¢|-0r'>

Exaw\olt [RPY\ recedl: 4l in eadh JAM/ ¢ - Sk — X\l: HZPk
' . X — [+x]
k-1 | :
S ___@ 1 QA/’GQ
e, " ke ke _ et A ke
AI — X /X - /IKPK—L = S ALQ,: -+) o
AQ_ > —ud (Q\) Mg = (— |)

&L= L

k odd
cw n
k=n N, the/\M\ s <= °
P-

1)

0
© 4 odd =
o]
|

v n ~ Z X . 0\%0 x=n f oo‘A
HIRE™) = {2,2 gl
O se



E.)(a\r\()\e, SY‘: CEW(SV\> : I\B/'Z'. O — Z'D“—O) O — - 2507 |D°___’O

D" n=1 : 0 -ZD 5 2) —o
2 Y=o = ch (_SV\) =~ )d #*= O,Y\'K H,(SIIPHE) Holpt) 1y Holet, &)
o A,i - v oo (0'=(0,)25") ——— 34~
b O~ 0 € oyou wf;lzv,hrwv‘ =pt—pt
L;( l "\224'“5, needw-;‘., <o

mende— orienmtaklons :
IV xEILoII=[11-[0]> pow\f
So &q«ee: +1—|=o0
bo\h\AM v iden A‘(_a.kons
170 ab =t)-t
Q\L’lq\ b\ a? 30\3 La

9 o S~ Noht all verhus are idensfed
oa; = v--V=0 el yortex v
Abe =V-V=o

OHZLZZ%%—ZHO b ( sz ¥=0,2
1l n 1 > rl, i%\= % > ;},:
2D Z<angby? 2V

‘b H—ql_ Ll+a‘ + L|+""‘Q¢é" L)z + Qg'(- Lg__—o

(Siz(v\g; Lompare edae oriomtation with anRclockuise orientodon of D)
Exosmeh_ Non- oriah\'AL\e sueface NB\: el }

5 “ SRR {Ze\ 2527
Oﬁz—)z 0 _Z_—)O . % vy &E"Z'ﬂe/z*’-:l
| = (22) “AO“ "7 Lo e

(u ¢ Ke standard basis for 2% (Xuft)
eplace (0,.,0,) by ()},1).

Lemma X A—cx chvdve = indues CW-cx stwelure on X onnd
(€5 (K),d™) = (&L X) d®)
= | HYO = HA(X)
P_'F ><V\ — Umﬂ?f\\w# >< and J\e,a.rees N t‘| Ap‘_pem\\‘:%\l on or;zntn
'Q D So can idenkfy d““and 4T 0O
EMA_e X =+rn'w\g& =N

= WA i N :(" bo
. @“ b | A-Oo%-R
XI X?.

. o
(Sm(.l. |DH—QI—Q|-——Q.‘_—-0\L-.-. —QL-—AL) 4

(=
%, o / d‘*ﬁ.: —
= d% = B, btp, = 4V = 2« VD

.\’-o'
XO




ﬂeomw\ X CW cx [or A—cx) == Hiw (X) = H,K (X)

=2 Hi, \’\C,,_w indepemderd-of choiwe 0'1— CW—cex/N-cx shveture.

PO KX XM = B (X)) = Hfys) 2 @RS

=0 & & #n )i\/éjint(yfur\
LES for (X X™) = H,(X"7) =5 Ho(X") iso for & <nn
X 2 n
@) for k<nt Mu(X7) = He(X"™) = H, (X"*) = .. = H,(X)
by (@ lo7 Cowpa()mrj eah Sing- chadn
[ lards ja XN someN
(D) for *>n: H*(X“) =H, (x™) = Hy (x"7*)= . = HelX =0
@ LES: -3 H, (x"7) — Hn()(")-——) M (X",XM)——J-»
I Tn
. o B
:) Cfn if\jeol\\/t Y n
® Les: ﬂ:\‘:rrll ntr Smtt hty /@
H X)) 25 (xN —H (™M)= 0
uesvotr H (x) % H, (X))
= U "y S Sn:—\\
17 is0 *‘lm/@ r\(X / " n+|
= (N H M) i qn e S0E & HEYK)
T k'\(\_/
i q" lew
exadness —— ) ® ha
LES n-| A
tem § = Keo qn_,ogn a
———
lacﬂw

v by () |He not afleded if atbach (k+2)-alls or Wohr

l°3® |V\J\AS;OV\ X“—3 X sndues (So H_,‘ (Xh)——) \-\,,_()() for x<n

Cor' X Y\-—d?m@v‘sior\c\k cell ex ) \'\_‘(X) =0 o ¥ >0



AXiorhS {o(' l'\omo|°ga9£ E:Qu\Lexa-S'l'eznroo( a.xioms
It vas no accidomt thab  HP, US" Hi ol apeeed.
Def A generalised homology Heeory (GHT)

Category of pairs
IS a ‘ch‘vf' F= TOFPGG(‘S:(OF sgzzé?”fA )ﬁ Graded A‘ochm\aps
Mops ot Palcs
wit. & natvod {omskrmakon § - R(XA)— R (X,8) Sa\']x‘.ﬁcyina :
~ ated: T,
|) homoloh inveriance, - -F zo-a =) F({‘) = F—(g,) ablreviated: *_1(X3
2) exadness: A LES [ EA) o B 0O RA S (A

L Flathoy)  Flinds (04) (X A))
3) a.‘dl“\Vl"‘I : (X)ﬁ) = (X":A‘) , iml; . (X-‘JA;) — (X/A)

Yem | S Fliad) © @ F(xP) 5 F(XGA)

4) €XeSion : [— o =
= | ESA°SX = F(X\E A\E) = F(X,A)
/ T FGad)

ot (1) o X= Ru By (5, ArD— (%R
Hen | Flind) : F(B,AND) =S F(XA)
PEB=XNE, E =X\B nokungHak (X\EY vA° = X X = A%y B°
E =A\B nokdng thak £ = A\R’ g&\B"EAj,-E/SO W A
Rmk. |n (3)} -H\e,“|~opolo% onﬂﬂ-d\'s‘jo\n'\' union || (X;',A;\ s defined
by : UE L__\(X\‘,A:\ open & Un X; € Xi openy, Ve
FACT Theorem

%) (7,84, (6.5¢) GHTs , A: F—= G & naturak Hramsformation commubng wil 3§
Such Hhak  Apoinr * Flpoiat)— G(poink) i§ an iso , Hhem < is amiso.

b) I (‘:,SF) GHT sahskies (5) dimensiow: | (Poiat)= i_oz J:Lio

Thenm 3 natval iso F = H&_ (such an F is ca%dae\omoeo” Haoy)

Rk |~ (b) i eequice B, (pat) =G an abelian geovp (instead of Z)
= F(X,A) 2 H (X A; G) =(homelogy with coefbients in G) ok in



9. COHoMoLo &Y G = @Z
Cx, 0 hain o sk, €, fee z—m{& )
:D_QQ n-ockaras C" = Howm (Cn, 2)
Coboundary may .t Cp e
(Ms\'swfiﬂﬁ@vjr'a) 'a“(¢) = }go'an“ ¢l P =0

Nokw O is Afcee ) mayp (ot —) 2

m m & cocycles F) e gered =0
2) =W 7 ?( P=fei
H (Cn-) *\ 4\’5'“—“_/&&%*"‘.{’

KV“_K I+ use 1\0_80\,'\\!'@. 0“0\3,/ (C—T 9—¥) IS a (,lf\a}v\ @mmdog\}

SO Mmany reswlfs from H, carcy over o H*. So abusively write
H*(Ck/g*) — H*( HOW\ CC;UZ)) ’9¥)

Mﬂ: A cochain Leécv' toakes valves (ffc\ €EZ on chains ce G-
However +he wkomﬂoﬂ(yg das; L= [¢Te ¥ does not have a well-defined

Valve on ¢ = Tel=Ly+ 3] and ((p + 24\ () = @(c) + $(2,0) - ¢ c is
o ey, so Fuc=0 +hen oL (€)= p(e) is well -defned,so I paicing H*%H -2

Remoarks abc_m.l' AU&“S&‘HOY\ Hiis is He &d"’ﬁ .
Moy (Z"‘/ 2) ~ 7" Slnem-k& [0\9. ije.c.-ko.r\ oS U’I'?:S;t\;r% lq,s-s-
T (X, X0) = " ew—o, kit
2" 2" S Hom@"2) 2L Vou(@Z®2) = don
X = /}‘\"* n X b
" wL
mxn matrix Z S Kawspose (A) Z
Def X space = singular CoL\omol% H*(X) = \—\*(C,“(X), Dx)
similacly define WYy dualise C,=C, (x)

2 3r cw 5 .
Exaryla la RP?. C (RP?) - 0 -2 25 25 2 25520
dindice - CX(RF): 02 & 22 2 <=2 —o
*/o0D) ~ 4% N — VZ X =0,3
H (R?)— ch("@ ) 2/, *x=12 < noh H|(|?~?3)EZ/2
o oboe has movtA 4o 5»1‘«:/1\‘:3 2.



Funclorinli

,F X =Y - L . CuX—C,Y /CaHeo( pull-back
. - £, G .
= C“><<F C*Y is dval = |[$*¢ =g oL,

Lemma. £ is a cochain oy (mean(rva- Dok = £25 %)

= |5 WY —H X
PR %)) = 2% (8- £,)
= (@ofy)e
= (¢o2)o{, as f, chain map
= £% (Fo2)
= % (2*¢)
= (£234(g)

Croparkes . K =id
. ({02))‘ = 8¥ o £ ¥ noRee ocda!

