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The implicit scheme: stability, consistency and convergence

Consider the closed interval [a, b] of the real line, with a < b, and let
T > 0. We shall be concerned with the finite difference approximation of

the initial-boundary-value problem

Py a0

57 S e f(x,t) for (x,t) € (a, b) x (0, T],
8:,()(,0) = up(x) for x € [a, b], (1)
a(X’()) = u1(x) for x € [a, b],
u(a,t) =0 and u(b,t)=0 for t € [0, T].

Here, f is assumed to be a continuous real-valued function defined on
(a,b) x [0, T], up and wuy are supposed to be continuous real-valued
functions defined on [a, b], and we shall assume compatibility of the initial
data with the boundary conditions, in the sense that ug and u; are required
to vanish at both x = a and x = b. As before, ¢ > 0 is the wave speed.



For M > 2, we define At := T /M, and for J > 2 the spatial step is taken
to be Ax = (b—a)/J. We let x; ;== a+ jAx for j=0,1,...,J and
tm ;= mAt for m=0,1,..., M.



For M > 2, we define At := T /M, and for J > 2 the spatial step is taken
to be Ax = (b—a)/J. We let x; ;== a+ jAx for j=0,1,...,J and
tm ;= mAt for m=0,1,..., M.

On the space-time mesh {(x;,t,) : 0 <j < J, 0 < m < M} we consider
the finite difference scheme

Urtt-aur e Ut G U 207 U ot j=1,...,0-1,
At? Ax2 = f(og, tmia) f°r{ m=1,...,M—1,

U = wo(x) forj=0,1,...,J,
U = U} + Atui(x) for j=1,2,...,J-1,

U'=0 and U] =0 form=1,...,M.

(2)



The second numerical initial condition, featuring in equation (2)3, stems
from the observation that if % € C([a, b] x [0, T]) then

u(x;, At) — UJQ _ u(x;, At) — u(x;,0)
At a At
du

= E(Xj’o) + O(At) = ui(x) + O(At);

thus, by ignoring the O(At) term and replacing u(x;j, At) by its numerical
approximation UJ-1 we obtain (2)3.



The second numerical initial condition, featuring in equation (2)3, stems

from the observation that if % € C([a, b] x [0, T]) then

u(g, At) — U u(x;, At) — u(x;,0)

At At

ou
= E(Xj’o) + O(At) = ui(x) + O(At);

thus, by ignoring the O(At) term and replacing u(x;j, At) by its numerical
approximation UJ-1 we obtain (2)3.

Once the values of Uj’"*1 and UJ-’", for j=0,...,J, have been computed
(or have been specified by the initial data, in the case of m = 1), the
subsequent values Ujf"H, j=0,...,J, need to be computed by solving a

system of J — 1 linear algebraic equations for the J — 1 unknowns Um™*!,
j=0,...,J—1 for m=0,..., M —1. The finite difference scheme (2) is
therefore called the implicit scheme for the initial-boundary-value problem.



Stability of the implicit scheme.

Consider the inner products

J-1
(U, V):=> AxU; Vv,

j=1

J
(U, V=) AxU; v,
j=1

and the associated norms, respectively, || - || and ||-]|, defined by

IU]l := (U,U)? and ||U]| = (U, U]3.



Note that for two mesh functions A and B defined on the computational
mesh {x; : j=1,...,J — 1} one has that (please check this!)

1 1
(A= B,A) =S (IAII* = BI") + 51IA - BII*.



Note that for two mesh functions A and B defined on the computational
mesh {x; : j=1,...,J — 1} one has that (please check this!)

1 1
(A= B,A) =S (IAII* = BI") + 51IA - BII*.

Thus, by taking A= U™ — U™ and B = U™ — U™, we have

(Um+1 _ 2Um + Um—l’ Um+1 _ Um)

1 1
= S(Um = U = [Um = U )+ U - 20m - um R,



Note that for two mesh functions A and B defined on the computational
mesh {x; : j=1,...,J — 1} one has that (please check this!)

1 1
(A—B,A)= §(||A||2 —1BI1*) + slA- B*.
Thus, by taking A= U™ — U™ and B = U™ — U™, we have

(Um+1 _ 2Um + Um—l’ Um+1 _ Um)
1 m m m m— 1 m m m—
=5(u HoumP—jum-u 1H2)+§HU _2um - umR,

Similarly as above, for two mesh functions A and B defined on the
computational mesh {x; : j =1,...,J} we have that

(A~ B, A = (A~ |BIP) + 5| A~ BIP.



Hence, by performing a summation by parts and then taking
A= D}U™1 and B = D U™ we have

(_D;(I»D; Um+1’ Um+1 o Um) — (D; Um+1, D;(um+1 o Um)]
= (D U™ — D U™, D U™
1 —ym —ym
=5(IbcU P = 1D umM?)

