BO1 History of Mathematics
Lecture IX

Classical algebra: equation solving
1800BC-AD1800

MT 2021 Week 4



Summary

Part 1
» Early quadratic equations
» Cubic and quartic equations

» Further 16th-century developments

Part 2
P> 17th century ideas
> 18th century ideas
» Looking back
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reciprocal? Break in half the 7 by
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Completing the square, c. 1800 BC

A Babylonian scribe, clay tablet BM
13901, c. 1800 BC:

A reciprocal exceeds its reciprocal by
7. What are the reciprocal and its
reciprocal? Break in half the 7 by
which the reciprocal exceeds its
reciprocal, and 3% will come up.
Multiply 33 by 3% and 12} will
come up. Append 60, the area, to
the 127 which came up for you and
727 will come up. What is the
square-side of 72%? 8%. Put down
8% and 83 and subtract 31 from
one of them; append 3% to one of
them. One is 12, the other is 5. The
reciprocal is 12, its reciprocal 5.




Completing the square, c. 1800 BC
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A Babylonian scribe, clay tablet BM
13901, c. 1800 BC:

A reciprocal exceeds its reciprocal by
7. What are the reciprocal and its
reciprocal? Break in half the 7 by
which the reciprocal exceeds its
reciprocal, and 3% will come up.
Multiply 3% by 3% and 12% will
come up. Append 60, the area, to
the 121 which came up for you and
721 will come up. What is the
square-side of 7217 8. Put down
8% and 8% and subtract 3% from
one of them; append 3% to one of
them. One is 12, the other is 5. The
reciprocal is 12, its reciprocal 5.
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Points to note

> We have used the word ‘equation’ without writing down
anything in symbols

> Solution recipe derived from geometrical insight

» Not (explicitly) a general solution — but reader ought to be
able to adapt the method

> |s this algebra? Geometrical algebra?



Diophantus of Alexandria (3rd century AD)
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Muhammad ibn Musa al-Khwarizmt (c. 780—c. 850)

Noted six cases of equations:

1. Squares are equal to roots

(ax? = bx)

2. Squares are equal to numbers
(ax? = ¢)

3. Roots are equal to numbers
(bx =¢)

4. Squares and roots are equal to
numbers (ax? + bx = ¢)

5. Squares and numbers are equal to
roots (ax? + ¢ = bx)

6. Roots and numbers are equal to
squares (bx + ¢ = ax?)



Muhammad ibn Musa al-Khwarizmt (c. 780—c. 850)
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Leonardo of Pisa (Fibonacci) (c. 1175—c. 1240/50)

Liber abaci (or Liber abbaci),
Pisa, 1202:

» included al-Khwarizmi's
recipes

» geometrical demonstrations
and lots of examples

» didn't go very far beyond
predecessors, but began
transmission of Islamic idea
to Europe
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Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = q
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Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = ¢
» found by Scipione del Ferreo (or Ferro) (c.1520)
» taught to Antonio Maria Fiore (pupil)
» and Annibale della Nave (son-in-law)

» rediscovered by Niccold Tartaglia (1535)



Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = ¢
» found by Scipione del Ferreo (or Ferro) (c.1520)
» taught to Antonio Maria Fiore (pupil)
» and Annibale della Nave (son-in-law)
» rediscovered by Niccolo Tartaglia (1535)

» passed in rhyme to Girolamo Cardano (1539)



Cubic equations (2)

X3+ px=q

When the cube with the things next after
Together equal some number apart
Find two others that by this differ

And this you will keep as a rule
That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.

(Tartaglia, 1546; see: Mathematics emerging, §12.1.1)



Cubic equations (3)
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Together equal some number apart
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The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:
Find u, v such that

X3+ px=q

u—v=4gq,

When the cube with the things next after
Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:

Find u, v such that

3 _ p\3
X7 + px q u—v=aq, uv:(—>.
When the cube with the things next after

Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal

To a third cubed of the number of things

The difference then in general between

The sides of the cubes subtracted well

Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:
Find u, v such that

X3‘|—PXZq u—v=aq, uv:(§>3.

When the cube with the things next after

Together equal some number apart

Find two others that by this differ Then

And this you will keep as a rule 3 _ 3
That their product will always be equal X = f \/;

To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

X3+ px=q

When the cube with the things next after
Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.