== H*" TOP — C\(‘MUALG;ﬂ ConNavarianr funclor

Exercise Ho()( _’[r_lx Z whee T.X = {fﬂﬂa—w"\?onen‘\j ﬂ—x}

HoMolvp\a- InVananc

Lo,mma 4 3 Cx clhain \'\pl‘c = —zea* L U C MG
K'-Fret’.
E {V._g’v__ © o ‘e\ + ‘E\o 0 some P Cy — é&[ﬂ]

AN

03 + Do $r dudl ¥ €T — c*[]

(no'\\'u. o\l&:ﬂ, —1/ ~o ¥ +\) G-

oo =

Def A* caled cochatn bomclopy
Cor

frg:X—Y — =g :HY— H*X a



A\V\-m I Y | oj, SES

Lomma O-— A 2 B Jyce >0 .e_xad'l A,B,C fee

- O«— A & B*Jc*e o exack € (CM;;::J Remark
- @ - r—] Zx-
PE C f{ee ERRY WK Y 5C jes=u nen
£ Clee o5 3 sy B : jos =14 neud ) aeN
Pk Prcir«ﬂf!f b for basig ec §C, Hhen sCey=L; (Baer 1937)
= $0 A* BYC"are not
= Rec = B free unless A,B,C
dNNQ L@S have &n]‘-&-r'o:mchs
= P\*@ Cv.é,:; B\g and S* o:)*_—_ \A Rk  invere is
(@5t o, x sve) N6 ¥ B = A\\ ®C
T IS O T LD bis (7' (b-s(b) @ jCb)
=

.k

where 0= (joi)¥= *oi* S0 Imj* € Kec ¥
Prove 27 (¥L =g 45 b - j¥s*b € ker O Al ¥ = {o}

= b _—_J*s"),e\w\")“' .Sg:\u. \s;;?‘?sé*@s*‘
= (o * :\w\")* 0 s¥j« =i
Lrecall Ca (X A)= Co(X)/Ca (A)

Relative dohowwlo
22 ond homs Cu(X)/C”A) — 2

Hx(x/P‘) = H" (HOM (Cit-(xl H)IZ)\) Correseono\ poer,{s:l\, to homs G (X)Z
. . . which vanish on Ce(A) .
Excision, LE S, Mayver-Vietoris So lahve cocydes art ooydes on X

which Vanish on chains in A.
33 Prtvions Lewmmon WO{U“-Q reslts: vonish hains i B
Excision B S ASX = HHX\E,A\EVG HY(X A)

éi 1%+ X . “
LES-(oF!(J r(X,P\) s H*H(X,A) &H (A)&H*(X\)';Hx(%ﬂ\t—m
MV X= ALR = e H (X )e—H (A 0B) e H MBH™(B) e — H¥(X) ..

¥ .
h @ -~ iy JA Q);

Where ‘P, B e are U obviows maps
And <) } X o
‘g B 7 ja
Axioms for Col\omo\og'}_ These are analojous fo +Hre axions for L\omJom

excopt We reverse all arus, and We change axiom (3): [Tinskadd @
additvity - (X, ) = LJ (X;,8.) , iadi = (X:,A) — 6GA)
Honm | [T F findi): [7F (K, P) SE-F (A




[0- CUP PRODUCT

N [‘SF&Q @
Theoem H'(X) &5 unided M—g\whkvc cing vio.

U HR(O x RI) — HR (X)) dedermined by
U CR(X) x ct(X)— CR+¢(X)
(¢ v LP) (6) = ¢ (o [eo,_-.,e_k]\ ] kl/{o‘~|[E__\SI...)elwﬂ\
® 1€ (X) wastant fondkon = | v ¢ = pvl=¢g
@ ¢u\[’ = (’|)M2¢Jgg_+ y/ufé
Weefol bick 1€ X i A-cx | C2 (X) 95 (X)) s0 Ca (X) EX c4x)

amd can defne cup prododk on CR (X) So Haak : Foind <«——| @
Ha () » HA(X) 25 HZ (KX)o at chain leve|

= T s 'rg (¢\J\}J) (fVo,-,V,\')): ?‘(L-\fo,--—,"' 7)- ¥ (CVy, - val)
He (%)« H* (X) 55 K7 (%) ok "

So You cam compule cup products on H'(X) by Picking simphicial coa,o@z epresentatives 2)
so debne vales on M S\'««f\fo\‘,aﬂ Jraing Ac.};m‘,\z Yo D-cx sdvickre , and use

?mo(" o'c ’ﬂ—\to em P\(Cam\o\' do Hais foc Ciw()() becaunse Hiere is >

& "'\E mea\n:r\af\‘m\ &nq\onve anE" Fo;\-‘wieé o]
9 (¢ d “lj)(o-) = (¢U ‘f)(ﬁd‘) _ Momn face™ [0, ] And Pdop o e,/ %n
= (Bot) LEN o*|re°/___}g_ el]/\hsk-kf

. v,ToNn
) :L—(kéf‘)\‘ ¢ (G— [e"/‘??‘:l") ehﬂ‘])' \P(0‘|[e\l+u'7e"‘q\
) . - - PR
! CDZh(_‘) % (O_|£e°’_7€k3\ Al (6_|Ee - € —')e“‘)> . (-‘) (——\)
= ((Fg)v ¥(o) + ()" gy ‘
Indwee s [¢]u [‘-I’]—"; f¢u+l: ,0 L0

Well- defned -C7oQaS-)c7¢,€e_ : 3(52“/"” = ?\3’3\)\,% + 750(3%) :o/
e [P)=[Ftax]) so need [px)u ¢ ] =0
(Pe)oy = («uy) V7 (using dy=0)
© Searly [(9) 0 (93] =0
bilinear, assouabive Asteibutive: e ab chain fvel



seibal s (04)(0) =1 (Ol ) - A(elgey) = 1-1 =
(Bvw)ar=1(6lge ) ¥lol Gty men)) ~ (@) (fo1= @ similar

ocadsd—wmm.  Sketel proof ¢ €—non-examinable n(nt)

let ¢ VG, rlo)=5,F whee: £,560) ~
= — ——vre ord o) verhieas:

and T |E\f‘o,/>\r{3_ o | [Vn,..., Vol s Pmdud-s‘,n+(v‘*‘)*‘"'+‘4m'\5(’°63""°‘“

\.’—v\——'—"

\ ‘ n(na) /o
(l& t ead '\W/\S(;osﬁx‘o‘n S a Hon t- "\‘7{0‘?{“7\4; So “QWSU)
oCientzion 0’1_ .s\‘ry—ebx/ So inSest £ 1o (.wv\aw\soj&

one CL\ecKs Poe r¥ clm;.,\*. tore
S SUREE A S A a
Zkie > et

s by (—’)kq
o~ id so can drop =id on w"‘”w\”lﬂb

(‘”-co\ = PY+3P with e >
: [ Pism opador
PO- = ZG—‘) gn"\: (0—/01_“_\| Cv’)"'l\{')wy\l"'l hr': j D

Nodvanlty ol cup groduct pojekic ez Dy =
LGV\—N ‘FXH\/ = .(:¥ :H*Y——a H-X ‘f\ow\od'qn\\.qﬂ Fin%
'F_'C' —C}“CL@ U\F)(G‘) = keu\_’,)(_c*o_)
— Le('hﬁ"lﬂeo,,,e\e]) - k/J (‘F#O'I[ek'_,_jgn-_\ \
= ((\UO'F*) v (\Pa"c‘\‘)) (0")
.(.'.

e "0 2 £4)()
(Aﬂl‘l"b\ﬁ.'-.ﬁ('l):io.ﬁ*:l D

UPSWoT H* Top Q{Gmﬂo\- commatnlive  unial r{nzfs\)
with a(bwlltl Y\.M Cingy oms
cendnvariomt {onctor . \ o o ™"
\/\W—'\if\‘} An (I'So)mor{fln{svv\ HVY)—\ H*(X) of qeovps will also preserve the
Cing stwihve if £4 s 1aducad bn o mop o] Spaces X —Y (L» above Lamma) .
= Cor The exesion Moy iso on homology 15 am iso of (4%

Howevt~ Hhe connethng dom in MV. or LES cannot foSSTHy- be. ariAa thom
siac i+ raises goadings by | (38(avb) amd §@) v §(b) have diflecent grading!)




Examyle H(TH) x FUTDSHTTY is bilinear foim Z2273 2 Wit makix
PE By ¥ Wseful TricK, i+ s enowgf?\ o work with HX inskad of K.

O +I

)

A 2 3 0
N-complex L] 7, Cas O;Lz, I EM,: — 20
shchre = D, D, (—II Jn) a,b,
for T2 D, o a dvalise : ’
a : C2§=o<—zl<—I = 2° 2z —o
& H:(Tz) HZ‘(T?—) / 1%“1;'; (I ! _l) “;é; S—dual basis
ol 2 |Zpt Z-\ N bor basis o,
| 27- 2&_@ Zb Z_(a‘_‘_ )+Z(b*+ ) -— Abbrev\'ak. { B= uw.+ C.’_ Q“(o'):i,
212 | 2>~ z- B 4—(Renwk [D*]= = [0 in HE(T) ( 2:25));3)
claim [A v B =DF - Al
By (BoB)D)=A By o) Blce o) b
AL GUBID)=AB ) B0l e) = AIBL=11 =

(my\ also check
P

AZU\_ &\U B)(Dz> — A(,O)B(a): 0. O Hese by hand

* 1

Graded-tomm .= BuA==-D,  AvA =) AGA So=0 ssmly BuB=0.0
Rk Recall ok 1o speufy oo cochaia in C%(X) ont netds 4o spe i vabies on o2l

%Uv\u-a\crs of AC.,fz(X) so not jusk on 3Q.r\{r¢.-]~o('.r ‘4_Hﬁ (X) (e.g,u\oove_ A and o ageee on
Yms o b of HT(T?) but disageee on eCI"(-r’-)/ note a* is |-cochain & Cp (T2 but is ot & \-Cocyde)
Some (but not all) k-cochains Y can be speufied by drawing a "nice’ (n-k)-dimensional

Su\.\:spac,l 2<X amak o\(’}\'r\iv\g ('P(C) = #('\\MCS D inkrsects C) for all ce C: (X}

where one must prlo\oir\ With What st + o nHrseckon po(rﬁ' is coun¥d

omd  one has ensuced Yok 3 inkrsects M s of Ch% (X) in a Knike £ potnty;

« We obizined the omeves [} b\j "(M.;\nh\a ot e anrves a,b
: W (7
@, ]

N.Spu,kvcla. away bon Hemselves . Node Hhe andpointt of £ (andf)
ot Ho Same So it s o Loop (hemw a 1-cycle in T?) .
7 53\ ;
a
X
(ed (C&‘gA

. \ 2\ .

= gk eodhios ¢ SCUTY: L

= # o inWseds C wunled wit. orientakion Sigms: fF — J

' RWeitlen & -, called inlersecion paicing ¢’ = -1

Nohae ¢ (a)=0,®y (b)=1, @ (V=1 so @ =B . Similacly Yp=-A .