1
+ 5105 (Ut - um) 2.



Hence, by performing a summation by parts and then taking
A= D}U™1 and B = D U™ we have

(=D D U™ U™ttt — Um) = (D U™, DL (UM = U™)]
= (D U™ — D U™, D7 U™
1 — | m — | m
= S(IDx U™ 1P = 1o U
1 — m m
+ S I1D5 (U = UM

By taking the (-,-) inner product of (2); with U™ — U™ and using the
identities stated above we therefore obtain:

1 Um+1_um 2 Um_um—l 2 1 )
2<Hm ‘H T3 At

At
1 1
+ 361 D; Um R — D UMR) + 5 A

= (f(a tm+1)a Um+1 - Um)

Um+1 —_oym + Um—l 2

At?

Um+1_um
D —n-
()]

2




In the special case when f is identically zero the equality (3) gives

2

m _ [ ym—1
ViU L 2oy ump. (4)

Um+1 o Um
At

2
2 —ym+172
+ D U <
At c H X ]| = H




In the special case when f is identically zero the equality (3) gives

2

m _ [ ym—1
ViU L 2oy ump. (4)

2
2 —ym+172
+ D U <
c H X ]| = H At

Um+1 —_ym
At

Let us define the nonnegative expression

2

Um+1 —_ym
—— | +Ipr U,

e[

With this notation (4) becomes
M2(U™) < M2(U™Y), foralm=1,..., M —1,
and therefore

M2(U™) < M2(U°), forall m=1,....M—1.



One can verify (please check this!) that the mapping

U~ max  [M2(U™)]Y?
me{0,...,M—1}

is a norm on the linear space of mesh functions U defined on the
space-time mesh {(xj,tm) : j=0,1,...,J, m=0,1,..., M} such that
Uy' =U7 =0forallm=0,1,..., M.



One can verify (please check this!) that the mapping

U~ max  [M2(U™)]}/?
me{0,...,M—1}

is a norm on the linear space of mesh functions U defined on the
space-time mesh {(xj,tm) : j=0,1,...,J, m=0,1,..., M} such that
Uy' =U7 =0forallm=0,1,..., M.

Thus we have shown that when f is identically zero the implicit scheme
(2) is (unconditionally) stable in this norm.

Note: Unfortunately, the implicit scheme only satisfies an energy inequality
rather than an energy equality when f = 0.



We now return to the general case when f is not identically zero. Our
starting point is the equality (3) and we focus our attention on the term
on its right-hand side. By the Cauchy—Schwarz inequality,

(F(-s tmy1), U™ = UT) < NIt L U™ = U™

At [[umtt —ym
VAT rCtmly 5 [

Um+1 —_ym
At

AtT 24 At 2

< ——||f(-, tm )
=" H(7 +1)

(5)

where in the transition to the last line we used the elementary inequality

1 1
aff < §a2 + §ﬂ2, for a, 8 € R.



Substituting (5) into (3) we deduce that

-2 (=

um — Um—l
At

+ 2Dy Um+1]!2>

< + DU + A T I, tmra) 1.
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Substituting (5) into (3) we deduce that

)

um — Um—l
At

+ 2Dy Um+1]|2>

< + DU + A T I, tmra) 1.

By recalling the definition of M2?(U™) we can rewrite (6) in the following
compact form:

A
(1 _ Tt) ME(U™) < ME(U™Y) 4 AET |[F(-, tsn) |2

form=1,2... . M—1.

11 / 25



As, by assumption, M > 2, it follows that At := T/M < T /2, whereby
At/ T <1/2. By noting that

1—x>
X_1+2x

it follows with x = At/ T that

2A 2A
M2(U™) < <1+Tt> MU+ AL T (1+Tt) (-, tmr1) 112

2 At
< (1 + T) M2U Y L2 At T||F (- tmyn) |

form=1,2,..., M —1.



We need the following result, which is easily proved by induction.

Lemma

Suppose that M > 2 is an integer, {am M=} and {bm}M=1 are
nonnegative real numbers, o > 0, and

am < aam—1+ bm form=1,2,...,M—1.
Then,

m
amgamao+2am_kbk form=1,2...,M—1.
k=1

13 / 25



We shall apply Lemma 1 with

2 At
om= MA(U™), by =286 T tmin)P o= 1420

to deduce that, for m=1,2,..., M — 1,

208\ u 206\ "
ae(umy < (14 22 ) ey s 2aeT Y (14 220) T e
k=1

14 / 25



We shall apply Lemma 1 with

2 At
om= MA(U™), by =286 T tmin)P o= 1420

to deduce that, for m=1,2,..., M — 1,

208\ u 206\ "
ae(umy < (14 22 ) ey s 2aeT Y (14 220) T e
k=1

We note that

14 280\7 1+2AtM_ A £<2
T ) = T ) T ) =%
where the last inequality follows from the inequality

(1+2x)% <e? Vxe (o, 3,

with x = At/ T, which follows by noting that log(1 + x) < x for all x > 0.
| 14 /25



Thus we deduce the following stability result for the implicit scheme (2).

