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In the last lecture

@ Weak and weak* convergence in Lebesgue spaces.
e Continuity property of translation operators in LP.
@ Convolution. Young's inequality.

@ Differentiation rule for convolution.
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This lecture

@ Approximation of identity in Lebesgue spaces.
@ Density by smooth functions.

@ Pre-compactness criteria.
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Approximation of identity

o A family of “kernels” {o. : R" — R}..¢ is called an
approximation of identity if

fxop."—"fase—0,

where the meaning of the convergence depends on the context.

o Loosely speaking, it means that the operators T, defined by
T.f = f *x p. "approximates” the identity operator.
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Approximation of identity in continuous settings

Theorem (Approximation of identity)

Let ¢ be a non-negative function in C2°(R") such that [, 0= 1. For

e >0, let
(X)_i (’_()
0:() = Zo(2)-

If f € C(R"), then f x o. converges uniformly on compact subsets of
R" to f.

o’

More on terminologies:
@ A family (o.) as in the statement is called a family of ‘mollifiers’.

@ The family (f % o.) is called a regularization of f by mollification.
Note that since o. € C°(R"), we have that f *x o. € C*(R").
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Approximation of identity in continuous settings

Proof:

@ Let us first consider pointwise convergence, i.e. for every x there
holds:

()0 = [ 10)onlx =y dy =2 1)

@ The idea is to convert f(x) into an integral as well. For this we
use the identity

/Rngf(x_y)dy:/R,,QE(z)dZ:/nQ(W)dw:l.

Hence
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Approximation of identity in continuous settings

Proof:

@ So we need to show

e—0

Rn[f(X) — f(y)]o(x —y)dy — 0.

@ By hypotheses, ¢ vanishes outside of some ball Br centered at
the origin. So o.(x —y) = 0 when |x — y| > ¢R. It follows that

< sup [f(x) = f(y)] 0:(x —y)dy
{y:iIx—y|<eR} |x—y|<eR
e—0
= sup |f(x)—f(y)[—0.
{y:Ix—y|<eR}
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Approximation of identity in continuous settings

Proof:
@ Now we turn to prove the uniform convergence on compact sets,
i.e. for every given compact set K, we need to show

e—0

sup ‘(f * 0:)(x) — f(x)| — 0.

xeK

As before, this is equivalent to

0
E— 07

sup | [ [F(x) = F(y)]o-(x — y) dy
xeK R7
which can be turned into

—0
€ 0’

su f(x)—f (x—y)d
ol Wl dy

xeK
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Approximation of identity in continuous settings

Proof:
@ We need to show

ac=sw| [ 70— F el — y) dy| S0,
{y:lx— y\<6R}

xeK

@ In the same way as before, we have

A.<sup  sup  [f(x)—f(y)l
x€K {y:|x—y|<eR}
@ Note that if K C Br, e <1, x € K and |x — y| < ¢R, then

x| <R <R+R

* |y <Ix[+ly —x| <R+ R.

So
e—0
A. < sup [f(x) = f(y)[— 0,

{Ix[,ly|<R+R’,|x—y|<eR}

in view of the uniform continuity of f on Bg g
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Approximation of identity in Lipschitz settings

Theorem (Approximation of identity)

Let ¢ be a non-negative function in C2°(R") such that [, 0= 1. For
>0, let

If f € COY(R™), i.e. there exists L > 0 such that
|f(x) — f(y)| < L|x —y| for all x,y € R",
then, for some constant C > 0 depending only on the choice of o,

sup |f % 0.(x) — f(x)| < ClLe.

x€ER"
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Approximation of identity in Lipschitz settings

Proof: Following the same argument as before, we have

sup |(f * 0:)(x) = f(x)] = sup | [ [f(x) = f(y)]es(x — y) dy

xeRnM xeR" Rn

<sup sup[f(x) = f(y)]
x€RM {y:|x—y|<eR}

<sup sup Llx—y|
x€R" {y:|x—y|<eR}

< LeR.
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Approximation of identity in LP settings

Theorem (Approximation of identity)

Let ¢ be a non-negative function in L'(R") such that [, 0= 1. For
>0, let
1 /x
0:(x) = 5@(5)-
If f € LP(R") for some 1 < p < oo, then

!l‘% ||f * 0 — f”Lp(Rn) = 0
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There exist f € L*(R") and o € C°(B1(0)) such that f  o. does
not converge to f in L*°.

o Take f = X By (0)-
@ Then
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f*xop.7 fin L[>

o fx0.(x) = [5,0n5.(0) 0=(2) d2.
x| <1—¢ x| >1+¢ x| =
fxo(x)=1 fx 0(x f * 0-(x) € [0,1]
— % in symmetry,
ie. 0= o(|x])
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f*xop.7 fin L[>

@ We now take some g of the form o(x) = o(|x|) such that, in
addition to the condition ||o||;» = 1, we have

/' o(2) dz = co € (0,1) for all |p| = 1/2.
B1,4(p)

o Consider 1 < |x| <1+ ¢/4.
* Bi(x) N B-(0) contains a ball
B./a(p-) with |p.| = ¢/2.