Interpretation of Tartaglia's rhyme:

Find u, v such that

u—v=gq, uv= (§)3

Then
x=¥u- v

NB: In an equation

y3 + ay? + by 4+ ¢ = 0 we can put
y = x — £ to remove the square
term, so this solution is general.



Cubic equations (4)

In modern terms, one of the solutions of the equation
ax3 + bx? 4+ cx + d = 0 has the form

3 b3 Lbe 4N, b3 Lbe d 2 (e b2\ 3
x = — - _ = — - _ = [
27a3 6a2 2a 27a3 6a2 2a 3a 9a2
3 b3 bc d b3 be  d\? c B\ b
+ - +— =] - - +—=—) (=== - =
273 622 2a 2723 632  2a 32 9a2 3a

with similar expressions (in radicals) for the remaining two roots




Cardano’s Ars magna, sive de regulis algebraicis (1545)
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Cardano on the cubic

7
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Cardano on the cubic
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Cardano on the cubic

Hieronymt CaRDANE

e o et » Geometrical justification
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Cardano on the cubic

Hieronymt CaRDANE
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» Geometrical justification
remains

» General solution (to
particular case), rather than
example to be followed

a

> Make substitution x =y — 3
iny3+ax?>+ bx+c=dto
suppress square term and
obtain equation of the form
x3 4 px = g — manipulation
of equations prior to solution



Quartic equations (1)

General solution discovered
(again on a case-by-case
basis) by Lodovico Ferrari
(c. 1540) and published by
Cardano, in the form of
worked examples, alongside
solution of cubic
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Quartic equations (2)
In modern terms, suppose that

x4:px2+qx+r.
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Quartic equations (2)
In modern terms, suppose that
x4:px2+qx+r.
Add 2yx? + y? to each side to give
(2 +y)? = (p+2y)x* + gx + (r + y?).
Now we seek y such that the right hand side is a perfect square:
8y> + 4py? + 8ry + (4pr — ¢°) = 0.

So the problem is reduced to solving a cubic equation and then a
quadratic.

NB: In an equation y* + ay3 + by? + cy + d = 0 we can put
y = x — 7 to remove the cube term, so this solution is general.



Quartic equations (3)

Formulae for the solutions of the general quartic equation, in all
their unedifying glory, may be found at:

http://planetmath.org/QuarticFormula

Cardano’s Ars Magna may also be found online here


http://planetmath.org/QuarticFormula
http://lhldigital.lindahall.org/cdm/compoundobject/collection/math/id/8265/rec/16

Further 16th-century developments

Rafael Bombelli, L’algebra (1572):
» heavily influenced by Cardano
» equation solving, new notation
» exploration of complex numbers

[to be dealt with in a later lecture]

DA



Further 16th-century developments

LARITHMETIQVE
DE SIMON STEVIN
DE BRVGES:
Contenant lescomputations des nombres

Arithmetiques ou vulgaires :
Aufsi I Algebre, auec les equations de cinc quantitez.

. . , . . .
Simon Stevin, L'arithmetique ... aussi
Enfembleles quatre premiers liures & Algebre Rk
de Diophanted’Alexandrie,maintenant pre- ['al g ebre ( 1585 ) .
mierement tradui&s en Frangois.
Encore vn liure particalier de La Pratique & Arithmetique, » heavil y In fluenced by Cardano
contenant entre autres, Les Tables d Intere§t, La Diftne; .
Et v trailké des Incommenfurables grandeurs : t h roug h BO m bel | |
Auec I Explication du Dixiefme Liure d’ Euclide.

» appended his treatise on decimal
notation

De I'Tmprimerie de Chriftophle Plantin.
clo. Io, LxxxvV.




