BO1 History of Mathematics
Lecture IlI
The beginnings of calculus, continued
Part 1: Quadrature

MT 2021 Week 2



Summary

Part 1
» Enri: a non-Western prelude

» Quadrature (finding areas)

Part 2
» Indivisibles

» Infinitesimals

Part 3
» The contributions of Newton & Leibniz



Seki and enri

We will focus on the development of calculus in Europe, but similar
ideas did appear elsewhere.
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For example, in the late 17th century, Seki Takakazu and his school
developed enri I3 (‘circle principles’), which concerned the
calculation of arc lengths, areas, and volumes

One result of enri was the
determination of the
volume of a sphere via
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But enri was much
narrower in scope than
calculus
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Archimedes: KuUkou uétpnoic (Measurement of a circle)

Translated into Latin as Dimensio
circoli by Jacobus Cremonensis,
c. 1450-1460

[llustrated by Piero della
Francesca

Available online with other texts
by Archimedes
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https://www.wdl.org/en/item/10646/
https://www.wdl.org/en/item/10646/

Archimedes: KUkAou uétpnoic (Measurement of a circle)

‘a-mi'

JARCHIMEDI

SYRAGUSANIL

E Theatro SHELDONIANO, X6

Edition by John Wallis, Oxford, 1676



Archimedes: KUkAou uétpnoic (Measurement of a circle)

ARCHIMEDIS
CIRCVLI DIMENSIO.

7= V {L1BE T circulus zqualis eft
criangulo re@angulo cuius qui-
dem femidiameter unilaterum
g quscirca e angul e -
{ bitus uero bafi eius eft qualis.
Y st r abed cicculus, ot ponicar.
Dico eum zqualem eff rianguloc .
um maior circalus: & ipfinfctibatuc

rd; circunfecentie bifariam

A circle is equal to a right-angled
triangle with height equal to the
»| circumference of the circle and base

enim feri pocelt
I

e

cedi 5 ) = e -

re. eftauem & ambieus redilines igure rehquo Atere minory

‘quoniam cpinorfcircll ambi-quae fuear culncared
cltabfurdum.

et d. H
B ot equal to the radius.
ea pun@a contingenteslinez ducicur.ericangulus 0 2 © naE
&ideirco linea o rmaior,qudmrm; quddrm ipfi ra e zqualis. a

B it cit i figu.

5 ; < > v
dum , cum fit maior: namipfa quidemna equalis f erianguli
i i ibus fequie

tur circolum triangulo e equalem effe.
PROPOSITIO I,
Circulus -

ad quadracis
diametri eam
gropcmoni
abet, quam
x1ad X111
Str cizculus,

~

cuius diametera

b: &circumfcri-

batur quadratiic

: &ipfiuscd da

plaficd e ficau- b
a

eemef, fept >
ciufdécd. Quon =

(Archimedis opera, edited by
Commandino, 1558) — see
Mathematics emerging, §1.2.3
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ARCHIMEDIS
CIRCVLI DIMENSIO.

7= V {L1BE T circulus zqualis eft
criangulo re@angulo cuius qui-
dem femidiameter unilaterum
quacirca redi anguld funt, am-
bitas uero bafi eius eft zqualis.

Str abe d circulus, ut ponitur.
ico eum zqualem cffe trianguloc.
um maior circalus: & ipfinfesibarar

A circle is equal to a right-angled
triangle with height equal to the
»| circumference of the circle and base

enim feri pocelt
I

o sl o

i

re. cft autem & ambitus redilinez figurz rehiquo htere minor;

‘guoniam Seminorefcirulambien. quae ura ciinear < .

g g il

i —— equal to the radius.
a pun@a contingentes line ducdcur. ericangulus 0 r redus.

&ideirco linea o rmaior,qudmrm; quddrm ipfi ra e zqualis. a

B it cit i figu.

Proof by exhaustion and double
contradiction

5 ; < > v
dum , cum fit maior: namipfa quidemna equalis f erianguli
i i ibus fequie

‘ur irculum riangulo ¢ equalem effe.
PROPOSITIO II,
Circulus r
ad quadrard
diametri eam
proportioné
abet, quam
XIad X1111.
St circulus
cuius diametera
b: &circomfri-
bator quadratic
& ipliuscd du
plaficd e ieau- B
a

eemef, fept >
ciufdécd. Quon =

~

(Archimedis opera, edited by
Commandino, 1558) — see
Mathematics emerging, §1.2.3
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ARCHIMEDIS
CIRCVLI DIMENSIO.

7= V {L1BE T circulus zqualis eft
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dem femidiameter unilaterum
quacirca redi anguld funt, am-
bitas uero bafi eius eft zqualis.
Y st r abed cicculus, ot ponicar.
Dico eum zqualem eff rianguloc .

imum maior circalas: & ipliinfribatur

: (centurd; circunferenti bifaiam

A circle is equal to a right-angled
triangle with height equal to the
»| circumference of the circle and base

e

< e g u
re. cftautem. itus redilinez figurs rehiquo hatere minor;
quoniam irul ambitn uarefgura clineart < .
‘oref ria cltabfurdam, i | h d
o — equal to the radius.
a pun@a contingentes line ducdcur. ericangulus 0 r redus.
&idcirco linea o rmaior,quimm; quddrm pf ra it zquals, 4
B < i n :

B it cit i figu.

