BO1 History of Mathematics
Lecture XII|I
Complex analysis

MT 2021 Week 7



Summary

Part 1
» Complex numbers: validity and representation

» Substitution of complex values for real

Part 2
» Cauchy's contributions
» Riemann

» What /s an analytic function?
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Early ideas about complex numbers
Before 1600, very faint beginnings:
» Cardano (1545) [from quadratics]
» Bombelli (1572) [from cubics]
» Harriot (c.1600) [from quartics]

But:
For the most part such roots were ignored: negative roots
were described merely as ‘false’, but complex roots as ‘im-
possible’. (Mathematics emerging, p.459.)



Cardano and complex numbers
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Problem: find two numbers that add
to 10 and multiply to 40, i.e., solve

an equation of the type ‘square plus
number equals thing’

Cardano noted that 5 + v/—15 and
5 — v/—15 solve the problem,
“dismissis incruciationibus”,
meaning

“putting aside mental tortures”,

or

“the cross-multiples having canceled
out”,
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Cardano and complex numbers
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Problem: find two numbers that add
to 10 and multiply to 40, i.e., solve

an equation of the type ‘square plus
number equals thing’

Cardano noted that 5 + v/—15 and
5 — v/—15 solve the problem,
“dismissis incruciationibus”,
meaning

“putting aside mental tortures”,

or

“the cross-multiples having canceled
out”

or

“the imaginary part being lost”

But regarded such ideas as absurd
and useless



Bombelli and complex numbers

PRIMO. 169
beg | g Itra forte di z.c.] Ito diffe

n
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tidallaltre,, laqual nafce dal Capitolo di cube eguale
A tanti,e numero, quandoil cubato del terzo delli tan-
ti € maggiore del quadrato della meta del numero co-
me incflo Capitolo fi dimeftrara, laqual forte di 2. q.
‘hinel fuo Algorifmo diucrfa operatione dallaltre, ¢
diuerfonome’; perche quando il cubato del terzo del
litanti & maggiore del quadraro della meta del nume-
10; loecceflo loro non fi pud chiamare ne pifi,ne me-
no, perd lo chiamaro pitt di meno, quando egli fi doue
raaggiongere, e quando fi douera cauare, lo chiame -
16 men di meno,, ¢ queftaoperatione € neceflarijfima
pitt che Falere 2.c. Liper rifpetto delli Capitoli di po-
‘tenze di potéze, accompagnati ¢5 li cubi,6 tanti, 6 con
tucti duc infieme,, che molco pil fonoli cafi dell'ag-
guagliare doue ne nafce quefta forte di 2.che quel-
lidouc nafce lalera, la quale parera d molti piu tofto
fofitica, che reale,, ¢ tale opinione ho tenuto anchrio,
in’ che hdtrouatola fua dimoitratione in linee (come
i dimoftrara nella dimoftratione del detto Capitolo
in fuperficie piana) e prima trattard del Moltiplicare
ponendo laregola del pit & meno.

Pili uia pits di meno, fa piti di meno.
Meno uia pitt di meno,fa meno dimeno.
Pili uiameno di meno, fa meno dimeno.
Meno uia meno di meno,fa pil1 di meno.
Pittdimeno via pilt di meno,fa meno.
 Pitsdi meno uia men di meno, fa pi.
Meno di meno uia pilt di meno, fa pitt.
Meno di meno uia men di meno fa meno.

R P

“Another sort of cube root much
different from the former ..."
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PRIMO. 163 |

hef | gy altra forte di z.c.leg; lto differen
by | gidalbalere , laqual nafce dal Capitolo di cubo eguale
b | 3 tanti,¢ numero, quando il cubato del rerzo dellitan-
“¢ ] ti¢ maggiore del quadrato della meta del numero co-
lga | me ineflo Capitolo i dimoftrara  laqual forte di 2. q.
3 | hanel fuo Algorifmo diucrfa operatione dall’altre, ¢
wh | dierfonome; perche quando il cubato del terzo del
idit | Jicanti ¢ maggiore del quadraro della metd del nume-
w0k | yo; loecceffo loronon fi pud chiamare ne piti,ne me-
176 | no, perdlo chiamaro piu di meno, quando egli fi doue
6| raaggiongere, ¢ quando fidoucra cauare, lo chiame-
811 1o mendimeno, ¢ queftaoperatione € neceflarijfima
et | pittche Falere R.c. Lperrifpetto delli Capitoli di po-
duo | tenze di potéze, accompagnati ¢5 li cubi,6 tanti, 6 con
i cuctidueinfieme, che molto pib fonolicahi dellag-
ot guagliare doue ne nafce quefta foree di 2.che quel~
. lidouenalcelalera, la quale parerdd molti piu tofto
b fofiltica, che reale,, e tale opinione ho tenutoanch’io,

n. fin’che hdtrouatola fua dimottratione inlinee (come  lid
.1 fi dimoftrard nella dimoftratione deldetto Capitolo i
fi-|  infuperficie piana) e prima trattard del Moltiplicare,,

& ponendo laregola del pit & meno. Y
bae 3

e Pibuiapitdi meno,fa pitidimeno.