Further 16th-century developments

Frangois Viete (1590s):
» links between algebra and
geometry
> (algebra as ‘analysis’ or
‘analytic art’)
» notation [recall Lecture Il1]

» numerical methods for solving
equations




Thomas Harriot (c. 1600)
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Add MS 6783 f. 176

Note:

» notation [see lecture Il];

» appearance of
polynomials as products
of linear factors.


http://echo.mpiwg-berlin.mpg.de/ECHOdocuView?url=/mpiwg/online/permanent/library/VWXURW4V&start=351&viewMode=image&pn=351

Thomas Harriot (1631)

Some of Harriot's ideas found
their way into his Artis
analyticae praxis ( The
practice of the analytic art),

published posthumously in
1631
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Thomas Harriot (1631)

Some of Harriot’s ideas found
their way into his Artis
analyticae praxis ( The
practice of the analytic art),
published posthumously in
1631

But editors did not permit
negative or imaginary roots
[to be discussed further in a
later lecture]

See Mathematics emerging,
§12.2.1.
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Commentary on Harriot

4

PHILOSOPHICAL AND MATHEMATICAL
DICTIONARY:

AN EXPLANATION OF THE TERMS, AND AN ACCOUNT OF THE SEVERAT, SUBJECTS,
MATHEMATICS, ASTRONOMY, AND PHILOSOPHY
BOTH NATURAL AND EXPERIMENTAL;

TIISTORICAL ACCOUNT OF THE RISE, PROGRESS, AND PRESENT STATE
0

IN TWO VOLUMES:
we oyt

1810,

Charles Hutton, A mathematical and
philosophical dictionary, London,
1795, vol. 1, p. 91 (p. 96 of revised
edition, 1815):

He shewed the universal generation
of all the compound or affected
equations, by the continual
multiplication of so many simple
ones; thereby plainly exhibiting to
the eye the whole circumstances of
the nature, mystery and number of
the roots of equations; with the
composition and relations of the
coefficients of the terms; ...



Part 2: Theory of Equations



Algebra in the 17th century

From 1600 onwards, ‘algebra’ as a set of recipes and techniques
began to diverge in two (linked) directions:
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Algebra in the 17th century

From 1600 onwards, ‘algebra’ as a set of recipes and techniques
began to diverge in two (linked) directions:

> ‘algebra’ as a tool or a language (a.k.a. ‘analysis’ or the
‘analytic art’)

> ‘algebra’ as an object of study in its own right (the ‘theory of
equations’)
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Polynomials feature in Descartes' La géométrie (1637),
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polynomial is at most the number of times that the sign
changes as we read term-by-term; the number of negative
(‘false’) roots is at most the number of successions of the
same sign;
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polynomial is at most the number of times that the sign
changes as we read term-by-term; the number of negative
(‘false’) roots is at most the number of successions of the
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x* —4x3 — 19xx 4+ 106x — 120 = 0

has at most 3 positive roots and at most one negative;



Descartes on algebra

Polynomials feature in Descartes’ La géométrie (1637), e.g.:

P one example to show that polynomials can be constructed
from their roots (influenced by Harriot?);

» ‘rule of signs’: the number of positive (‘true’) roots of a
polynomial is at most the number of times that the sign
changes as we read term-by-term; the number of negative
(‘false’) roots is at most the number of successions of the
same sign; for example,

x* —4x3 — 19xx 4+ 106x — 120 = 0

has at most 3 positive roots and at most one negative;

» can always make a transformation to remove the
second-highest term.



Descartes on cubics

Search for roots of a cubic
by examining the factors of
the constant term:

if o is such a factor, test
whether x — o divides the
polynomial.

Examines the example

y® —8y* —124y? —64 =0
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Descartes on quartics

To solve +x* % .pxx.gx.r =0
(Descartes’ notation),
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(Descartes’ notation), that is,
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he sought to write the quartic
as a product of two
quadratics.
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To solve +x* % .pxx.gx.r =0

(Descartes’ notation), that is,
L pxxtagxtr=0,

he sought to write the quartic

as a product of two

quadratics. This led him to

y°o+2py*+(pptar)yy—qq =0




Descartes on quartics

To solve +x* % .pxx.gx.r =0

(Descartes’ notation), that is,
L pxxtagxtr=0,

he sought to write the quartic

as a product of two

quadratics. This led him to

y°o+2py*+(pptar)yy—qq =0

As in Ferrari's/Cardano’s

method: a quartic is reduced
to a cubic



Summary and a glance ahead

By 1600, general solutions were available for quadratic, cubic and
quartic equations — specifically, general solutions in radicals, i.e.,
solutions constructed from the coefficients of a given polynomial

equation via +, —, X, =+, NI ARVAREE
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Summary and a glance ahead

By 1600, general solutions were available for quadratic, cubic and
quartic equations — specifically, general solutions in radicals, i.e.,
solutions constructed from the coefficients of a given polynomial

equation via +, —, X, =+, NI ARVAREE

NB: A solution in radicals may be constructed by ruler and
compass.