D * So f * g.(x >fB/4(ps)g5( z)dz =
o G € (0 ].)
* As f(x) = 0 here, we thus have

|f % 0. — fllie > co /2 0.
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Approximation of identity in LP settings

Theorem (Approximation of identity)

Let ¢ be a non-negative function in L'(R") such that [, 0= 1. For
>0, let
1 /x
0:(x) = 5@(5)-
If f € LP(R") for some 1 < p < oo, then

!l‘% ||f * 0 — f”Lp(Rn) = 0
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Approximation of identity in LP settings

Proof
o Let f.(x) := f % p-(x). Then

2= Frod) = [ ety dr= [ Flx=y)otr)dy

o Recall that, as [, 0. = 1, we have

0= [ Fx)ety) .

@ Hence
|£(x) — f(x)|< g 1f(x — y) — F()|]0-(y)|dy
- /R F(x = y) = F()lo- ()| lo-(y)|7 dy.
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Approximation of identity in LP settings

Proof

1 1
o [£(x) = F() < [ IF(x —y) = FOllo=(v)[7 0 (y)|7 dy.
@ Applying Holder's inequality, the above is less than or equal to

< { [ 1= = 10Pletl ) { [ lotlar)’
—{ [ 1= = FaPleml 8y}
Rn
@ Integrating and using Tonelli's theorem,
IIfE—fII'ZPS/ [(x = y) = F(x)[Plo=(y)] dy dx
n ]Rn
1o [ 17 =) = 700l dcf .
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Approximation of identity in LP settings

Proof
o N1 = I < Jun lo-)I fio 1F(x = y) = F()PP o}y

@ In other words,
~ 1 < [ el ~ Fld

@ If we had that Supp(o) C Bk, then Supp(o.) C B.r, and so

I — 2, < sup 7y f — I, / l0-(y)|dy
eR

ly|<eR
= sup |7 f — %530
ly|<eR

in view of the theorem on the continuity of the translation
operator in LP.
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Approximation of identity in LP settings

Proof

o I = flIf < Janlo-W)IlI7—y f = FlIZ-dy

@ In the general case where o may or may not have compact
support, we argue as follows: For every fixed R > 0,

[ el — g
ly|<eR
< sup [Iryf — flE, / l0-(y)|dy

ly|<eR B.x

f-||p 84}0
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Approximation of identity in LP settings

Proof
o I = FlIls < Jza lo=()ll7—yf = FlITody.
o ¥ R, lim._o [, _.plo-)llITy f — FllZdy = 0.
@ On the other hand,

[ 10l f = fldy

ly|>eR

< / 10017y Fllr + 1F 1)y

y|>eR

— 2|1, /| o.)dy= 27| 7|15 /| 10(2)dz.

y|>eR Z|>R

@ As g € L}(R"), we have by Lebesgue’s dominated convergence

theorem that
lim / lo(z)|dz = 0.
R—oo Jiz|>R
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Approximation of identity in LP settings

Proof
o [Ife =l < Jra loc()lI7—yf = FIITody.
o VR, lim._o f|y|§5;§ lo-(W)Il7—yf = fl|L,dy = 0.

0 V&, liman, foog o) lll7y F — Fl2,dy = 0.
@ We are ready to wrap up the proof: Fix some 1 > 0 and select
some large R so that

/ o) llry f — FliZady < /2

ly|>eR

@ Then we select small gq such that, for all £ < &y,

/ o) ll7y f — FllZdy < /2

ly|<eR
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Approximation of identity in LP settings

Proof

@ For ¢ < g,

I = fliis < 3 oWl f = FllLdy <n.

@ As 7 is arbitrary, we conclude that ||£. — f||,prr) — 0 as € — 0.
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For1 < p < oo, the space C°(R") is dense in LP(R").

Proof
e Fix f € LP(R"). We need to produce f, € CX°(R") such that
fk — fin LP.
e If f has compact support, say Supp(f) C Bg, this follows from
the previous theorem:
* Take a smooth non-negative function p € C2°(B;) with
Jgn 0 =1 and define the mollifiers o.(x) = £ o(x/e).
* Then fi := f*gl/k € C* and fk — fin LP.
* Recall that fi(x) = [. f(y)o1/k(x — y) dy , and observe that
for |[x| > R+ l/k then, by triangle inequality, |y| > R or
Ix —y| > 1/k. So f(y)oi/k(x — y) = 0 for those x. So
Supp(fy) C Bry1/k, and fr € CZ°(R").
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Ce(R") = LP(R")

Proof
@ In general, we produce f, € C°(R") with ||fy — f||,» < 1/k as
follows:

% Note that, as R — o0, fxg, — f in LP by Lebesgue's
dominated convergence theorem.

