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[46] Therefore the parallelograms made by GE and GH, by HI and HO, by ON and
OM, etc. taken indefinitely, will always be continued proportionals in the ratio of the
lines HA to GA. Therefore, from the theorem that is the foundation of this method, as
GH, the difference of the terms of the progression, is to the smaller term GA, so will be
the first term of the progression of parallelograms, that is, the parallelogram made by
EG and GH, to the rest of the parallelograms taken infinitely, that is, by the adequation
of Archimedes, to the space contained by HI, the asymptote HR, and the curve IND
extended infinitely. But as HG is to GA so, taking as a common side the line GE, is
the parallelogram made by GE and GH to the parallelogram made by GE and GA.
Therefore, as the parallelogram made by GE and GH is to that infinite figure whose
base is HI, so is the same parallelogram made by GE and GH to the parallelogram
made by GE and GA; therefore the parallelogram made by GE and GA, which is the
given rectilinear space, adequates to the aforesaid figure. To which if there is added
the parallelogram made by GE and GH, which on account of the minute divisions
vanishes and goes to nothing, there remains the truth, which may be easily confirmed
by a more lengthy Archimedean demonstration, that the parallelogram AE in this kind
of hyperbola, is equal to the space contained between the base GE, the asymptote GR,
and the curve ED, infinitely produced. Nor is it onerous to extend this discovery to all
hyperbolas of this kind, except, as I said, one.

3.2.2 Brouncker and the rectangular hyperbola, c. 1655

The quadrature of the Apollonian, or rectangular, hyperbola (y = x~!) had eluded
Fermat, but some partial results had been found by de Saint Vincent as early as 1625.
When de Saint Vincent’s work was eventually published in his massive Opus geometricum
in 1647, his fellow Jesuit Alphonse Antonio de Sarasa noted that certain areas under the
hyperbola are related to each other in the same way as logarithms, but at this stage this
was no more than an empirical observation.

A numerical quadrature of the hyperbola was finally discovered by William Brouncker
in the early 1650s while he was working with Wallis on the related problem of the
quadrature of the circle (see 3.2.3). Brouncker’s quadrature was published in 1668 in the
third volume of the Philosophical transactions of the Royal Society, the first mathematical
result to be published in a scientific journal. (Brouncker himself was the first president
of the Royal Society, which had been founded in 1660.)

Though an able mathematician, Brouncker was never forthcoming about his meth-
ods, and offered only diagrams and results, without any intermediate calculations.
He did however, offer the first and almost only seventeenth-century attempt at a
convergence proof.
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3.2. METHODS OF QUADRATURE

Brouncker’s quadrature of the hyperbola

from Brouncker, ‘The squaring of the hyperbola by an infinite series of rational numbers),
Philosophical transactions of the Royal Society, 3 (1668), 645-647

Notation
Although Brouncker adopted Descartes’ superscript notation for powers, he retained Harriot’s a
rather than Descartes’ x.

Copyright © 2008. Oxford University Press, Incorporated. All rights reserved.

Stedall, Jacqueline. Mathematics Emerging : A Sourcebook 1540 - 1900, Oxford University Press, Incorporated, 2008. ProQuest Ebook Central,
http://ebookcentral.proquest.com/lib/oxford/detail.action?doclD=415528.
Created from oxford on 2021-10-22 12:10:27.

85



86 CHAPTER 3. FORESHADOWINGS OF CALCULUS

(645) Numb.34.

PHILOSOPHICAL
TRANSACTIONS.

Monday, April 13. 1668

The Contents.

The Squaring of the Hypertbola by an infinite feries of Rational
Numbers, together with its Demonfbration, by the Right Honou~
vable the Lord Pifcount Brouncker.  An Extract of a Letter fent
from Danzick, touching fome Chymical, Medicinal and Anato-
mical particulars.  Two Letters, written by Dr. John Wallis
10 the Publither; one, concerning. the Pariety of the Annual
High-Tides inrefpect to feveral places : theother, concerning fome
Miflakes of a4 Book entitnled SPECIMINA MATHEMATI-
CA Franci{ct Dulaurens , efpecially touching a certain Pro-

- bleme, affirni’d 10 have been propofed by Dr. Wallisto the Ma-

- thematicians of all Europe, for a folution,  An Account of [ome
Obfervations concerning the true Time of the Tydes, by Mr,
" Hen. Philips. A7 Account of three Bogks : 1. W.SENGWER-
DIUS PH D.deTaramula, /. REGNERIde GRAEF M.D.
_Epiftola de nonnullis circa Partes Genitales Inventis Novis,

. II. FOHANNIS van HORNE M.D.Obfeivationum fuzrum

~circa Partes Genitales in utroque fexu, PRODROMUS.