13 Meno uia pitt di meno,fa meno di meno.
i3 Pili viameno di meno, fa meno dimeno.
e Meno via meno di meno,fa pit di meno.
f-~  Piudimeno via pittdimeno,fa meno.

e e S

1| Piudimeno uia men i meno,a pit.

w Meno di meno uia pilidi meno,fa piti. ¥
:L°  Mcnodimeno via men di meno fa meno. i
w Si i

“Another sort of cube root much
different from the former ..."

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1 x v/—1=-1)
meno di meno via piu di meno, fa

pitt (—v/ T xvI=1)
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PRIMO. 165

Ho trouato un‘altra forte di z.c.legate molto differen
tidallaltre, laqual naflce dal Capitolo di cubo eguale
4 tanti,¢ numero, quando il cubato del trerzo dellitan-
ti ¢ maggiore del quadrato della meta del numero co-
me incflo Capitolo fidimeftrara, laqual forte di 2. q.

‘hinel fuo Algorifmo diucrfa operatione dallaltre, ¢

diuerfo nome; perche quando il cubato del terzo del
litanti & maggiore del quadraro della meta del nume-
105 loccceflo loro non i puo chiamare ne pid,ne me-
1o, perd o chiamaro piit di meno, quando egli fi doue
raaggiongere, ¢ quando fi douera cauare, lo chiame -
16 men di meno,, ¢ queftaoperatione € neceflarijfima
pilt che l'alere .c. Loper rifpetto delli Capitoli di po-
tenze di potéze, accompagnati ¢& li cubi,o tanti, 6 con
tucti due infieme, che molto pil fonolicafi dell'ag-
guagliare doue ne nafce quefta fore di 2. che quel-
I doue nafce l'altra, la quale parerd 3 molti piu tofto
fofiltica, che reale,, e tale opinione ho tenuto anch’io,
fin’ che hd trouatola fua dimoitratione in lince (come
fi dimoftrard nella dimoftratione del detto Capitolo
in fuperficie piana) e prima trattard del Moltiplicare
ponendo laregola del pit & meno.

Piti uia pit di meno,fa piti di meno,
Meno uia pit di meno,fa meno di meno.
Piui viameno di meno, fa meno dimeno.
Meno via meno di meno, fa piti di meno.
Pildi meno via pilt di meno,fa meno.
Pildimeno uia men di meno,fa piti.
Meno di meno uia piti di meno,fa pidt.
Meno di meno uia men di meno fa meno.

“Another sort of cube root much
different from the former ..."

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1 x v/—1=-1)
meno di meno via piu di meno, fa

pitt (—v=I x V=1 =1)

But complex numbers were not
admitted as solutions of
equations — they could appear
in calculations, provided they
cancelled out by the end
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“Another sort of cube root much
different from the former ..."

PRIMO. 165

Ho trouato un'altra forte di 2.c.legate molto differen
tidallaltre, laqual naflce dal Capitolo di cubo eguale
4 tanti,¢ numero, quando il cubato del trerzo dellitan-
ti @ maggiore del quadrato della meta del numero co-
me ineflo Capitolo i dimeftrara , laqual fore di 7. q.
hanel fuo Algorifmo diucrfa operatione dall'altre, €
diverfonome ; perche quando il cubato del terzo del
litanti ¢ maggiore del quadrato della metd del nume-
105 loccceflo loro non i puo chiamare ne pid,ne me-
1o, perd o chiamaro piit di meno, quando egli fi doue
raaggiongere, ¢ quando fi douera cauare, lo chiame -
1o men di meno , ¢ quefta operatione ¢ neceflarijfima
pii che Falere 2. Luper rifpetto delli Capitoli di po-
tenze di potéze, accompagnati ¢& li cubi,o tanti, 6 con
i tucidueinfieme,, che molto pit fonoli cafi dellag-

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1x /—1=-1)

meno di meno via piu di meno, fa

ot guagliare doue ne nafce quefta foree di 2.che quel~

| lidoue nafcelaltra, la quale parerd d molti it tofto EAY _

b fofiftica, che reale, ¢ tale opinione ho tenuto anchvio, piu (_ vV—=1x+/—-1= 1)
. fin’ che hdtrouatola fua dimoitratione in lince (come

¥ fi dimoftrar nella dimoftratione del detto Capitolo

fi-|  infuperficie piana) e prima trattard del Moltiplicare,,

ponendo laregoladel pilt & meno.