* So we can pick large Ry such that HfXBRk —fllr < ﬁ

* Now fXBRk has compact support, so by the previous
consideration, there exists a function fx € C2°(R") such that
1fxBe, — fille < 25

% Then ﬂfk — f|ltr <1/k and so fy — f in LP as wanted.
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C=(E) N LP(E) = LP(E)

Let C(E) = {f|E fe COO(R”)}.

For1 < p < oo, the space C*(E) N LP(E) is dense in LP(E).

Proof

e Fix f € LP(E). We will produce functions

fk € COO(Rn) N Lp(Rn) such that fk‘E — fin LP(E)
e Extend f to f : R” — R by setting f = 0 in R” \ E. Then

f € LP(R"). By the previous theorem, there exist

fi € C*(R") € C=(R") N LP(R") such that f, — f in LP(R").
o Now,

/ o~ fPdx < [ |- FPdx—0,
E Rn

and so fx|g — f in LP(E).
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Pre-compactness criterion in C(K)

Theorem (Ascoli-Arzela's theorem)

Let K be a compact subset of R". Suppose that (f;) is a sequence of
functions of C(K) such that

@ (Boundedness) sup; ||fi||c(ky < oo,
@ (Equi-continuity) For every € > 0, there exists § > 0 such that
|fi(x) — fi(y)| < e forall i and all x,y € K with |x —y| < 0.

Then there exists a subsequence (f;) which converges uniformly on K.

4

In other words, the set {f;} is pre-compact.
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Pre-compactness criterion in C(K)

Proof

e We would like to show that (f;) has a subsequence (f;) which is
Cauchy in C(K), i.e. for every given ¢ > 0,

|f; = fillc(xy < € for all large j, k. (*)

@ We claim that a slightly softer statement holds: For every given
€, there is a subsequence (f) of (f;) such that

1 — fillck) < 3¢ for large j, k. (**)

k

@ Suppose that (**) holds for the moment, we will now show how
(*) can be obtained.
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Pre-compactness criterion in C(K)

Proof
e (**) = (*): We will use a diagonal procedure.

» Using (**), take a subsequence (fljl) of (f;) such that
”fljl - fiiHC(K) < 1 eventually.

* Now the sequence (f,jl) satisfies the condition of theorem. Since
we are assuming (**), we can thus take a subsequence (1‘,]2) of
(fijl) such that Hff — 2l c(k) < 1/2 eventually.

* Proceeding inductively, we have a nest sequence of subsequences
(i) > (f,-jl) D (f,f) D ... such that, for each m > 1,

1" = fi llc(ky < 1/m eventually.

* Now let f;; = fIJJ Then, for every fixed m, the sequence (f;) is
eventually a subsequence of (ﬁ-j’") and so [|f; — fiyllc(ky < 1/m
eventually. So (f;) satisfies (*).
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Pre-compactness criterion in C(K)

Proof

@ We now prove (**), i.e. for every given ¢, there is a subsequence
(f5) of (f;) such that

1 — fillcpy < 3¢ for large j, k.

* By equi-continuity, there exists § > 0 such that
|fi(x) — fi(y)| < e forall i and all x,y € K with |x — y| <.

* As K is compact, we can cover K by finitely many open balls
B(x1,9), ..., B(xn,0) with x;'s in K.

* By uniform boundedness, for each ¢, the sequence (fi(x¢)) is
bounded in R. By Bolzano-Weierstrass' theorem, we can select
a subsequence (f,f) such that (f,f(xe)) is convergent for all £. So

\f,-f(xz) — f,-f(Xg)\ < ¢ for all £ and for all large j, k.
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Pre-compactness criterion in C(K)

Proof
o We

b S S

now prove (*¥).

fi(x) = fi(y)| < e forall i and all x,y € K with [x — y| < 0.
B(x1,6), ..., B(xn,d) covers K.

|ﬁf(X£) — f7(x¢)| < e for all £ and for all large j and k.

Now if x € K, then x € B(xy,0) for some £. Then, for large j, k,

17 = F GO < 12 () = F ) + 1 () — )
+ 1 (%) — 00

< 3e.

So ||ff — fZllc(ky < 3¢, which proves (*¥).
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Pre-compactness criterion in LP()

Theorem (Kolmogorov-Riesz-Fréchet's theorem)

Let 1 < p < oo and Q be an open bounded subset of R". Suppose
that a sequence (f;) of LP(Q2) satisfies
@ (Boundedness) sup; ||fi||.r(q) < 0,

@ (Equi-continuity in LP) For every e > 0, there exists 6 > 0 such
that |7, f; — fill o) < € for all |y| < &, where f; is the extension

by zero of f; to the whole of R".
Then, there exists a subsequence (f;,) which converges in LP(2).

4

By definition # : R” — R is given by f: = f; in Q and f; = 0 in R™\ Q.
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