Spoiler: the general quintic equation is not solvable in radicals.

By the 1770s, mathematicians (notably Lagrange) had come to
suspect this, but it was not proved until the 1820s.

So did anything interesting happen in algebra during the 17th and
18th centuries?



A typical 20th-century view

Lubo¥ Novy, Origins of modern algebra (1973), p.23:

From the propagation of Descartes’ algebraic knowledge up
to the publication of the important works of Lagrange [and
others] in the years 17701, the evolution of algebra was,
at first glance, hardly dramatic and one would seek in vain
for great and significant works of science and substantial
changes.



A typical 20th-century view

Lubo¥ Novy, Origins of modern algebra (1973), p.23:

From the propagation of Descartes’ algebraic knowledge up
to the publication of the important works of Lagrange [and
others] in the years 17701, the evolution of algebra was,
at first glance, hardly dramatic and one would seek in vain
for great and significant works of science and substantial
changes.

Fair point? Or not?



Some 17th-century developments: Hudde's rule (1657)

Published 1659 as an addendum to van
Schooten’s Latin translation of
434 Tomanwis Huppewrr Errst. L Descartes' La géométrie:

quaro, per Methodum fuperits explicatam, maximum
carum communem diviforem ; atque hujus ope zqua-
tionem Propofitam toties divido, quotics id fieri po-
teft.

Exempligratid, proponatur hzc 2quatio x4 xx- §x—100,
in quaduz funt zquales radices. Maultiplico ergo ipfam per A~
rithmeticam Progre(fi qual que, hoc eft, cujusincre-
mentum vel decrementum fit vel 1, vel 2, vel 3, vel alius quili-
bet numerus ; & cujus primus terminus fic vel o, vel 4, vel —
quam o : Itaut fempef ejus ope talis terminus zquationis tolli
poflic, qualem quis voluerit, collocando tantiim fub o o.

Ut i, exempli caus , ultimum ejus terminum auferre velim,
multiplicatio fieri poteftipfius 1 — 4 ¥xef= s x—2 2o
per hanc progreffionem 3. 2. 1. o
fietque 353 =8 xxf-5x * mo.
Maxima autem communis divifor hujus & Propofitz zqua-
tionis &ft ¥ — 1@ a, per quam Propofita bis dividi poteft ; ita
ut ejufdem radices fint 1, 1, & 2.
Sic fi cupiam 174n gquationi: inum auferre ,
tio inftitui poteft ipfius X3 —m 4 XX mp= § X=m2 200
per hanc progreffionem o. 1. 2. 3.
& fit ¥ g xx 10X —6 wo.
Cujus quidem ac Prop quationis maximus
divifory ut antea, eft x — 1 0.
Similiter i 24 terminum tollere lubeat , multiplicatio feri
poteft, hoc pa&o: XV 4 XX~ §X—220 0

=+ 1. O e T,=— 12
& prodibic 3 * —g§x440.
Cujusitem & Propofite maximus communis divifor eft
X w120 0.
Ubi dum , von neceffarium effe; femper uti Pragre G

cujus exceffus fit 1, quanquam ea communiter fic aptima.
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tionis &ft x — 150 0, per quam Propolita bis dividi potclt; ita 3x3 — 8xx + 5x = 0 also has a double
ut ejufdem radices fint 1, 1, & 2.
Sic fi cupiam rmun ioni: i auferre , multipli —
tio infticui poteft ipfius ¥ 4 x ¥ § x—2 00 root x =1,
per hanc progreffionem o. 1. 2. 3.
’ & fit ¥ —{xx 0% —G6 mo.
Cujus quidem ac Pi ionis maximus i —
diviot, uanteay ot 7 1 0. as does —4xx + 10x —6 = 0.
Similiter i 24 terminum tollere lubeat , multiplicatio feri
poteft, hoc pa&o: XV 4 XX~ §X—220 0
I. Qs = I =12
&prodibit %1 ¥ —jxf-4mo.
Cujusitem & Propofita: maximus communis divifor eft
X =120 0.
ubi dum , von neceffarium effe; femper uti Pragre G
cujus exceffus fit 1, quanquam ea communiter fic aptima.