The Squaring of 1he Hperbola, by an infinite feries of Rational Numbers,
togesher with its Demonfiration, by that Emincnt Mathematician, the
Richt Honoxrable 1he Lord Vifconnt Brouncker.,

W Hat the Acute Dr. Fohn Wallis had intimated, fome

years fince, in the Dedication of his Anfwer to

M. Meibomiws de propertionibus, wid, That the
‘World one day would learn from the Noble Lord Brosnker, the
Luadrature of the Hyperbole;, the Ingenious Reader may fee per-
formed in the fubjoyned operation, which its Excellent Author
w:s now pleafed to communicate, as followeth in his own
words 5
L Zzz My
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My Method for Squaring the Hyperbola 75 bz :

3.2. METHODS OF QUADRATURE

(646)

Et AB beone Afymptore of the Hyperbola EAC; andlet AE and BC be pa-
rallef to thother : Letalfo AE be to BC as 2 to 1; and let the Paralielogram
ABDE equal 1. See Fig. 1. And note, that the Letc.r x every where ftands for

Multiplication.

Suppofingthe Reader knows, that EA. « . KH. gv. df. yx A <p. CB.&c.
are in an Harmonic feries, or a feries veciproca primanorum [cu arithmctice proportio-
nalipms ( otherwife he is referrd for fatisfa@ion to the 87,88, 89, 90, 01, 02, 93,
94, 0%, prop. Arithm. Infinitor. pwallifiy: )

X2

1ﬁyABCdEAr;4——h

EdCDE= —— +

2X%3

5 1
EdCyE= 3,‘3)‘4—'—;:(;)(6-" 8;7x8+ SXQXIO&C'

For(in Fig.2,¢9° 3)1he Parallclog.

2 s |
CA=13
dD‘:"“'dF: :
2x3 3IX4
br— —|bn= 1
4X5 $X6
1 oo 1
fG:6x7‘,“\'7x8
a _—. 1
‘q"8x9,ap 9X10
b §
Sie=—

eti= el e

12X13, I3X14
i 11 ! 1 i
“u—x.}xxs £= 1§x16

T 1

354 556 ' 7x8 ' gxIo
T

—+-———

1 I

And (in Fig.4. ) the Triangl.

2%3%X4 T =
o W _ DObr—DObn
Ebd = TR
_r  _DfG-Dfk
dfC= 6x7x8 T
1. _Maq--Dap
Eab"b‘xgxxo T
e _Bcs—Dcm
bd=15smz = .
def=—21 _ _Det—Del
T I2X13X14 2T
1 Dgu—Dgh
fgC"mxxsxm - P
e,

Lot )

it 4 et & Sininfinitum,
4Xx5 6Xx7 8%9  10OXII

J

Note.
:CA=dD +dF
'‘dD=br-+bn
dF-fG-fk

bro==aq-+ap

'bn=cs-+cm

fG=et+el

fk =gut+gh
e

And
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88 CHAPTER 3. FORESHADOWINGS OF CALCULUS

dehat therefore in the fieft & L

And chat therefore in the ficft feries half the firft ic Orats :
the-two next, and half this fam of the fecond and t!ﬂiilzrgafé:afgntilﬁ [Fhe ﬁ;m l?f
four nexr, and half the fum of thofe four greater than the fum o l}mb:) @t- e
i infinitum. ¥Or 1= dD - by + bn; but bn > (G, therefore +_ iD> &ri— f?‘f - @«;.
And inthe fecond feries half the Goft term is lefs then the fum of the ™w o v
half this fum lefs then the fum of the four next, G¢. in infinitum, 0 next, an /{a‘m‘}

Thacthe firft feries are the even terms, viz, the 20 4 6* g5 1o
fecond, the cdd, viz. the 17, 3', 59 7" ? . 2,47,6,8% 10%, Gc. and the
y LY y VIT. »355,7,9,Tc, of the f()”owxng [CHCS, vir., L s

T 2T 2xg

w1 W oo - Gesminfinitam —1. Whereof a being put for the number of torms

I . a .
taken ac pleafure, = = isthelaft, —~ s the fam of all thofe terms from the begin-

) ¢
N ’ -
ning, and o the {um of che reft to the end,

That - of the firlt cerme in the hird feries is lefs than the fum of the two nest, and

a quarrerY of this fum, lefs than the fum of the fo :
fum lefs than the next eight, 1 thus demonfirase ur next, and one fourth of this [aft

Leta = the 37 or laft number of any term of the firft Column, viz. of Divifors,

- S S 163° ~ 483" + §6a~ 24
EE 32123 7 161°-9%° v+ 2322288 T184a—482 A
1 I
22 2a-1 2a-2 ~ 8a-122't4a 2
Tx——X
P e At 56224 -3
. B . 642 -3842° + 88019604+ 496a -g6

a2z 233 214 T rad-36a°+52a-2%
43 A4

642" 3847 0282 —1152a° ~7362° 1934
043°— 384" 8801 — 6004 + 4962 — goa X4 AZZB. -

And 48a*—1928° +240V~96a— Excefs of the Numerator above De

But—— The affirln. > the Negat.
Thatis , 48a* <+ 2402 >192a’+96a2-

Becanfe a*~— ga* > 427+ 2a ifa> 2.
At 5a > g2+ 2 S '

Koruisie

Therefore B >> < A,

Therefore | of cny number of A. or Terms | is Iéfs than their fo
many refpective B. thatis, than twice fo many of the next
Terms,  Quod, e

Aaaa 3 By
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