¢ Non-examinable ommembs abont ;nerseckon numbecs

Fact Sinw T2 is aw orientable momifo\Js, R f (-0) vl where vef is o %.enem-)or

O‘S. H*(T?). Lateria e wurse: vd is Ha “Poincal Jud.“dj. Ha point class, amA coresponds 4o +a

daral. 01— e orienkd sum '4 He top s;‘mp\:us. Above: vel = 'DT omd e
(‘edUkep.:BU("A)=AuB = (ok-p\va{zv& =‘Dr, (q'm"a‘:;?‘sz,_

DeRning jakersechon nuwbtrs rigorously is Hricky, even when using smootly chains .

one can cololale L(?z(c) on o ¢y do ¢ deform.  \_AT a in loo\'k_ciuesd
% N QA.CC)_._:_OLQ-(C)

“’:9 Gesy dt‘orw\il\} chroan smooth ‘Ao\v\o\oaoms c
N[
The fack Yaod we onsider Ha inlseckon nvmbes oo *a.=0 is becavse we om cusha o off itsedf: Q

\\

\ a
cyde € Which is “Jeansverse o Z, omd . K/
(4
Hiem we count interseckon poinds T AT (With orieatabion sigms"). —INn I+




Exercse 2, remove balls & gloe Ldries

(8mus 2 surface) m ﬁ
# )7, ,, = = = 52
SO NEM ) (=)

cw z
H’K(Zz,) H::(f
o|Z | 2k z- L\
| |1Z2Y 2a+2b+28,12b, | Z<aT, 6" 8, by > « duol basis in Chu
212 | 29 2 easy e define

on ), (%3) but
no¥ g0 obvious
on C‘bctq_\

dorm cmrves o\,,'k'ftzl fo gk oL (5 oy

@ -

\
Pen noker for c€ C,CW(Z,) /5-\3/“60‘ count

b, €= O-cx Slvehire
onT?*

&« ¢
a; (c) = — & (P indeneds ¢) A\ € Ch(T,) by allowing ceCBLT).

Lf‘ () = ;45(0(c / / ) Check Hat ai,b; are |-cocyceles in C‘L(Iz)-
key idea: a loop has Jotal

& & o« LS o
/EXQ/'CiSQZ a; v ‘oJ. =§. D == L)- U A: [ Sgmed inkrsedion # =0

b,
}Sa Com eximd this o o definkon «1_

W w N, et boundary o). o Wriangle

Hink - rbffCSCn‘\.' D /\ o |,°e o’). a
&S A& Sum {‘ =J =1 Je\ )

+ L, . o :F)'

+ ‘cnqma&: in . « So Same. as g-e.ome-l('.‘c_ inYse hon

Qast picivee . o Lo L . % .
o rientabon Signs:: WA = b ub: =0 Nums¥yy ad. correspav\ahy Curves.

( D=-D,-D, +0¢ Dy~ D¢+ D‘+b?- D8 wsing + if ouker edyt is ocitatled ankclockwise)

Cuﬂvraﬂ Rmk on W —|4~n.o(‘-7 (lY\WSQC’I"O“T\"Q-Or‘a'/Df'FFW‘)\'QQ Topo(om

m n
M oriemled m-manifold - Hh(\d) &; Hv\(M) «— See loter

n m . in course
cM™ orvemied >
NTCM CQM(AC{" h-d :; SU:T‘(-A = genecator [NJm—‘n—' EN] me\ Sigms
N,M qlSa s‘moo‘H\ (saeg‘akew‘g““%,n\ => (’ON & H (M} couq\-s & ;‘n\crseckons NW’\ N

Can a\wms"komobpt“ N, (e N)) fo achieve fransversalite and class 3w, does no¥ change if homd\'ofe)

n " - m ' homd'm\-ke_ indasionmap) 3 ble mtd o 4
< Co rie NiON, | ! em NENEN™M
N l/ N'Z_ Smng‘;?t\ g‘ub Yc\FdS _ﬁ (/\l) i wow?“f o 4 7.m—m—|n,_ -
and dransverse (= at every peNaN, N, Y Ny ™ wNm N, €W (r)

the —\'WS 4o N, Ny ak ¢ span In parhicular if a+n,=m and M conneded, them

e toangmt space do M atp)
A I W . . HM(M)'_;:Z S.t- U"J‘ J W, # (N n” € 2.
tand.space means Hhe best vedlor staw afpoxmationat ff | non—-orientable case, -\—hn‘sza.\\ holds i€ mrl\z ovec Z/2,

dojermined by the local sonooil, Cooro\:M-\u.) (N\nN-,_ haS & 0T EATaRoR TnAuGd by PN ez 32E Minal; 15 Swm
FQC{',' (T‘WM \354) = T PointS-_Sign compares orienttd bases ok tang. Spaces : TM=TN@TpNa.

Notall ae HI(M) arise as Wo for connecled. Compact orienied codim=)) smooth subméd N
But 3 NeN s.4. Na does acise. They do arise FH‘H*(\“’I;@)JI—\*(M,\R),H*(H;Z/Z)




ll- KINNETH FoRMULA AND PRODUCT SPACES
AL ‘oﬂ\- -\'CnSo(‘ pnoolMU\'S €.3. 0\’°W0\M Foves = Z -mods

R jfnsv ( comm. with 1) /'—/ VeGer spacts /ip = T —mods

Def AR R-modvlee = Temsor prodwd is R-modle
A®B <(q \o} aeh, be B>/r€_,\ockons n1 L{)\'neo\r\*‘]&rﬁsmﬂx‘ng

(or A®B> %;/:;?:M INH-\'C a,@L for ik OQQSS

"can moVve
L\u\gwn"‘)- CQ\‘f' q)_) ® L = q|®\° + a.® L’ (;ﬁ-%s; the
a@(lo+\a)= AQlL, + a®lb,

® Symbo| "
"L‘C‘*'Q:’\a : . (a® L:\ (raYy® \o = a® (r Q Yrer

S gl mmer Loks Lke S a, @b, (Radesum) ot

*Don't wnfuse Wik AxB: eg3. 0®b =0 VYL

RmK Can defsne A@B also 197 a univesad property : far ald R-mods C,

Howm (A@B c)

{ R- biliatar mopys AxB—> Q)

na-l'v\rae

Msma above descNpron of AQR: @ — (A xB—C, (n,b)— (2@ b))

Exawple (R= F) VW vs./F = VoW vs./p bass v @W;
Ioassv F\Bo\ssu‘ d\M\/@W dimV - Anm\/\/

Exerwise V\/J Hnite &\M/ﬂ:% \/*®\N = Ho"'\ (\/W)

—

H\(\'\"F \[——)|\: bfé—\l\f ’F@WH (V%W v £(¥): W)

E)(avq'ok..f N i
(R=2) 2" ® 2" = 2" |'teq or S A Ty
2/ ® 27 = Zim —22umeb=(lak)ol

25 @ D/3 = O <+— 1®x = 3% =1Q3x=p
24 @ 2, = B, (ol =31 =183
EXaW\fles A@B B@A |12 = 2®1 =0

(®A )®(@B > @@ (A ®B\ hence now know

A@B -Cor' an A+
. A@R"‘A (so “. ®Ro\oesvxo\4nwa—) R —mods AB} v

- A® R = Afa RmK (Z/n) fm 24
for example Z/2® Zyy = (@10 /22 = 22 (_Zﬁgcolc/rv:ny n)
Moce gnemlly : iR/I ® Py = Rjpayy forideds LTS R

Ag® R/r = A/gA



\/Jarni/\& ‘®A oH-Qr\ﬂ_of an exact ﬁmdvrl v-¢. does not Presene ex“‘kﬂ"imm

indeed it con tuin injectiviby: 02 2232 now YaKe -®Z, g2k 022,24, .

Fack [ ©OR amd @R are exad fundors on 2 -mods  |f—Hort nenlly
Z 2
Q@ Frac (R)

QX_M‘L]L A £.9. 2-mod DA=7"® Zé@ @ -Z/dh Some d;#0 i.s:exao{; on
1 - MPoas
= A®@ @Y‘ F=romkK A = Ol.LVV\@\(A®®:) whexre FacR is
Com“ar:a Rank__ nu”r\—a' ,H/\m &\Oéb ‘&FZ MOdMleJ |f— wnse. r-a(\K II\SMAOid\M i’r-\(i\ovR\‘R‘qsid

PE 0 A B—9C—> o exad =5 - ARB— BRO.—C®B -0 exac+ am integral domain

KC:"Q imy = Ain(CRR) +4dim CA®G) \d\m B@A). b ’CZOCaJITﬁT’f‘\W\ i an
rank-nhullihy o [exact functo M

Temsor PW 4 Uhin Cxes Q-~vedor spaces.
C_\f_/ CI_, choun C-><QS:; (Ca@g)n p— @ C X CL)

®

of R - meds Ll =0
bat
Y (x® D 5 () ® 4 + (-9 x @Dy ”L:.u‘,_\?
'ﬂ'\\n\ﬂ o QS an Operator deg = ~| SN 2 Jw\ar oM‘JC
admj &:5— o€t P 4 0 oM (_\)Agg'a deg X
reall 2,=K 9

=Gycles

Evorse Do =O < would il wihouk s%M '-VB NS I
Z:
® Bf} c By (G8®3)

Z2.0%< Z2,,,(Col,) and P @
Cor 3 nabad Maps H.(Cx)® H; ng) — Hl+3CC"®E')
—— 2 [ck]®('€] \ > D @]

A_Lkunm-\kﬂm /-?s\) (ecincipa 1dead domain)
C*_)H (C) £. 9. fee R mods (no assumphion on C._‘L)

=@ H(G) @ H; (Ce) W, (C.®C,) | vim

I.+) '8}

A_\?(LY.R,: Eu.f.ozr ('J\&fﬁ-&kl‘uS‘l'\C more yemernlly © R-mod
C ‘Rm\-d,\g gememM g-(‘aoUA O«Ldn'a-r\ ?{2 (So Z-—MOOD for PID R

Def Evler chamclrishc  X(C) = Y (-1F ramk C,
EXGLM{’|L/N0%'\/Q'HOA X fnite CW-ex then take C—— XY o gek

Y(XX— #(O-ce“s)— ((-all; +#(2—cglls)_ .
Lemma. 1f Cu£g.dwin ex = | K(C) = K (Ha(C) | (=3 () ank )

¢




fo~ R- mods,
PE Albrviate 1Gil= rank ¢ (Edimg (C: @ ) o 4 (& @F)

B‘ﬂ Pevious Com\W‘J about rﬂw\kfnvnﬂ"a d (R mka-(ﬁ-a;w.,}\
[Gorollacy shIl holds same proof )

0= 2:— C: 25 By 0 = |G \=12]+18ia] 1 =B
: : l . = |C\=H:| =18 +18;
O— B, — 2:> H¢ 20 = |HJ|=[|Z]|-1IB;| - \ \

= A= X(He) = T (Bl +T (-0 1Bl = T ()(-1B: |+ l8:l)=0. O
ﬁ X Spae = X(X): Z—(—-\)f (o H\(X) — fF fBnte ramk H..(X)
= 2 ok Cof X) —ifF finde ramk C (X)