Some 17th-century developments: Hudde's rule (1657)

Published 1659 as an addendum to van
Schooten’s Latin translation of
Descartes' La géométrie:

434 Tomanwis Huppewrr Errst. L

quaro, per Methodum fuperits explicatam, maximum
carum communem diviforem ; atque hujus ope zqua-
tionem Propofitam toties divido, quotics id fieri po-

oo . x3 — 4xx 4+ 5x — 2 = 0 has a double root
Exempli gratid,proponatur hzc 2quatio 2w xx4 x— 1200,

in quaduz funt zquales radices. Maltiplico ergo ipfam per A~ X = 1

rithmeti {fi ! hoceft, cujusincre- !

Lob 3 e s nere
mentum vel decrementum fit vel 1, vel 2, vel 3, vel alius quili-
bet numerus ; & cujus primus terminus it vel o, vel 4, vel —

uam o : Itaut femper ejus ope talis terminus zquationis tolli . H
gufﬁ( , qualem quis x;nlueriz, lZullocam‘lo umﬁn?(ub coo. mu It Ip |y t he terms Of t h e eq uation by
Ut i, exempli caus , ultimum ejus terminum auferre velim, . . . .
multiplicatio feri poteftipfius 1 — 4 ¥ -5 ¥—3 0> numbers in arithmetic progression:
per hanc progreffionem 3. 2. 1. o

fietque 353 =8 xxf-5x * mo.
Maxima autem communis divifor hujus & Propofitz zqua-

tianis &ft ¥ — 100, per quam Propolita bis dividi poreft; ita 3x3 — 8xx + 5x = 0 also has a double
ut ejufdem radices fint 1, 1, &2,
root x =1,

Sic fi cupiam 1740 2 i auferre,
tio inftitui poteft ipfius X3 —m 4 XX mp= § X=m2 200
per hanc progreffionem o. 1. 2. 3.

Coits cuid & fit ¥ g xx 10X —6 wo.
ujus quidem ac P. quationis maximus i —
divilotyutantea, ot 5 1 o as does —4xx + 10x — 6 = 0.

Similiter i 24 terminum tollere lubeat , multiplicatio feri
poteft, hoc pa&o: XV 4 XX~ §X—220 0

I. Qo wmm [ =2
&prodibe m T F =3y, (Modern form of rule: if r is a double

Cujusitem & Propofite maximus communis divifor eft P
s— 13m0 root of f(x) =0, then it is a root of

ubi dum , von neceffarium effe; femper uti Pragre G
cujus exceffus fit 1, quanquam ea communiter fic aptima. f ! (X) = 0 a |SO.)

See Mathematics emerging, §12.2.2.



Some 17th-century developments: Tschirnhaus
transformations (1683)

ACTA ERUDITORUM
METHODUS AUFERENDI OMNES TEg,

minosintermedios ex data aquatione,
per DT,

X Geometria Dn. Des Cartes' notam eft, quaratione femper fecun, 3 9
dusterminus ex data quatione poflitauferri quoad plures er .
o hsdhemamiilinventumeidi i Are o For an equation x°> — px“ +gx — r

Iycica, imonon paucos offendi, qui crediderunt, id nulla arte perf
poffe. Quapropter hic quadam circa hoc negoti
verum faltem pro iis , qui Artis Analytice apprime gnari, cum aliy
tam brevi explicatione vix fatisfieri poffic: reliqua, quz hic defiderag
pollent ali cempori refervans.