But complex numbers were not
admitted as solutions of
equations — they could appear
in calculations, provided they
cancelled out by the end

Piti uia pit di meno, fa pits di meno.
Meno uia pitt di meno,fa meno di meno.
Piui viameno di meno, fa meno dimeno.
Meno via meno di meno, fa piti di meno.
Piudi meno via pitt di meno,fa meno.

;- Pitdimeno uiamen dimeno,fa pid.

w0 Meno di meno uia pilt di meno, fa pitt.
Meno di meno uia men di meno fa meno.

Complex numbers justified
through practical use?
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Descartes and ‘imaginaries’

La géométrie (1637):

introduced the term
‘imaginaire’ — meant to be
derogatory?

Didn't regard them as
numbers

u}
o)
I
i
it



|deas about complex numbers in the later 17th century

John Wallis, A treatise of algebra

(1685): complex numbers based TRE f{ TISE

on insights derived from ; ALGEBRA

BOTH

» Euclidean geometry Biftozical =~ Practical.

The Original, Progrefs, and Advancement

thereof, from time to time; and by whit

Steps it hath attained to the Heighth at
1 which now it is.

> trlgonometry With fome Additionsl TREATISES,

1. OF the Como- Cuncus; being a Body reprefenting in parc

2 Conus, i pare a Cunews.
1L, OF ngular Seftions ; and other things relating there.

oL TR

unto, and to Trigomometry.
1ti. OF the Angle of Contaft 5 with other things appercain-
ing to the Confbofition of Magnitudes, the Inceptives of Magnitudes,

> p ro p ert | es Of con | CS and che Conpofiin of Motins, wich the Reluls hereol,
1V OF Combinstons, Alernations, and Aliguse Pars.

B JOHN WALLIS, D.D. Profeffor of Geometry in the
niverfiy of Oxford ; and « Memier o the Royal Sociey, London.

(See: Mathematics emerging, o e pif, B i
in the Univerficy of Ox 20 kb, M. DC. LXXXV.

§15.1.1.)
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> A man starts at A and walks 5 yds to B, then retreats 2 yds
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> A man starts at A and walks 5 yds to B, then retreats 2 yds
to C: overall, he has covered 3 yds. If he instead retreats 8
yds to D, then we may say that he has covered -3 yds.

» Somewhere on the seashore, we gain 26 units of land from the
sea, but lose 10 units. Thus, we have gained 16 units overall;
if this is a perfect square, then it has side 4 units of length.

» If instead we lose 26 units of land, but gain 10, then we have
lost 16 units overall, or gained -16.



Wallis: justification of imaginary numbers

> A man starts at A and walks 5 yds to B, then retreats 2 yds
to C: overall, he has covered 3 yds. If he instead retreats 8
yds to D, then we may say that he has covered -3 yds.

» Somewhere on the seashore, we gain 26 units of land from the
sea, but lose 10 units. Thus, we have gained 16 units overall;
if this is a perfect square, then it has side 4 units of length.

» If instead we lose 26 units of land, but gain 10, then we have
lost 16 units overall, or gained -16. The area in question
(assumed to be a square) might therefore be viewed as having
side v/—16.

(see: Leo Corry, A brief history of numbers, OUP, 2015,
pp. 184-185)



Wallis: imaginary numbers as geometric means




Wallis: imaginary numbers as geometric means

(see: Leo Corry, A brief history of numbers, OUP, 2015,
pp. 185-186)



“A new Impossibility in Algebra”

John Wallis, A treatise of algebra, p.267 ‘Of negative squares’:
. requires a new Impossibility in Algebra

Cuar.LXVIL  Of Negative Squares. 267

. Suppofe again, AP = 15, PC= 12, (and therefore P
AC=4:225—144: =4/ 81=9,) PB=120 (and e

therefore B C = 4/:400— 144 = 4/ 256 == ~}- 16, or Bﬁx

—16:) ThenisAB=y9-|-16 =25, orAB=9—16 c—~B

== — 7. The one Affirmative, the other Negative. (The M’

fame values would be, but with contrary Sigas, if we .
take AC = 4/813=—9: Thatis, AB=—g4<16 =-} 1, AB=—9—16

=—25)

.1 oives indeed (asbefore) adouble value of AB, y 173, -~ v/ — 81,
anx/h:gl;,gzei/*8| :(But fuch as requites a new Impoflibility in Algcbra,
(which in Lateral Equations doth not happen;) not that of a Negative Root,
or a Quantity lefs than nothing 5 (as before,) but the Root of a Negative
Square. Which in ftrictnefs of fpeech, cannot be: fince that no Real Root
(Affirmative or Negative,) being Multiplied into itfelf, will make a Negative

Square.