So X(X) 15 invaciant vp Jo ‘\1’\9 2qv Jqlgncg_l. Exam E(QX(P\q%r“c) -X(Sv_) 2
Product spaces

YYC\/\/ cxes = Kxy CW-u wikk olls e xe O«.Hﬂ.(,l/\\ma,w\a.{as
AN

eu e ‘o @D X D(s\ ‘\Sgbj)XD(% v ﬁ)*:\iaf/s)

Lor | X (X ><>/) ="X(X) - X(Y) O(Xo ul 7"’ L 76(3‘
f Fnite CW-cxes XY * w X

PE 3 A"k HEV(XAY) W \/) )

= T() ik cif(xﬂ) =T 2 () Pk CEX). e GV (Y)

Lemmo d(Cix%ﬁ) = (J&eo()*e(g + ()" el x(o\e(,>>
7

(i) hence [ (xxY) = CSY0x) ® CSW(Y)
Hena if H,(Y) feee e by Kinneth H,(Xx7) = H(X) © He(Y),

E xa.mple &H*(S‘I) % | Hal8"®Huls') = Hy (' x S') & orus
| o A=z o Ao M = 2
| B =2Z (| (A®B) @ (ReA) = Z°
7~ 2| o 2 R B _
= Z
B onemled by

‘A,_.,—B o Hoahvxlnd-or\‘s . WrrFHz (o")e Z("\'O)



P—-€ (DD;‘))(DJ XH 7‘) _)xﬂ \/J i+ -2 (-
A ¥ xo\ /}’) j- (X \ 7)

Ths perook is
Non-2xaminable @

X=X (e v ) /o
Y = YT () v )/ ~
X7y = K XY (D', /)
= @& = O xh o) / boundaries ~

— [Dl“ ‘D/ . \Y
\DL -

Ileeasy-cl\uk
><\"7- y\) U XL l YJI

PDxDI —— D'« lh" v
© x:d ( ¥ ‘
. — ) /Hra ami{.;f‘}e -
y ‘ : N
[Db’ ’, j I.DK ° ;'% °
. &'Bl'D;- -l AN\Q 2’
D [D(5 Pes.

(’b)D,,Z)x \b;, ?dXiL/ ED const o\ﬂ/u\a. ca,Q JIOQFCQJ‘ Now W&
See We gef - degree = =d , for s .

simlarly = 3&!- condibution (Aed)xep V4

. \ ¢ J-1
' x 3D —— Dyx D
\D‘x g (A x (e\‘ x %‘3 > AQTQQ ( |) AUS .
‘ f\/.fo 8¢QA~ ("l) Q,g X 0‘6(,
(——))t caused b oriemtatons - _ : \
ould  reordar faclors : DY xDy T Dy <Dy by (§TY)
whose det = (1) . Them DDy XD — DS X DL /e gives dageen dyy

Swap fikecs D'k b (5,59, det= ) Tohl sipep)!



EXa\wY)\c_ EQ_@\M afker Athinbon 01 HCM we L\KOl meﬂe, IxTL !

e x| arows here R\ us \,\pw we tma [—l N e
\' h/ (s‘o Ort&«'l'h‘ﬂf)v\\ Jﬁ’t

e.

// %elz +€xo + — elx\ — oxe'

0 Ql é~ xg

X /"’*//// | = eV x e' — elx(3€'> \/
/

e‘ <o . C_\)A\N\ e
A drkher comment on orewtalon sgm (- 1)

(oMY = AS > oo
Dix B = A * A\\ — viewed in R' R’

D’Jo _ (,J.—\ Prv_‘)cd' Rt — IR‘:
Vo, V) S (to, 5t) H['l: t.)

'&(IJ)(HDS) = 90 A U A“x%{}i

I
_ K N _ k N
2 (D L Vi, oy ] NN KRR )
Wokd be wmect oriendadion sign for basis wi-u, ,4\ LW~ bt

achvally. we have (vo,-,v7 ) x [u5o,-, W ,.- ) € RUXIR
omd (1) tR is the  orgntabon sign for the besis
\5—| \YO/ = \rx. -—-\Fo, ("rl"’J-o /——,m/ﬂ ).’Jo
'(’\or Mo \N){JQ/TJ‘AV\Q in RETOH! c.ov\}-wi\m'(\a
= need (-1 4o Gx ontmtaton SI'T«‘

7_
EXO\WYJ\e
|
DR AxN =
D“r "\rl,"‘r'):_‘
= %L < IR*
- “ out
N ou\i—wm}\
: o t, U=V I, W,
\ O, < Oul, U=Vo, uJy
E\fo‘\r\]x [Uo’wll‘nrz'] -;. l is “EE !.\,Ql \R,B -—);as\'s

\/\/\_/

)OK{' O\A-'\' uJ‘ Uf C ‘
W-w g qu-hue, IR Lasis 4’4 Aite~ dut o ("),u=\.



Projetkons Xy Y fx 2 X

A CcW cx
FACT Py ho conditons on X avtomahc if use
t (o) .
& Y Field coefhuents

Kinneth Thaorem  1£ R (V) finilely gomenked  free  ¥n
Ha (X x7)= @ HOO@H(Y) | Hi(x«Y) = @ H (NS H(Y)

(+j:n (,.(..‘j:n

AP L ¢« a®b

] L J extend. l
4 omd &Xt€nd Lnearly

Readl 6 colfular homolo 15 o —\ ‘
Huis on 3e_fneeggf+ors ist“(?haiz?cvel) h 11" ~ o r'“ﬁ\i\ I.F[a.lj\m 14'”2'»""\3 ,omcb,;:%
e;}xe;bei es ®ej, (a8¥) (2 0b)=()"%, f.“”“)@(b“ ;)

M ik oI'IJ' as ”{X&O\V\g;%_ ‘:‘3_‘-{1[__4 \o}'a‘,"

An indiceck ’Pf‘oof‘ W Tho is 4o wrile down o %neﬁd(fe& Co\'\.OMoch -H&o{‘CCj
FOGRY= HY (X M@ H¥(Y) and G(X,A)= H*(X«Y AxY) , and Considar Hue
nalval Mansformakon oL F =G Givem bg @ , noke for KZ{;{S— bot F.6 Frve HY‘Q

Example X=5",Y=5"  n+m
H, (s"xs") = {7-7 % =0, m e~ (N M) e

O dse ah Lo = Qn+m \':‘Olﬂaﬂte)
H n, M) A~ Z x=0,2n = P*(S"x " 2
N Kg X S ) Zz X = n <« gens: o.g\‘j qg‘g) ) a{rl\\U a‘n)": azn
O else 0@  18an (buk al9y 0l o)
~ n-toras S'x...xS' exieror AQ}:.UD-
Cor pHTn) = Ak z -
-0 T = N[ x4 'xv\l = {cee abeliam JP- O G,
e niglge W) Smen | Pannt s ne e
P.: ™S Prq)ldﬂ'ons {o factors . Q So vomk = (r\;)

produck is N\ using He rule
AN XKy = —-X;, AX;

E I(l-/‘mf\el't X on(N(;\\'on (T“zTh—‘xsl) n
compo. ade —Comma ahvi
FACT O8] fNokU(A’ e‘fuq.Q/; COvv\oo.S‘\")\'OY\ ( *" ¢ ?(A:}' cup Ftvzuff?)
L) ® W) — HW0) £ W
@y?‘ X) ® (AJ?1 x)/._> (D x5 XX) A disgoral map

‘ .-f/ 0,X03 X x
xKnor product Al / -:cy_—)) (-;jzg




12. ANIVERSAL  COEFFICIENTS THEOREM 4o toitmome co oy

R - and Hom (H, 2
Proof is Non -examinable. For (C.g ’94,) Chain Gt = | Simiarky: H;(C,é&)%;) H,za)@&.

= 00— ;_7-*:\&;‘93' ‘iQ) C. L B, = \mO_,—> O s SES

@9 =o 2 =T

Z-—Modu\e = O\.Lel\o\n 8,P

_FM'T * Submodulas "4— a free 7-module ol {ree & free means: &) 7
\ndexin
Rk The same holds for R-mods if R is PID sek ¢
LN (P|D— ?rul\o\ :lﬂtd.e.a\ doman y

= nfe domain R s-

Fi\ffume C.y free Z-moal everv,%\r main R S5

= 2, B, free (as Iccra Im?d are .ru,Lmao(J 4 C¥) recall just
== SES S?‘ l-s ckOOSQ_ SE““"‘Z: CN-&S" By, S 208 = MTIPICK[»rte_m\ages

vnder Jx of a

basis Lo Ba
\E r\cﬂ, o * —1 _
Awal « 2 LS 0 nole + jad" = res{—rcl:%vz‘,,L
SES O % C s S O Sin ‘Ad ¢ 2 In(ﬂ B¥—!’Z
0 2" — " & R e 0 [Rmk Although 3*=0:8">&"
T§=o T'b‘ T 3=0 He MZ 2% "L, Y rerd not =0:
Nl g ~n= > n-2 Wy n—t —)2
Co etknaowé— © - P ooy =yeriade, %2
nn % N
- O VY Sy =
ST ] Ll = S99
LES - | \ B,
' B.S2
LE-S k€|2¥ x n-
8“ 2 LA | 8 Z“_‘
? 2" — Hc — R
(H"B B H"Z Z"smcﬂ- = O) P < I [&p] ¢‘Bn_‘H ¢

= Oe— Ker §" «— H'C <« %“"/\Mg"" &— O

kee 8" =1 $€ 2" $(8)=0) = so: §:2,—2
= Hom (Ha(C),2) \afl/thH,\(c,‘)
@ (Anwersvo:{ll Coefficients Thm: evalvakon oF & CGohomoloyy class om Cycles)
O—?B /Imgvx—iH Hn(C) — Hom (Hh(C,),z)Ho 1S SES
i%?’f\é;\:\’Ex-lz‘(H:ﬂ(C).;Z) [(P ] — ((€ H (Cv)——-) Z) and natural

n—l a“

and. SES splits (but not natuanlly) Bl cn- &_ H () 5% =id

=2 H" (€)= Hom(Ha(C), Z)@Ex{:'( (O Z) _;ir_(’g:s;‘tz& 9)




Lemma  Exk'(H

i(C); Z) = B /T

canoncall yE

,ﬂzdom backgound oa Extension groups Ex{-c(MiR) S ExE;(I“l,R))

W Case
M R-module , R ring (Comm.wil—t-.i)
— 3 feee resoluion :

(’-——1?7’%—") \3\&79 =3M— O ;xzj—ﬂ N
e K"mMo

(P‘\Ck ngS X for ™M = Po: @R—}I"\ €+
b I ‘jﬂ for k—QJ"-€°=)P ®K—>w‘€a,e— ijﬁ

oUW (Ca~rl

|—‘v\—-\ (C*) 2 -mod (R'—'Z)

O ED,\_‘L_-’ 2/\ -7 Hn-|(c) =0
0\ [ |
Pl Po ™M

V\*\!\\Ie_ IAoL\lo"\\l*e(/J) (!’ ?
Take Hom (. ; R) and dop Hom(N;R)
x

0 — Hom(Po; R) T5 Hom(f. R)
IS codhain Covnylex bub not exact
= tnke co)r\omof..oanj Froves

beb Eyk?(M.R) = ker g

EKaMp&1 Ex-l—o(l'\;R)g Hom (M, R)
P =L B oy
\ J,?‘ “hesamds © tr— B (g7 m)

N{“o\ljc\ul st ¢(\<er\€ y=0
Example 2 Ext'(M:R) = =4

{ P D0 —vP}/¢ SR P\,H}

o L

052 ' —-B"'—o

Proof of Lemma

By Ex«.mpez 2,
Gxt' (Hoa(CL),Z) =

o— B, _ -2
{ ¢\L EW\OAVLQO

H.ose &r\Slna from resicichon

{ 0— Bpo — Zn- |\J

|B \#
Thwos B /Im

8“". 0

RmR (£ R PID, them Ker (P, M) is fee (since Submod of kee mod Po)

=> con P\CK P\ =

KerGamtt) | Pum0 for k72 > EXE(MiR)O k72



(Co) homologs wida coeffictents in a ring /field/module.