5 ; > v
dum , cum fit maior: namipfa quidemna equalis f erianguli
i i ibus fequie

Proof by exhaustion and double
contradiction

tur circolum triangulo e equalem effe.
PROPOSITIO I,
Circulus -

ad quadracis
diametri eam
gropcmoni
abet, quam
x1ad X111

Later: the ratio of the circumference
to the diameter is greater than 3%
and less than 3%.

-~

Sur circulus
cuius diametera
b: &circumfcri-
baturgr :
g:&ipliuscd da
plaficd e ficau- IS

A N

eemef, fept >
ciufdécd. Quon =

(Archimedis opera, edited by
Commandino, 1558) — see
Mathematics emerging, §1.2.3



Fermat's quadrature of a hyperbola (c. 1636)

Worked out c. 1636, but only
published posthumously in Varia
opera mathematica, 1679.

In modern terms, t{ﬁs is the curve
described by y = —.
%

See Mathematics emerging,
§3.2.1.
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The rectangular (or ‘Apollonian’) hyperbola

. 1
In modern notation, y = —
X
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» Partial results obtained by Grégoire de Saint Vincent, c. 1625,
published in Opus geometricum, 1647

» Empirical observation that if A(x) is the area under the
hyperbola from 1 to x, then A(af3) = A(a) + A(B)
(cf. logarithms)



The rectangular (or ‘Apollonian’) hyperbola

, 1
In modern notation, y = —
X

» Quadrature evaded Fermat

» Partial results obtained by Grégoire de Saint Vincent, c. 1625,
published in Opus geometricum, 1647

» Empirical observation that if A(x) is the area under the
hyperbola from 1 to x, then A(af3) = A(a) + A(B)
(cf. logarithms)

» Problem solved in early 1650s by William Brouncker; published
in 1668 in volume 3 of Philosophical Transactions of the Royal
Society



Brouncker's quadrature of the hyperbola (1668)

To put this into modern terms, take A as the origin, and AB, AE
as the x- and y-axes, respectively. Then the diagram represents the

area under from x =0 to x = 1.

+ X

(See Mathematics emerging, §3.2.2.)



Brouncker's article of 1668

(645) Numb.3a:

PHILOSOPHICAL
TRANSACTIONS.

Monday, pril 13. 1668

The Contents.

The Squaring of the Hyperbola by an infinité feries of Rational
Numbers, 1ogether with its Demonfbration, by the Right Honow
rable the Lord ¥ifconnt Brouncker, dn Extraét of a Letter fent
from Danzick, tonching fome Chymical, Medicinal and Anato-
mical purticulars,  Twao Lesters, written by Dr. John Wallis
t0 the Publifher; One, concerning the Pariety of the Anmwal
High-Tides inrefpeétto feveral places : the other, concerning fome
Miffakes of a Book entiialed SPECIMINA MATHEMATI-
CA Fuancilci Dulaurens , efpecially touching a certain Pro-
bleme, affirm’d 10 have been propafed by Dr, Wallisto the Ma-
thematicians of all Evrope, for afolusion.  An Account of fome
Obfervations ‘concerning the e ‘Time of the Tydes, by Mr.
Hen, Philips. An Account of three Bogks : I. W.SENGWER-
DIYS PH. D.deTaanwula, 11, REGNERI de GRAEF M.D,
Epiftola de nonnullis circa Partes Genitales Tnventis Novis,
111 FOHANNIS van HORNE M.D, Obfervationum fuarum
circa Partes Genitales in utroque fexu, PRODROMUS.

The Squaring of the Hyperbol, by an infrive ories of Rational Nomber:s,
tagether with its Demonfiration, by thas Emizens Mathomatician,
Kight Hoowrable 1he Lord Vifeuine Brouncker,

Hat the Acute Dr, Fohnwallis had intimated, fome

‘;;; years fince, in the Dedication of his Anfwer to

M, Meibomine de propsrtionibus, wid, That the

‘World one day would learn from the Noble Lord Brosnker, the

Quadratureof the Hyperbule the Ingenious Reader may fee per-

formed in the fubjoyned operation, which its Excellent Author

w's now pleafed to communicate, as followeth in his own
wards s
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(646
Ay Methid for Squaring the Hyperbola s s

Et AB beone Afpmprore of the Hyperbol EAC; andler A BC be pa-
L raflel to throther: Letalfo AE be to BC as 2 to 1; and letc alielogram
ABDE equal 1. Sec Fig. 1. Aid note, that the Leterx every where ftands for
Mulsiplication.

Suppofingthe Reader knows, that EA. «Z.KH. v 46 y% o5 <4 CR&c
arc in an Harmonic [eties, Or a firics veciproca primanorum (i1 arithmctice praportise
swalizms ( otherwife he is refersd for fatisfalion to the 87,88, 89, 00,01, 02, 93,
94, 93, Prop. Arithm. Infinitor. swiallifif: )

1fay ABCABA = —

1
1x2

et & )
PYee)

&c. ininfniten.
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“*T2x3  4X§  6X7 8xo  ro8II |

BACYE = S 00036 ™ Gons ™+ Sigwio ™ J

For(in Figant 3)the Paralilog.  And (in Fige.) ibe Tringl.
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