Theorem

The implicit finite difference approximation (2) of the initial-boundary-
value problem, on a finite difference mesh of spacing Ax = (b — a)/J with
J > 2 in the x-direction and At = T /M with M > 2 in the t-direction, is
(unconditionally) stable in the sense that, form=1,..., M —1,

M2(U™) < @ MP(U0) +262 T ) At (-, tira)|?,
k=1

independently of the choice of Ax and At.




Consistency of the implicit scheme.

We define the consistency error of the scheme for m=1,... .M — 1 by
m+1 m m—1 m+1 m+1 m+1
S B i AL £ e A WP
j T At2 c Ax2 (va m+1)7
and
i
T/ = At *ul(Xj)v ./:17 a-jilv

16 / 25



As

9%u &%u du
f(xj, tmy1) = ﬁ(xja tmy1) — c? ﬁ(xja tme1) and  ui(xj) = a(xjao);

it follows that

m+1 -2 a2
Tj - At2 - ﬁ(xja tm+l)
) uﬁf{l - 2ujf"+1 + uff{l 0%u
- ¢ Ax2 - ﬁ(xj, tm+1)

forj=1,....,.J—1land m=1,...,M—1 and

forj=1,...,J—1

17 / 25



m— 1

By Taylor series expansion of u™ = u(x;, tm) and u; u(xj, tm—1)

about the point (xj, tm+1) we have that

+1 2ujm + ujfnfl azu .
INE " g 09 1)
1 A3u 83
= gAt <8t3(xj777m) - 8!‘3 (Xjanm 1)>

where nm_1 € [tm—1, tmt+1] and Nm € [tm, tm+1], provided that the third
partial derivative of u w.r.t. t is a continuous function on [a, b] x [0, T].



Similarly, by Taylor series expansion of uj’}jl = u(Xj+1, tm+1) and

uj’f{l = u(Xj_1, tm+1) about the point (x;, tms1) we find that
1 1 1
uﬁfl — 2uj"Jr + uffl 92u ) 9*u

(§J7 tm+1)7

1
(Xj7 tm+1) = EAX

Ax? - ox? ox*

where &; € [xj_1, xj11], provided that the fourth partial derivative of u
with respect to x is a continuous function on [a, b] x [0, T].



Similarly, by Taylor series expansion of u"}jl = u(Xj+1, tm+1) and

uj’ﬁil = u(Xj_1, tm+1) about the point (x;, tms1) we find that
m+1 m—+1 m+1
Uiy =20+ uT 0%u A , 0*u
AX2 - 8X2 (Xj7tm+1) A a 4(§j7tm+1)7

where &; € [xj_1, xj11], provided that the fourth partial derivative of u
with respect to x is a continuous function on [a, b] x [0, T]. Hence,

m+1< 2 2 j:]-u"'7J_1)
| T 1 Ax M4X+3Atl\/l3t, {mzl,...,/\/]—l, (7)
where
d*u Bu
My = —(x,t d Mz = —(x,t)|.
¢ (x,t)e{g?)]xX[O,T] ox* (x )‘ an 3t (x,t)e{g,?)])(X[O,T] o3 (x )‘




It remains to bound le. This time, by performing a Taylor series
expansion, but now with an integral remainder term, we get that

2

1 (At 0cu
Ul At/o (At —1) ﬁ(xju t)dt,

and therefore )
ITH < 5At/\/lzt, j=1,...,0-1,

where
0%u

ﬁ(xv t)|.

2
M2t = ‘

max
(x,t)€la,b] x[0,T]



It remains to bound le. This time, by performing a Taylor series
expansion, but now with an integral remainder term, we get that

1 [At 0%u

and therefore )
ITH < 5At/\/lzt, j=1,...,0-1,

where 5
u
M2t = ﬁ(X, t) .

2
max
(x,t)€la,b] x[0,T] ‘

Having bounded the consistency error we are now ready to investigate the
convergence of the implicit scheme.