Primo itaque loco, ad hoc attendendum s fitdata aliqua quatio
cubica X} px¥,fq¥—r=o0, in quax radmcs hu‘us xquationis def.
gnar, P P :ad dum jam

sndum terminum fpponatur ; jam ope harum duarum z.

i inveniatur tertia, ubi quantitas X abfit, & erit
yOE3ayyiaayskal=o Ponaturnunc fecundus terminuszqu,
lis nihilo (quia hunc auferre nofra in.
mntm):n(quc;ny y—p yy=o. Unde
+id quod indicat, ad auferendun
fecundum terminum in =quation¢ Cubica, fupponendum <ffe low
x=y »a(prout modo fecimus) x=y k. Hac jam vulgata admo-
dum func, rec hic reforuntur aliam ob caufam, quam quia fequenta
admodumil} ne,dumhifcebene intelledis, co facilivs, quz modo

o,\mno

ccundo in zquatione data auferendi duo termini:
dico, quod fupponendum fit, xx=bx ey rfa; fitres, x3=cx xfbr
ey kas fi quatuor, x4 =dx 3ok cxxobxof y da, atque ficn ine
finicum.  Vocabo autem has equaciones aflimtas y ut cas diftn-
guam ab xquatione, que ut data confideratur,  Ratio autem ho-
rumeft: dem ratione , prout ope aquationis x:-yrfa faliam
unicus termings poterat auferri, quia nimirum unica falcem inde-
terminata hic exillit a, fic eadem ratione ope hujus xx=bx ey s
non nifi duo csrwini pollint auforri, quia duz indeterminate 2 & b
adiunt;

2




Some 17th-century developments: Tschirnhaus
transformations (1683)

ACTA ERUDITORUM
METHODUS AUFERENDI OMNES TEg,
minosintermedios ex data aquatione,

per DT,

X Geometria Dn. Des Cartes notam eft qua ratione femper fecan, 3 5
dus terminus ex dsta quatione pofit auferri quoad plures e .

o hatemismiilmventum i 0 e For an equation x> — px* +gx — r
lycica, imonon pavcos offendi, qui crediderunt, id nulla arte pef
polle” Quapropiss icquedan sircabocnegon >
verum faltem pro iis , qui Artis Analytice apprime gnari, cum aliy —
tam brevi explicatione vix Gatisfier poli lc}l’nl;m,qi’hx:dcﬁd:nn to remove one term put x =y + a
pollnt ali empori cfervans h -

Primo itaqueloco, ad hoc attendendum; fitdata aliqua xquatip (W ere a = p/3)
cubica xhmp x4 r=0, n qua x radices ujs aquaions
gnat; p,qr,c P :ad dum jam
fecundum terminum fupponaturx=y w3 jam ope harum duarum g,
quationum inveniatur ertia,ubi quantitas x ablte, & erit
Yrksayyrksaayskalzo  Ponaturnunc fecundos terminuszqu
Jis nihilo (quia hunc auferre nofira n
o erigue 39y p ok
" id quod indieat, ad suferendia
fecundurm terminum in =quation¢ Cubica, fupponendum <l o
sy da(prout modo fecimus) x =y ok} Hae jsm vulgara sdno.
dum funes ree hic referuntur aliam ob coufom, quam quis fequents
admodum llufirant , dum hifce ben ntelledlis, ¢o facilivs, qus molo

0

Sint jam fccundo in @quatione data auferendi duo termini:
dico, quod fupponendum fit, xx=bx ey rfa; fitres, x3=cx xfbr
ey kas fi quatuor, x4 =dx 3ok cxxobxof y da, atque ficn ine
finicum.  Vocabo autem has equaciones aflimtas y ut cas diftn-
Lu.m ab xquatione, que ut data confideratur,  Ratio autem ho-

t: dem ratione , prout ope aquationis x:-yrfa faliam
poterat auferci, quia nimirum unica falcem inde-
terminata hic exiltic a, fic eadem ratione ope hujus xx=bx o y,pa,
nen nifi duo cscmini polfunt auferri, quia duz indeterminace a &b
adiunt;

2
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Some 17th-century developments: Tschirnhaus
transformations (1683)