Mohvalion I
VP hom .
So fuc we had (Ca- 2.) chain ¢x of abelian groups }”\ geadad sense

= H-\C (C‘,) = K‘U‘a/\w\g* a_lgz,/lau'\ ?mup (S;‘n(,(\(-v— 9, )W\ 0 0\({—)
We cannot use a chain Cx of (non-akelian) groups, becanse
| 9¥ need not be a normad .Su\aamd‘o oJ_ Ker 9, .

HOWCVU qLd(an ?{‘oups can be -quu_?/e\/r o(— as 'Z—-mOo(Aler

Hen given amy  abeliam grovp G, oko-(f}r\e fwrno&m with coeffs in Q
/—W\\’L\ohf-krt\'\w
Hi(Ce;Q) = H. (C*@@ d, ® Ad

Deb Xspawe = [H,(6) =Ha (GKRE)

Exelanation:

Cr(X) fee Z-mod = @Z = Ck(X\@)G GDG just replace Z by G (2@ = )

Wh\,’L Core ¢ \We \NOPC to gﬂ: Mo&/r\eu wwWarionts of S‘mc,c_s
W, & s

> ' Re*; G )
Example X =RP* : « |Ce(
& ' Ga@®Gb®Ge
v 2 I Y 9G6Y,

brG=24: 052,032, 22,02, z, 25z 07,

.

= H,(RP%Z 72 iz/z *=0 Compare : HJRP’-};{Z * =0

Z/f =) 2y, »=|
Z/?i =2 (G=Z case) ol else
‘ o else
Focm co dronn Covv\o\ey U\_S\'r\% HOW\Z(,G) (: }f"gré"’“"-") In péw,,j,Hom(,Z)

Wi n ’a
H¥(Ce;G) = Fy (omy(Co, GV 552 g,

X space _ LH¥ (X, Q) = Hy( Homz(c (X); Q) o H (Ca(X); G)
Umversal coefbuents Ham (va\e ?mo{: vsing Homz( 6\)

O — Extl,(H (G, &) = H(C,,6) — Homp(H, (G, 6 ) — 0
[LPJ — ((F Hh(C,‘)ﬁG)




Example X=RP* , Q=24  apply Hom, (-, G) to the complox in
previous ex le /al 3°
awp O(_Z/z@z/z<—Z/Z®Z/L@Z/Z‘<— Zz_@@zf_o

(1) (1)

— TV Z * =0

= H*(‘R‘PZJ—Z/Z) = %/?_ =0 Compare: H (IRP">’=”i O =]

= k=2

2;7?: i-'f'Z (G=2Z case) g/z- else

o else Compare Hom(Ha.(lR"l),Z/z)"——'i% e

@M 9&'\6{3\1‘-56 ‘ﬁer\&(‘ . Caused ba Ex{’é(ﬂ/z; ZZ)EZ/Z. o *22

Cae=chain Cx of ... oekficents in: Lﬁ{v\‘uz;ﬁ\emz,,_
abelian %05 (Z— MOAS) a.Le,\\'avvx %P G (Z—mod\ H& (C'hé) =H *<C*@G>
R - modues R-module M Hy (Ca;M)= H o (C+@M)
Roring (comm. with 1) R

‘ ‘ _ _ . 2 (’a is R-Ii
Rwml R, (M) will b2 am R—module since kerd, |m?d a nom &/“S(;ﬁ:rl;“w\)

X spaw = Cp(%R)= CR(X)%R ~ %R jusk replace Z by R(4s2@- = )

So ‘jus+ r€(|a(0_

= HCGM) = Hy (G (XGR), M) = Ha(GOGRI®M) | (207 by M
in C (X)
Focr codnoin complex: using Homp (-, M)(% £Z.095) in place o om(,2)

dl/_»\/i'}'f\ A fectnhad ’a*=
H*(C«;M) = H, (Hom,(Cx,M)) P =pe0,

SO:
X space _LH (X, M)=H (Homg (C.04R), M) <1 H¥(C4(X,R); M)
RmK These are R—mods. I we use M=R, then they are also rings vin Cup product

Univesel Coeflctents Thwm G- R any PID , Ci chain ex of R-mods,

O ’gxﬁ;z( H(G) s M= H(C M Homg(H (), M) = 0 s ses.
B"Y/in §" Working over R [@] —(¢: H(G)— M)

USing. Homs +o M Same proot
and the SES splits but the splithny is net natuml.  using Hom(,))
EXaw\/ple R=F -F.Q,Ql =2 CA&,H*,H* are vechrspaces /.

Rmk ol P=mods (i.e. Ved-orquu_s/m) ace free F-mods >~ @ Fb.
up Yo iso they are delesmined by o{\‘mF = cardinality of basis. basis b:




ol v.
Co_r CX-:C\I\OGI\ X 0{' IF—\/eclOr spaes = H“(Cﬂ = (H C*)) ?o‘u S-.

Hom (H n(cs) IF)

PL Pler any) basis Vi foc F-v.s. Bn- o1, exdend it e abasis v (,J‘ oj, 2
(abo works }a oo din case).

= con exkmh 0"\‘3 F-linesmoye LB, —F Jo @g:2.,—F
just piek any valves ¢(¢J‘)cF ¢-9. B(;)=0

= B Vms"'=0 so H'(GuF)— Hom(m(c.v; F) s

_—~duod v.s.
Cor | HY(X.F) = H, (6 F)*T for any Feld F .
Cor

H™ (M) 2 HE, (X-M)'f MR (% M)
FY is C\W=-¢x € Xis D-cx ‘/i-c.'FJr\C'Iﬂﬁ‘“l
E‘ Cor Volds for hpwko;g_ oA the iSos are nalal

W k- mMops

The  vaversal cotff. Ham SES is natval . So  reswlt holds b7 5-lemma. . O

Algtber :_sthve tom fr £g. abehion goops and R-mods
FacH_A-FOé aLeﬂw«ﬂ = A~ 'Z @l./“@ @2

= .
r
whaee Py € Z prme (Y\QZA not e AsKack) -ch +F ~
Also r,o P, n\‘) are vnique (up te reoa,lnn:\b = Yorsion gy T
Examgle Z/4 = 2/ ¥ 2/, 92/,
24 =

2/, ® 2y (Chinese Romainder Thm)
0

Fak2 —l_ =z ’Z/Al@@ Z/dk J\\AL‘Hh (dC&éN um‘ﬁvﬁ)

Exape  Z 02z, @7 = 250 2., 2

dy =12
Fack3 M 'p@. R—MO({/ R Pid

di cald  invariamt fackers

’ then -
M FOT é/fré N unique, wlod cank of T
F o~ R </——1’;612 primes, PN unigue up to ocdering A mot by
T = 2/P'\u@ - @ IZ/"“- 4 0{1 | - |°\k non-2eo, nof ;’\Wkwl- /
= R/A,@ R/d @3 @ R/A

Umﬂlue up to mufeh La mv@:“see, elewants
K—Eg +1
KW\K T= {men ¥Mm=0 Some v Fo eR}J +oction elements if R=Z
FzM/T




Torsion shift
E =
E;:;’T/:SQ. EX&R(@M‘JUNJ)ED[:IEKJCZ(M»/NJ) 4

L - |
Upshot To compuke Exby(MR) for =R @ R/d‘@ '"J\ff;r need :

L—ANY R-mods Mc,NJ'

—— sine ‘0‘-)R‘-'-‘> R=o0
Exte( R ; R) =0 AR/

EYJG:(( R ; R) = R/d f'\s::\cao—)i-) R R0
1 /d Rm\fo thor "J— B )eR

= EX*K(M ,R) = Torsion(“’\) M"ab;(a [ (onming feorn
18 5o gm=d )

Exercises 112,/%, caB

’ Exk(p_ (Z/n ;Z/m) = Z/?Cd(""ﬂ‘) ,/dqbo

. quelfangfﬁExk‘z(Z;é)ZO ool EX@%(Z/MG)’E G/o\-G
¢ R anv ring (Comm.with 1) f_nel\l:i-hro\! *=0
x &R not 2o divisom =) EXP,;( R/m i N,Qg_mf {N/vc-l\l %=

o o else

Coc £ Hn(x,' R) ‘ﬁ-g‘ R-mod Vn} R Pid,

= Hn (X,RB = Rr“ ®© T, (fee & torsion far-l—s\)
= Hn (XIR) = Rrﬂ S Tn—\
4“ S— Hdorsion moves u‘o‘.
hot ho\'\'\)m.Q

P_'(l 0— T, — Hn(XJ-KE — Hom(ﬁr"@TMU. R) =0
HON\ ( er\®—r -1 j R) f_—\' (HOM(R‘)R))rne HO’V\('T‘\“}-K>
2 NN——

| > X . iR (R S {r\'\tgf‘o\\ domain,, J\
X delsmines Yo hom S© No torsion elts :‘:O\

. "yv.0\ . ph
—) O - Tv\—lﬁ H (X, R) )B\:-’)O 50 not Canomaal
feee, so can splik the SES (pcK LiFts of basis). O

Exarple o 4, (Re?) H* (9>
o % Z
| /2 e O
VA @) \ZZ/Z Yorsion moves up
3 Z Z




Universal coetfvcients Theorem inhomdogy (sl 6@ M)=H. (M)
FACT  Theotm Cx dhain cx of fee R{;:L,Do{s , M R-modwle
= "M o— HJCQ@ M—-oH, (C¢®RM) — TorF(H*_,(C,.),-M)—)O

[I@m s Ccom] - defired blow.
The SES splits, but the splithag s net natval.