Convergence of the implicit scheme

In the rest of the section we shall explore the convergence of the finite
difference scheme (2). To this end, we define the global error

m._ m J=0,....J,
€ .—U(Xj7tm)_Uj’ {mZO,--wM-

21 / 25



Convergence of the implicit scheme

In the rest of the section we shall explore the convergence of the finite
difference scheme (2). To this end, we define the global error

m._ m J=0,....J,
ej —u(){]atm)_UJ7 {m:O,7M

It follows from the definitions of ij+1 and T} that

m+1l __ ~H_.m m—1 m+1 5 m+l m+1
& G Y {2 Whtea M W !
At? Ax? I

forj=1,....,J—1land m=1,....,M—1, and

1_ 0 1 I
ej—eJ+AtT/, _/—].,,J—]_

21 / 25



Convergence of the implicit scheme

In the rest of the section we shall explore the convergence of the finite
difference scheme (2). To this end, we define the global error

j=0,...,J,

ef" = U(Xjatm)_Ujm7 { m:O,...,/\/I.

It follows from the definitions of ij+1 and T} that

m+1l __ ~H_.m m—1 m+1 5 m+l m+1
& G Y {2 Whtea M W !
At? Ax? I

forj=1,....,J—1land m=1,....,M—1, and
ef=¢ +AtT},  j=1,..,J-1

Furthermore, ej‘.) =0forj=0,1,...,J, and e’ = €7 =0 for
m=1,...,M.

21 / 25



Hence, the global error e satisfies an identical finite difference scheme as
U, but with f(x;, tmy1) replaced by Tj’"H, UJQ = up(x;) replaced by
eJQ =0, and u1(x;) replaced by le.

22 /25



Hence, the global error e satisfies an identical finite difference scheme as
U, but with f(x;, tmy1) replaced by Tj’"H, UJQ = up(x;) replaced by
eJQ =0, and u1(x;) replaced by le.

Theorem 2 with U™ replaced by e™, U° replaced by €® and f(x;, tk+1)
replaced by Tij forj=1,...,J—1and k=1,...,M — 1, gives that

2

)

form=1,.... M—1.

M2(e™) < @ MP() +262 T Zm:m H T"“‘
k=1



Hence, the global error e satisfies an identical finite difference scheme as
U, but with f(x;, tmy1) replaced by Tj’"H, UJQ = up(x;) replaced by
eJQ =0, and u1(x;) replaced by le.

Theorem 2 with U™ replaced by e™, U° replaced by €® and f(x;, tk+1)
replaced by Tij forj=1,...,J—1and k=1,...,M — 1, gives that

2
, form=1,... M—1.

M2(e™) < @ MP() +262 T Zm:m H T"“‘
k=1

It remains to bound the terms on the r.h.s. of this inequality.



Now, because (J — 1)Ax < (b — a), it follows from (7) that

J

-1
2
T = e S ax T
1<k<
— _m :1

max
1<k<m

J
2

1
<(b-a) |:12C2AX2M4X + gAtMgt

23 /25



Now, because (J — 1)Ax < (b — a), it follows from (7) that

J

-1
2
T = e S ax T
1<k<
— _m :1

max
1<k<m

J

1 2
< (b-a) |:12C2AX2M4X + 2AtM3t] .

Similarly,

2 2
M2() < (b a) Bm MQ,_} +2(b—a) B At2M1X2t]

23 /25



Hence, finally,
1 2 1 2
M?(e™) < (b — a) [Qm Mgt:| + c2e?(b — a) [2 Atzl\/llxgt]
2 T2 1 2 2 5 2
+2e° T (b — a) EC Ax M4X + gAtM3t

form=1,..., M —1.

24 / 25



Hence, finally,
1 2 1 2
M?(e™) < (b — a) [2At Mzt:| + c2e?(b — a) [2 At2/v11x2t]

1 5 2
5 €23 M + 3Atl\/l3t]

+2e? T?(b — a) [
form=1,..., M —1.
Thus, provided that Moy, Mixor, Max and Ms; are all finite, we have that

e



Hence, finally,
1 2 1 2
M?(e™) < (b — a) [2At /\/’Qt] + c2e?(b — a) [2 At2/\//1x2t]

1 5 2
— 2 AX> My, + At/\/’3t]

2 12y
+2e“ T<(b a)[l2 3

form=1,..., M —1.
Thus, provided that Moy, Mixor, Max and Ms; are all finite, we have that

e

Note: The convergence of the scheme is unconditional; i.e., there is no
limitation on the size of the time step At in terms of the spatial mesh-size
Ax for the convergence of the sequence of numerical approximations to
the solution of the wave equation to occur as Ax, At — 0.



In Lecture 14 we shall study the explicit finite difference scheme for the
wave equation. We will show that, in contrast with the implicit scheme,
the explicit scheme is only conditionally stable, and its convergence will
therefore also shown to be conditional; specifically, we shall require that

c At
Ax

where ¢y is a positive constant and ¢ > 0 is the wave speed, appearing as
- 2, . .
the coefficient of % in the wave equation.

<cg<l1,

Note: On the other hand, in contrast with the implicit scheme, when f =0
the explicit scheme will be shown to satisfy a discrete energy equality.