ACTA ERUDITORUM
METHODUS AUFERENDI OMNES TEg,
minosintermedios ex data aquatione,

per DT,

X Geometria Dn. Des Cartes notum eft, quaratione femper fecug, 3 5
iustcrminus cx data squatione poflic auferri s quoad pluces tera; H
et il i A For an equation x> — px* 4+ gx — r
Iytica, imonon paucos offendi, qui crediderunt, id nulla arte perfig
poffe. Quapropter hic quadam circa hoc negoti
verum faltem pro iis , qui Artis Analytice apprime gnari, cum aliy

tam brevi explicatione vix fatisfcti pollic: reliqua, que hic defidra > to remove one term put x =y +a

pollent alii empori rfervans. h o
Primo itaqueloco, ad hoc attendendum; fitdata aliqua xquatip (W ere a = p/3)
cubica x3ompxxoge 10, in qua x radices hujus aquationis d.
gnar, Pp6e P :ad dum jam
sndum terminum ruppon‘\mr jam ope harum duarum z.

oot b i S B o » can we remove both the middle

y!.h yy»{-;aay»{-a’;o Ponatur nunc fecundus terminus aqua,

0

ZPyy —2pay—paa lis nihilo(quia huncauferce noftra in terms?
HQykqa tentio)ericguessyy—pyy=o Unk
—r a=:id quod indicat, ad auferendun

fecundum terminum in =quatione Cubica, fupponendum ¢ffe loco
x=y ¥ea( prout modo fecimus) x=y ok §. Hac jam vulgata admo.
dum func, rec hic reforuntur aliam ob caufam, quam quia fequenta
admodum llufirant, dum hifce bene intelledis, co facilivs, quz modo
2 ur.
Sint jam fccundo in @quatione data auferendi duo termini:
dico, quod fupponendum fit, xx=bx ey rfa; fitres, x3=cx xfbr
ey kas fi quatuor, x4 =dx 3ok cxxobxof y da, atque ficn ine
finicum.  Vocabo autem has equaciones aflimtas y ut cas diftn-
Lu.m ab xquatione, que ut data confideratur,  Ratio autem ho-
t: dem ratione , prout ope aquationis x:-yrfa faliam
unicus termings poterat auferri, quia nimirum unica falcem inde-
terminata hic exillit a, fic eadem ratione ope hujus xx=bx ey s
nen nifi duo cscmini polfunt auferri, quia duz indeterminace a &b
adiunt;
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Some 17th-century developments: Tschirnhaus
transformations (1683)

204 ACTA ERUDITORUM
METHODUS AUFERENDI OMNES TEg,
minosintermedios ex data aquatione,
per DT,

X Geometria Dn. Des Cartes notum eft, quaratione femper fecug,
dus terminus ex data xquatione poflit auferri; quoad plures tern; H 3 2 _

- b bt i A e For an equation x> — px*+gx —r =0
Iytica, imo non paucos offendi, qui crediderunt, id nulla arte perq
pofle. Quapropter hic quadam circa hoc negotiumaperire confi,
verum faltem pro iis, qui Artis Analytice apprime gnari, cum alig

tam brevi explicatione vix fatisfcti pollic: reliqua, que hic defidra > to remove one term put x =y +a

poflent ,alii tempori refervans. h 3
Primo itaqueloco, ad hoc attendendum; fitdata aliqua xquatip where a = p

cubica X} px¥,fq¥—r=o0, in quax r;diccs hujus :rquanolnu defie

gnat; p,q,r,cognitasqy P :a jam
dum cerminum fupponaturx=y a; jam ope harum duarum 2.

omum et stia ubt qeniias x sl i » can we remove both the middle

Y k3ayydkiaayskadzo  Penaturnunc fecundus terminusaqu,
ZPyy —2pay—paa lis nihilo(quia huncauferce noftra in terms?

Jqy  kqa  tentio)ericquesayy—p y y=o. Uk

“f a=g:id quodindicat, ad auferendun

fecundum terminum in @quatione Cubica, fupponendum effe loco
B oot ot oy st HELE oo o e > to remove two terms put
dum funt, nee hic referuntur aliam ob caufam, quam quia fequentia 2
admodum illufirant, dum hifce bene intelledlis, €o facilivs, quz modo x4 = bx —+ y + a
L jams fecundo in quatione data auferendi duo terminiz
dico ,quod fupponendum fit, xx=bxofeysdeas fitres, x3=cx xofbr . .
Ay Ras i quartor, x4 =dx Dokecxnokbiofey skas atque ficin i See Mathematics emerging, §12.2.3.
finicum.  Vocabo autem has equaciones aflimtas y ut cas diftn-
guam ab xquatione, que ut data confideratur, Ratio autem ho-
rumeft: quod eadem ratione , prout ope xquationis x=yrka faltem
unicus ters poterac auferri, quia nimirum unica falcem inde-
terminata hic exiltic a, fic eadem ratione ope hujus xx=bx o y,pa,
won nifi duo tsrmini poffunt auferri, quia duz indetsrminac a &b
adiunt;