- i _ A . € xXouth S'Qﬂuenﬁe)
Torsion groups = A, B R-mods (R comm. cing with1) ok s

pick -- — ?LQ"> P, i‘)ﬂ, doA 50 feee resolubon

= P ®B P ®B — P OB —0 notexad
h\e.i'@B ©8 %@:JP! ®,@id ° buk is chain ¢x
PSS Tack (A,8) = Hy, (ki arfe) < e o

R—Mk R P1d = k‘U-L?o fee = P‘IC\Q ig\z\g{;pok = On\‘g ToFOR /Torila
= cRY2 -
Exouv_\'fle_ TOGZ,_( Z/q , Z/L) ) :? R Can be fon-&ro

& (po Z — O(.\I'ko
J\mpz/®2/ % O HZBH Zbﬁ O (S«‘nu; Z.(géx =G any G)
o b —~ 2 ~ ~
020, 20)=(%0),/0-2, = Ye 2 Uged (0)0) 2 2,07,

'TB,-‘z(Z/MZ/bF {xe R :o} ™ Z/%w((a"o)
Focts Tor& (A B) = o@BAm(LQl@io\\) gA@B\vm: b oy
Tbrf(A,B) = Tor‘i(_B/Pr) pedca)
Breccise. Torf (@A, @8) = O® Torl(A,B)
\Z To(‘%R(A,%):O for x5 Lu‘GJ A or B is fee (wse Mg@gm)

dedwa TocR(A M Tory (R M) = M/um *70
firﬁ- ;\r,'mgi_;)ﬁ wéR nob 2ec0 divisor \Af-hrs;on(rd\\—_—{xet’\:wxm} ¥=|
0 = P1D R any ”'\Q—(‘O“\m,w\"ﬂ\i) o else

2 QZ 2/
E)(QMP\Q_ HK('RPl, %)g{%i *= | Hx(RP’L)@ Z/LE {%/Z@Z/?. = { Zo/i
% =2

- 2 _
Kanneth Thm Rcaused by TorZ(H (R8);2)=Tor(Z,,2,)= 2,

R PI® — nabral SES : R R
(Cu Bz ch-cx. Romalyy 0= D H(CIQH) (R} H. (CODN— OTor! (H(0, H )0
D any ch. (x. R-mods th=n j=n- -

omd Yae SES Splits but Haa selithng is not natvead. _LEX“’““:; %:eﬁﬂduﬁh+ Tor, =0
M (‘*'ﬁKQ C~:= C"*(X), D¥-_: C—‘(Y)) S @ P H\‘Cx)®Hhcy)_, Ha.(xxy)f' To(‘l (H‘(X\)H‘(y»—ﬁo excoct
(i"F CI‘(X\ has o0 ranK Hen c_—"(x) may not be free bLut i+ will be “£lag™ and Thm holds i€ Cux is €lot R-MOJ)




3. MAN|FOLDS : POINCARE-LEFSCHETZ DUALITY

._M Y\—M.'FA 'S HMSA.O(‘P‘F -|-0(aolof{@,Q sface st. VPGM
opQ/\r\ \r\.ﬂmzlr\L)Ouxr‘e\oooA MP ‘V\ L\oMQoN\Drf"'\nc '\~° \2

’_ C—|R (Q_G\W%'Qn\'\:? to an ocpem
Lo\lQ oC a\n\’ 0pom set ‘A R )
One also requires M| second covnlmbt@ e 3 c,oun\-v\‘o?x- basts oj.ope/v\sds

<% M s coveced Yy C.o\Jn}nHy many SKMJI\ U?;

Sexerise { xXe R™: X,%0Y
A s“b"‘am..@u NCM is o mfd s4. indusion NoM . '”
IS an emLo.Admg (i-e. & \"omeomorp‘f\nim ondp its Image) R x IR;O

- M h—mfd with Bovnobrlg._ £ also allow (Arrvu(ps;r;krl"_l

Such p ove 21 Y\ Low\olmr'a, Powl;s_ e
-H\e.\y forn Hhe bovadary DM which 7\
15 an (n=1)—=mfA without boundaty .

’* I ==

FACT (collar wbhd H/\m oM € M has an ofen nugﬂ\\oowl\oo& = 9Mx (0,1]
M —oMx |

M \S closeal W cow‘w«c-l- without looumkq('a. :
Rmk For manifelds, comected components = path componeats, M@D}M

(since \om"?’_‘: disc, so bocally path-connected, so @an. & Pat-cona)
(V)

QQU{\/ : ﬁl’\}
o pern hb’v\d o% oe,.H’\

EXamp|es
osed mfds © S™IRP™ -r"‘— s'xxS', €P", O, SW(n)

/

hOA—wﬂyac+-M€olS: IEV‘J Mo\‘l'mx“?:‘ |'RM“ GL[V\ )R)

méds with bdeg: "'« s': , MSbivs boand = ' T2\ 9ren @
FACT (Milnor \359) Any méd is homolapy ¢quivalant +o o CW - cx
‘Ga._ct £ ™M is a COW\P&C'\— mownifold  Hem Hx(MB ore -Finik\j) a«tr\erwknk

Rmk M -\-n'omngll. W MES?N\o\?oCA’L CX.-
Not o2 wbds are diangulable, but mogk of bhose we encoumler are.




CoMpa.cl:' Mam.i-folo\S \l\d.VQ ":.%- kow\om & Non- examinable pmoF

@ X space. is a E uclidean neshbovhood redcack if

3 embedding j: X— R” some N, s.b. ((X) is o redack o a nbhd V<R
N (homeo onto image)

@ X is weakb; f.o(au'a wn"fud\"ae.v. v nbhd DCGUQ.)(J J nb\r\o\ xeVel
s.k. /s ondmekble tnstde .
TACT Cowvad' XCR" is @ S X is @

Rk 1 we find nbhd Vs in () wikh tlackon V 1, X Hem any smaller nbhd V'
also redcads U\Sl‘/\g, -F|V' V' — X .S.‘m\'\mfly in@V'cV is onwkackble : cesteich Hhe L\eta

Lemma A X com?ad- 2 = X is He re-lmd'% o finke Sl'wylx'(/(alcx
eE ((X)CR" Cowpack =5 Resinside somt lage h-sinplex N> R" &
Poply baryambic Sbdivision vakl sinplices hawe diamebr< dist (X,2V) .

Simpl-Cx.= U{SvLS‘IW}o“&S whidh infersec- X using the restackion 4 cebeuthon VX, p
RL\( Also dedowe X has (.'.%. ?wma@om sSn& etk are SwJ'eufw'\/e on Hx .
(® 2 —yHy (Hinite sinpl. ) At He (X) o 3k SurjeRon (om frew Z-mod 5o fa.)
Lemma B M compact mfd = M embeds into I?\'\j some N

PE "Jusk do ik proof “:<€
V Fel"l} = homeo [DV\%P V\\ol'\o{(\ogr'\)

Pick Raite subcover s} Y. o}{ M:PLGJHL(F(ID"‘). Sarg 1=,k

Q! v\ . v (n
k’IF‘: b H l) D/G‘Dv\g S'\g_ ,RY\+| A’_F(\Q -&MJ‘)‘A&‘“?— (kl}fll')*fky: M_))Rh (-H)
(semd M\ Im(@p,) Fo Ko Point corrtiponding 4o M e pVan™)
Rnally use: a conknvous Lijedkon from o conpact space to a HowsdorfF spate is = Q

Kk Same wores £ ™ has .Lou.mkwb , Just considker its dodle M oM _

and apply M Lamme do the dovlle . e L

Cor M conpad W#el (possibly with bdry) => M has £.4. hom ology.
PE Mol saksty @ sinu Loally ball & pb. M embeds in R™ by Lemma B-
D holds Lg. FACT. Done by Lammo. A . O



Local ociemtalNons and oriemvability
Def A Locall orientahion of | ak ye M i o choice 4_ e ovtor

excise omplement gl wbhd V3= ID”
\/CL\O\'C@_ t7r_

s~ n n homeo
Ja € Ha (1, M) 2 b m‘*‘\\f) Gontal
(fee. Sechon 5 \—7 = H n (S ) arD“:SA_‘
o fhese notes ~ Z
% i ocientmdion oj, M s a lﬂ(aﬂ} consislent choice Xl——)/u(x
W\Mn\/\a_: Ve
s % = ID ’l’p‘b
v, Ha (M, M\ Vi) 3 a
= ~ <« quoh nt mops
M /_ _\‘ quohe P / \
Ha (M, M) H,.(M A\y) o g

b_aﬁ M orientable 3 orientaton on Y\

Ocien¥ed . We Chose an onentalon

Examples  S™ R", CP" orientall sufuaes Ty, RP"odd

=

A
) oY Y
7

Now - example [RPQ' = Makius \oo\nA u/
)

Y/,
/RN / N

by Locall consisknc
\s C,lv\ move Aisc L
/\M/\’—a
@ conhnvously~ ﬂv\o\
PCLsRrves oriembmton

C‘I\Ol‘& 51, //\-x_ (5 choige oj__

ofiewinton 01_ bouno\«f‘j Rrha
o] snalll Aisc Conmpning discs are d\'ﬁfum\“q
oremied
= contadicts

RP* ; A
= RP vt ocientable locall consisknoy .