An 18th-century development: Newton's Arithmetica
universalis (1707)

Mewlon, bov Soaser
 Univerfal Arithmetick :

OR, A

TREATISE
oF )
ARITHMETICAL
Compofition and Refolution. Xn_an—1+an—2_an—3+5Xn—4_' =0
To which i adde,

Dr. HALLEY’s Method of finding the
Roorts of Zquations Arithmetically,

Rules for sums of powers of roots of

. sum of roots = p
T b ety sum of roots?2 = pa—2q
sum of roots> = pb— qga+3r
sum of roots* = pc—qgb+ra—4s

Prined LONDON,

rinted for J. Senex at the Globe in Saly

Court 5 W, }ul.m\ at the Ship, T. w“..“’.’f'&i
Black-Boy, in Pater-noffer Row, and J.Oszorx at the
Ofrd-Ayms in Lamberd.firect. 170
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Developments of the 17th and 18th centuries

» Symbolic notation

» Understanding of the structure of polynomials

> ..

. of the number and nature of their roots

. of the relationship between roots and coefficients

. of how to manipulate them

. of how to solve them numerically

» The leaving behind of geometric intuition?
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Some 18th-century theory of equations

Recall:
» quadratic equations can be solved by means of linear equations

» cubic equations can be solved by means of quadratics

» quartic equations can be solved by means of cubics

The ‘reduced’ or ‘resolvent’ equation:
» for cubics, the reduced equation is of degree 2
> for quartics, the reduced equation is of degree 3

» for quintics, the reduced equation is of degree 7



Some 18th-century hypotheses

Euler's hypothesis (1733):

» for an equation of degree n the degree of the reduced
equation will be n —1
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Some 18th-century hypotheses

Euler's hypothesis (1733):

» for an equation of degree n the degree of the reduced
equation will be n —1

Bézout's hypothesis (1764):

» for an equation of degree n the degree of the reduced
equation will in general be n!

» though always reducible to (n — 1)!
» possibly further reducible to (n — 2)!



Lagrange’s ‘Réflexions’ 1770/71

J.-L. Lagrange, 'Réflexions sur la résolution algébrique des
équations’, Berlin (1770/1):

Examined all known methods of solving
» quadratics: the well-known solution
» cubics: methods of Cardano, Tschirnhaus, Euler, Bézout

» quartics: methods of Cardano, Descartes, Tschirnhaus, Euler,
Bézout

seeking to identify a uniform method that could be extended to
higher degree



A typical 20th-century view revisited

Lubo¥ Novy, Origins of modern algebra (1973), p.23:

From the propagation of Descartes’ algebraic knowledge up
to the publication of the important works of Lagrange [and
others] in the years 17701, the evolution of algebra was,
at first glance, hardly dramatic and one would seek in vain
for great and significant works of science and substantial
changes.



Filling a gap in the history of algebra (2011)

Heritage of European Mathematics

The hitherto untold story
of the slow and halting
journey from Cardano’s
solution recipes to
Lagrange’s reflections: Lagrange’s sophisticated
filling a gap in considerations of

the history of algebra permutations and
functions of the roots of
equations . .. [Preface]

Jacqueline Stedall

From Cardano’s
great art to

E uropean Mathematical Society
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From Stedall's preface:

This assertion ... from Novy quoted above, betrays yet
another fundamental shortcoming of several earlier ac-
counts, a view that mathematics somehow progresses only
by means of ‘great and significant works’ and ‘substantial
changes’. Fortunately, the truth is far more subtle and far
more interesting: mathematics is the result of a cumula-
tive endeavour to which many people have contributed,
and not only through their successes but through half-
formed thoughts, tentative proposals, partially worked so-
lutions, and even outright failure. No part of mathematics
came to birth in the form that it now appears in a modern
textbook: mathematical creativity can be slow, sometimes
messy, often frustrating.