F The fondamentnl class [M]
o Aorel from bhe LES
ﬂﬂﬁﬂ %f IV\ C(DYQA, n— MM . /hq ral magp from

’I) M O(IQV\)m‘{L—EI- = Hn (M) ~ Hv‘ (M}‘V\\x) -:-{Z/Ax

ConnéC

on we choose
_T ) 3 B\/l] | /A’X. AN ornfalNon
once We Choose

an onentanton rQ c«ﬁ@u\ {MMM&AI"AL Jass

(Mareem
(if Swayp ontemtaRon: for —Max gtk ~[M])
2) M not ocientzble - Hn( M)=o

Conneck d Ho (M; TR) = F-M =R
S~ for any keld «4— )
charadirishc 2

Constwchion o MY M has A ——cow\'o\c.xsk\lo\\irb

M corpact = Rak # n-simplices iy, YN ‘/
{V\ O(\'QV\‘I'QA

=) P\‘Ck orientatons g’J, DTSR IN +o

SN AGe Wil quen orlendiRon of M : b xelntly)
@EK Z‘/Ax= Hn (M/M\ﬂ%’ H,\(K;,X;\*\ =2
M X
— " oV
= U\/\] =2 8¢ éﬁtﬁﬁiztigﬁgﬂaﬂm ofposite. siogns) (M= 2 £V;

MalM) — H, (M,M\ ) = Hn(b’c,‘o’cvt\ :\'\?:;\gsé&or(?gﬂ
M), e — T px =y

I\_/ CS wMpare OCientarown
5)

% WiYh ofientafon of
Not difudt 4o cea Mk HS (M) =2Z2-[M), :>=>H“(M)’E Hin (M, M\1)
[M) — Mx
Alse 2 = 57Z-[LM) since Ci(My=0 (é(vwl) —.SQM,o|\‘ceS S\‘nu_dimM=r\)

More %nemll-a :

™M V\o\r\—orieu\x’L\Q = each faek 01, K; APPLASS hice in '&E)'L-
= Iy =o0 ot F independetty d choias
g odadatons o} ¥ J/



AN D
J LT JAR
I) Sh = A“ ¥ AV\ S2 A < @
%&ﬁd i} 0O @
[Snl = A+_ A_ jFuse canonved origwtntion we Asseussed
K TDV\Q )PV\ CA.V\OV\\.\CA,Q Df{ev\’}'a-}\'on
hevmwe

AsM=oh-ah=0 | = ST =0 4 uing

oM normad st ~ e

out
2) T =
D-complex stvehice (compakbly with side dameFeabens )

N\

X

\:Jova' or}%'\'mHor\ ‘I\AM(.Q_OK b‘v) S‘GIUN'?_Q\R-L
o

U =Vo , V- Vo positue R=-basis
VoV = ¥, ogrees wi V. oAwntahon

Vg OV, VT,

@ ETZ] — +X\ —XZ
I‘}fl orientaiion oh‘sa.ames

ot Rk gomtal featvee : if huo sivplices ace idembhied alorng a faat
Zl then M 2 respeckve outward normals are celaked by r(%bd\'o\h.

either sim\o\;(u e com pdw'U«; oriewied and Hhe +wo
So COV\S\'SW’\CV ‘—=>< indued ociewtarions on focer are ogposiye

or nok wwyakbly oriewitd but faet orend™ is same,
Men need Sign QLike A exanmple whenm Lule E_Tzl




ﬁ
3) Pecald 27_:“ - (v
“ K&i

A -cx Shepvre ((pvw\on‘\\'\g\e, v STde \‘a\o\,\-{{[:cc\,kons_l)_-

ﬁ V\S& - °r'&"w”“""‘”‘ﬂ°‘ by pevgen < R

g / Y e,
A EK\o|am\-\0n ’\ro vy Vo
S, ,!'g Vi~Jo IS r\eﬁo\h\& R: bagi¢ = @

Vo

Il s;M(,uw ¥ howe Vo= Gnle of folvam

o WOY},{T + A" X
3 RP* = b’2§< I
= ¢ gy
(ron- ocientoble) L/\//QV ° .
Non-oc.en e 3
RXxAmple S L1 Sine, Wmﬂ
a

Wse the orlentation induced LQ square. C R*
= [RP*) = —¥, + Yo
J[RP )= — (b —a+c)+(a-b+<)
= —2b +2a
# O so pot cycle in CLVORPY)
However, work{f\a_ modddo 2 :
IR} =0 € cSV(Re*, F,) sinw2=0ia

— [RP*) € H (ReS)



Degcee
be(— M N orented closed conneded n,mpAg £ M—-N

£ H.(M) — H, (N)
[M) - oie;,ﬁ) V]

Sz

Lol dapees
Lomma 1€ £7(Y) Faide, /zmcw Lke in clagher 7
Then dJ?(wc =2 a\eg -F\

of *ef\(y)
M) e Ham) == H.(W) > [N]

| L
B Ha(h, M) =2 H,. (N NNy 2> M)

gL xefly)

Opy (ZN?@*) )/"‘; O
EXam\o|e_S

NS' — s, 22"

y [Sl_] — n—fslj So AQ3=r\

2) Z‘;biw qu%w%qu =2,

ad\on _&0‘,“5
Explanation:

\.IJ' rotahon

5\7 Mmc,-lra_

Easy checK : ( )=3
(e.q.use Qpci%dl;eeg)

CUQ"I\)(ﬂQ Rmk
For M N § smooth | the dogf = #‘(prﬁu‘mﬂj‘}.S of o gimeric point of N)
1dQon : OU-%F s Yo how many Kmes You cover N- (4|nnojs\+ all points worK)




Porncare o\~af»|“a;

FACT Theocem TFor M closed nowtd

R N R o
o HOM) = H (M)

M non-onenled = same holds Wit W, cotfRciamts
Skeleh proof whem M s a S'iw\‘pL‘c\'al complex K (Non-examinable)

S(K\ = LW“)M\‘C. Subdivision

—
ck < S(k)

6‘4 ,,\T
\) ,ymplcx O“ \4 |< wih €< VvV Verkex q, S(K\

bary cndet
arm ' @H

2) k(o) = (hyight o v) = ow 6 °

3 b —simplex K
) o i Z %v N

dual $\°N?6-0< v — g

L) T

TeS(K) vrec A
Plvy) is min i
of. haights of - —

RmR = Ut with Ak(v,) max

Wlu We K

Thus ?:r c‘b?:;orsa;o(' —

Homs vers ak Vg e

One com allso o(.cs‘cn\oe. T as T

= f\ closed stos is Hhe union

veg;cg S(K) Simplices o} SIK) having V" as aﬁm\




("Polga—omﬁ“ww\o&;j
Fﬂ o diM ,G\" = N —oki(v\ o ravw~ thom A- cx

¢ Aun.Q aﬂﬂ:@ g ve o Obeaoucow)oo_r\'}\'on;q,\‘/\
LR = > t%

z
foLet need compace orienwaons o{[, 7T

< +if gas a faur o T has
o-zF ° ( loouqo\ar7 on‘em—nh'on‘)

~

Ty T,

o

9>

"l) dm\l, CLM!\ UM’YQM out .
’Dn-k = feee abelian FOYp on vl hosns O

Ho (M) & Hy (D4 2,)  (5ink & gie o cll dacomp- o 1)
5) (p! b,\:k — Ck(l"\)

- — whaee o**(:{)r{?fzr k-alls L0
. “ . CcA=0"
¢ linew” LUuJ\on V4 o
. CM‘\f\ W\w : /52_2_ 0—‘\‘ (°<)= #r X in-\.(,(j‘.z,cf‘s g‘
3 unted Wil ocientahon sigms.

xg(aﬁ'\:%ZJf\C:Zit* !
'a*t((o':) = 9 07o* = (0¥o 9 mlz to. la—>i\ iFone>
= JtT = (g(’é?) v’ ﬂcae(ftoﬂ“ {o el‘;:q:(r
UPSMOT ¢ s Chain o 5o get o -
HL & HL (P, 2.) 2 40



Ci K (0dd dimensionol closed orientable N\F})\\ =0

PE Bebti mmbers by = cank Ho(M) 5 romk H'(M) = comk H, (M)
\Aﬂ\\/ersa,Q colff. ‘H’\W\ PO\I\M JMAPA‘I'}

(K(M — o - LL + oo+ Lo{'-mr’\._( - dimM

\Kf,/
equal. )

( Potncard —)Lefschete duallily

Theoer H(r 3 = Hyo (0
M compact oriented / LeH M [\V‘SMAGH (&'\j"'\as
Y\—MM witl Lounda\ry relatwe fundame c
| \ Ho (M) = H k(M oM

NOV\—O(\.QV\-LQA =7 S&me \’\O\Okr w\% )FZ . FAG\:W‘\‘S €. H\Qr Ly uny \/e/;.\,l CoeFGhQM. Hhan

since Holnan)=0 or by hand

e_'lc Lmim“j Same a&s Poincat 0{/‘/4/@‘"2— O iﬁﬁﬁ%@ﬁ&‘fiﬁf&ﬁl
P +o any q€aM
Loz M compact connecked , DMFP =S {HV\(MB = H, (ng\\ r—OJ
| Ha (M) = po(n’any 20
E xawyples

(R N n

W W

e’
S

>N

n__ ch-l

9‘D‘5 z=HD = H, (b )

gelxem-kr b —-D,
2 (A BA) 4 sb,_

H {A ORA) gerecals e-co("&
H™A (ro¥ 218 5 2A)

RmK note alMtﬂf H (A FS@ whidh inlecsects Y. o} H, (A 2A) onx Hansversely .

retract >

Q/au\ by 2 |ogps

|
o <D
Z = HA
oz H Ho (4 2A) * o
_T2 N ? ?

def. o
¥ |
X T2 & L\J

~ s'ys

S H, (M, 2M) =27 (s1y ") = {7;;
O else CMoM)



What l,\o\,f(:m; in ¥e non-tompack case’l

Locally finde homoloy (Borel-Hoore)

2 a?.r\erz\’go(‘.r '-1- Ce (X)
CHN) allo infine soms 54 6

SA. Ve any compadd subsek KEX
#{Vic:ﬁo : Knlm 6 #—¢_} < oo

Exanyles

<

°Cl{#(ﬂ&)9§zo—m/ G‘M-,z'\,;_l_—_m}m_,_lj_c_')g RMM/\
m

= 3+ cycle [R) € HE(R)

6, o>
oe(- (|R) 7 [f)‘o““ﬂa 0 (6’.—?6‘1 + )i a LoW\ANQ : PO?M“< +——s
e s HS(IR) ={? :f‘f;'e (,__.: Hl—-v-(\&))
FAcr Thiorem M o(iwh%@ n-mbd = H*(M)g H 0F (M)
(PQS‘Siug o wV"YﬂO‘I’) n—ok
wl\OMOln?-? Win\ CQWWC‘(’.‘ SU?{O"‘:S H: (X) /d&(#nol.s or\¢

C):: (X) : on|y A'low. e haing 52‘-'CkX —Z s.k. 3 C_avv}oa(/f- KEX with
¢ (C,‘ (X\ K)) = 0O (Vam\'SL\ on chaiins in X,\\(>
Example ¢ €, (X) = @ ()= Signed # inlesechions
CgRe (j&ome Irc intersechion #)
= PeCi(X) sine F(x) =0 if x<X\Im(<)
T‘/\W\ M Of\le‘/\l\\ra‘ole_ Y\’W\(lA = H¥ (m) ~ H ’c\:"x (M\
(PoSStUg. o¥ covaa.c;I’)
Wacning H,%f/ H% are not koMo'l"Opa invariomh  (indeed now-tavial for IR™)

Cavsed bewwse Hhay are not funddorial . They are howevtr finclorial for propec mops
Mauer-Viekoris holds for HE but not for HY (

ajcwa\o(

pmimag.&? 4— cowpact
'S . * sets o ww}aac’t
Fack He (X) = Limy WX, XNK) whece compacts K SK, gve HTM, MK ) HE(M N Ky)

Direct kmi“’ i G.‘, Via Moyps Q. _)G,)' means || G;/ioL?MkF\g. 3é6c with it imna(.s

— nd- those mops
(MIMIQS &t povRally ordered & dicecked = ¥/ ¢ 5 .. v
Do m # \,I 3&)’\,’) S- coomn Co e 6'.‘: 6' . :ALG
Foct “ME 5 an exact fuactor. )/ ° ~¥ 1@y insidL G

(Viae Gt G, G;9Gy)



Cap prodwet and Poincart owalii-g_ revisited
— omc-kN\U e u{-e.)
X spoca ) k}ﬂ yd (

A:C, (0 x CHX) — Cug(X)  copproduct
O & =X) n (Fq)~2) = ¢{0~|['eo o) T
i}

‘Eez,--, e,

-
(@53) Properties \Toiomine ) i AT
. A bilnear € Z )2 Ck—ﬂ(x)

2 *
’B(O"nfs) = (—\) (96‘(\55 — AN ¢)
iy e Neocyke is cyle
bOUAMv 060071,(1
wde o coboundoy

= |n: Hk(X) X HQ(X) — Hh_e (X) L\‘.\iMoJ"

Theorem (Poin car€ dualidy) The wayp ¢ LMY g | Gives following isos
D For M closed orened n-

(MY = H¥ (M) =S H__, (M)
@FOF M novx-—compac{* of\@v\'|-€o\ n—-w\}«ok

[MYne = H¥M) —=— H, _, (M) &

[MYae = H¥M) —=— HE, (M)

Sketeh, PF of @) for smooth mfds (Non- exam;nable)
£ M smocth = 3 //3090( Ve U dj, ™M Memm‘r\a_ opr oV S.b.

o€ boundanes

FAcT ‘G’ON{\ W, =< R"
Riemannian Q&omek ~
(“Convex ne. 31150\)(1«900\5) Wi a---n \A;K = RN o &

Them compute W (m:{?g =1 amd @ hdds £ BT
=)* hozij VML
= by nabally of @ omd o Maye-Vielers 3er & foc Uu

= @ @r M/\IJ\N\d/\ S @ .0 V\SC S«Lemmog



Genecal P€ of Potnco€ dmp;lf} &— Non-e¢xaminable
S"’S«e i - l’\oldS Lo R"

N; k n ~ R nogh-l) A~ D, e + A — n
PEH, (n»_ He (D" s )_{z etn = H,, (R")

recall Fack: —can make K |arqe by picking K= &/\32 bafl
'S 3 a,u' 2 f '#
He (X) = Lim W% X\K)  then ke (rn"gR\K) & H*(K,2K)

Pick A-cx shvdvre for R™. So [RY) =2 £G; & Sum oves N-simplices .
Swy 3 simplex o7 : AN R" . Define g: CY(RY) -2, $()y= 1 ®
= S;é:o for dim reasons ?’(‘;mus)=°

CR™) @ = T htea)=g(+a,)=] (fick sign in@®)

SkeZ  holds for A 8,AnB = holds - AUR

PE Maer Viekss for Ky , nakicalily  S- lemma v

S-I-_Cc 3 l/\ol&s for A: y ond AlgAlgAs_C__._ % L\our -Lr- VA,
£ By applying L : boll sidee o RO i commube Wi fimiks /
SYeg 4 holds dor opem subsebs in R”

P;(— E\Ie_ry sucdh Sek is a unlon J:]_ LONVRX opem setk (e-g.La”s)

B\g Ster 2 Q/V\odff/\ {o onsider case é_ FHate vaton. ,),—}i
BU indmeRon on I omvex opem sett . fx pew p %

N ‘ U— g~
1 convex set U= R™ vie o Proper L\0W\COYW?f'p\"'{sm) x'_;:.c_:% pIv
Now vse Skf)i v ““f’"apm%“"

2 conRX sefs - KEY TRICK ConviX set N convex set is convex in I'R“!
= use Skep 2 L previons Case
kel Convex sets: A= Uffrsk ko convtx sek} B = last convex m}ﬁ Use Step 2

E5) AnB < B IS & vaon o"- k. convx :e:"f Inaluf-i{%

S«pS hdds or mfA M h“"'oH‘“':’/
Covside~ opery sebs A M for Whidh ¥ Lolds.

B"& & 2orn's lomma oacgument Wi gfd' e moximal  open subseh U \thee holds.
1€ UM pide pEMIU amd nbhd V=R o p. Then holds fom UV, UnV

(nele UnV SV R"opem, so Steply apphes) so by Slep2 holls for WVV
Condahids maximality. v/ D




Recld Hee is a wcll—AeéAAeA enodvodion ol U —clagses on M, «
anYy tepresentutive

<y MUMRY® KR — R [ ooyl g fora
c @ o > Lo, x> = (<)
Eoma— exetse | <L c)o(u(a.> = <cnd, (2 any o(l(seH"/ ceH,

Cono“a\l"a 91 Poincat AMG-QC',"a-_
M Covv\oauk ociented n—W\Mj ¥ ,f#;do\.

S [P E) @ AR () Bop b
oL ® B , <[M,ap > H"U“;f)* !
IS o ﬁow-s?ﬁguq‘w‘ lon',\'(\eofform_ E(H ) (n,"F))

PE. By axeese, < M), o > = < [M)na, A2 = <PDE), 35 )
$o Yo ﬁol[ow%bg A/\K&(’W\r"\ commutes - O\e@*niko’\ﬂ—ﬁi’}ﬂ’;w
HR (1) @ HY (N F) _ paicng @B
PD s iso ’ ® ’ \P) 3

?;,QFZ/:\?W EJ/ PDA S
by urversal ol P @ ™ ()~ %> <@

coeffivam's -

By univtsal cotffuionts, H*(MIF)E Hom (H,(MIF) F) via  prs<p,>
using ot for anv FF-vedorspaw V

Hemee IS & VW\A—W Lilinear ew(‘r?v\bg "
U ts M parns in Hre AL VOL TR veenem
e So is [ \l\; @ I\ M(FWMD HIoM(V, F) ;SP:tor?r:;ea'

Romak For M non-oriembable , the same holds for T of chorucltrishe 2 €9, Z/Z
For 2 coefaionts ir cam fail i€ H¥M) % Hom(H 1 Z) . So we define:
—

Bethi goovp BY(M) = HR(M) /forsion (HT(M)) " "o F™”
Bk(n) = Hp (M)/ Jorsion (H (M)

E‘g- what we p(oveo\ in the sechown on univrsad aoe%uiw’ﬂ) Bal(ﬂ)’_-}'_ Hom(gq(M\,Z)
Whenenve™ Hg_ () is finlkly gorumied  (whidh we Know ho\ds ¥or Conpact mifds)
Mo 180 15 gem by <05 Garn : this discomds to quoRen’s since K¢, 5= 0€7Z
(€ ¢ or x has fnide ok (i-e tomion) | The same pnodla.s aloove \a—td.d.s:
M corpack oriented a-mfd => 3“(»/)) ® g“"“(m)ﬁ 2, 4®p[M) dup)
Also the Remark holds. is_non- Agemeak biknes form -

Exoryle Use Yis 4o prove @x. by (6) Sheet 3 (Hint: LR (cpm)LH2"2RcP") = K e




. in fact enough Jo assume
A\Qxau\o\.er' dﬂd‘.l\{t ( )(} i$ (Qo,c_a\\\j Con‘}md\'b&)

¢#—'X qct s” wwyad- subset slft.
3 o(aQr\ r\e\"a‘r\laour‘r\ooo\ \\KX) W\’\:O"\
Aefarmaton erag,\—S 4o X
sudn Yok M(_)(\Q_ SN s an n-mfd

wirh bouv\AN'a_
Theoem ﬂ;(X) = PrF SN\ X)
PL lak-
Exatvw\o\e Xé 53 k“';i. (l‘.Q_- X: I'Ma% (S' L\omcomof‘(’\f\?sﬂ\s'b))
On')v‘\'{'\l-"“'\"’g}‘
= N(X) = solid tomns ~ <! . .
B 5 Cm\aeouu\a:
= H () =0 = H*(S*\X)
rl:{:(x) = Z = ’I:T‘(S—S\X)
H,(X) = o = T (S>\X)

so Y lr\amo@ozna oj, a. knot &mrhmh‘/’ Aoes not
kil knots apart [q]wauas Same)

/n/\eorem (U'Orhw\ CJrve ’Y\«ewem\
ﬁZL

|/ e.9. ’07 (,'Sjre.'ﬁﬁn'fh?z c
~) oA ~Lov00
C =S' dosed cure 1n RTS ST

@ = [Lz N\C s 2 P“H"" covv{onz wts (: ConnelheA Lovvponeyr{—s)

o o 0 “,: n+\ < h"'\_
Il,\ n } .M! g‘M\\le ]C:f' 5 - C g R - S
"\S\‘AO, 0ﬂh|

AleximAe_rdanH"a—
PE ST=CepMes™ 5 22 H.SMN e RGN0
# HO(SNH\C\ o 22_
= S™"NC has 2 patl components . 1)



Prook Plexandsrdunity  Albeviade N=NX)  (Hd4X

Yi= SMIN = s\ X

forr ¥<n—)
Hrox=v () = we*gy)
= H,.(Y,2Y)
Lefsdoeta > /
= H, (s N)
&5 H‘*(':ll)
MJ}Aaae(n-q X

for X = n=) ’l_‘:l.a(y) @7 = HO(Y)

= (y oY
LC«F- HV\ yl )
=  H. (5", N)
eAc.
= H._ (%) =W
Explanafon of ] X '\:\,\-\(Sn\)
~ - —~ — 4
LES: O — Un(5") — H, (S, N) — H_(N)— o s ses
. lquokewl-
Ha (N) -
® = W) =0 Ha (7 ST\ o) =Z Q
see (Cor. +o Poincar(‘b‘fs“‘d't, K— Sy\: IRy\ o 0
wing: ead, (poH\-) connecled X\ . oo
omponent of e manibld N Hence Yok oluc\—\'%i' Map ?\‘ve.s
has non-empty Loundo\(g, a SP\QH\‘Na ofF e SES.

fec x=n HYTET (Y)= H(y)=0
H, (X) = H _(N)= H(N,oN) = 0.
T \:ee@
lefsdetz o\vw\m%