Complex numbers in the 18th century (1)

Nature remained
unclear:

“that amphibian
between being and
not-being, which we
call the imaginary root
of negative unity”
(Leibniz, 1702)

But complex numbers
were increasingly being
used ...




Complex numbers in the 18th century (2)

298 MEMOIRES DE PACADEMIE RoYaLE Johann Bernoulli, ‘Solution d'un
boles , dépend en partie de la quadrature du cercle, & en !

partie de la quadrare de Ihyperbole ou de la defeription pro b I ‘e me concernant | e ca IC u |

de la Logarithmique.
Maniéves abrégées de transformer les dj f&mtielles intégra |e, e ,, MémOI res de
compofes eir f imples , & réciproquement ; Et méme , . .
_ I"’Académie royale des sciences,

les fimples imaginaires en véellss compofZes.

Propr. I Transformer la dnffcremlelle“ - en 1702
une différentielle Logarithmiq 24: & réciprog

Faites z:’rz—: xb, & yous aurez b:i:‘— :is: . Réci-
proquement prencz #= = ,, & vous aurez + =

adz
T =rry
Corol. On transformera de méme la différentielle - l>+ —

:“'/d' différentielle de Logarithme imaginaire ; &
3br

réciproquement.

Prosr. IL Transformer la différentielle

en

bb+
dr

différenticlle de fefteur ou darc circulaire =

réciproquement.
: TRy ad
Faitesz==#"2— 44, & vous aurez ;-
Réc: %
iprog; prencz t=———7 , & vous aurez
—ad: adz
withn | BbHER’
Prost. ITL Transformer la d:fférennel]e 5 ,7 S en
ifférentielle de lecteur erboli \Ie 5 réci-
diffé ile de fefeur hyperboliq =3 & é
i
proquement.

Faites z == #"T =415, & enflite 7 =1
aurez ce quon demande.

5 & vous
—

ProBL:.




Complex numbers in the 18th century (2)

296 MEMOIRES DE ACADEMIE RovaLE
boles , dépend en partie de la quadrature du cercle, & eni
partie de la quadrature de hyperbole ou de la defcription
de la Logarithmique.

Maniéves abrégées de transformer les dj flrmm}lﬂ
compofes eir fimples , & résiproguement ; Et méme
les fimples imaginaires en véellss compofZes.

Progr. I Transformer la dnffcremlelle“ — en
i AR Zns
une différentielle L g que 25 , & réciprog
. 1—1x adz __ ads :
=""2xb ! Z {8 £
Faitesz =7 xb, & vous aurez 22— 227 ,,Réc‘
+z
proquement prencz z= H & vous aurez =
adz
=z

Corol. On transformera de méme la différentielle - l>+ —
—24t giff¢rentielle de Logarithme imaginaire ; &

xbl\/
reclproquemem

Prosr. IL Transformer la différentielle

en

bb+
dr

différenticlle de fefteur ou darc circulaire =

réciproquement.
_ = @l
Faitesz==#"2— 44, & vous aurez ;-

& vous aurez

Réci kg

; q ; prencz t=——7 ,
—ade adz

withn | BbHER’

Prost. ITL Transformer la d:fférennel]e 5 ,7 S en
différentielle de fe@eur hyyerbohque 3 & récx—

+u;
proquement.

Faites z == #"T =415, & enflite 7 =1
aurez ce quon demande.

5 & vous
—

ProBL:.

Johann Bernoulli, ‘Solution d'un
probléme concernant le calcul
intégrale, Mémoires de
I’Académie royale des sciences,
1702:

by making the substitution

z = \/% — bb, transform the

. . adz —adt
differential bbisz INtO bt/ T
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boles , dépend en partie de la quadrature du cercle, & en
partie de la quadrature de lhyperbole ou de la defcnpnon
de la Logarithmique.

Maniéves abrégées de transformer les dj ﬁ’rmm}lﬂ
compofes eir fimples , & résiproguement ; Et méme
les fimples imaginaires en réellss rampoﬁe.r

ProsL. I Transformer la différentielle -

bb zz o0
i AR Zns
une différentielle L g que 25 , & réciprog
. s—1 ads___ads :
=""_xb u: Z = -
Faitesz P & vous aure: =1 ,,Réc‘
+z
proquement prencz z= H & vous aurez =
adz
T =rry
Corol. On transformera de méme la différentielle - “_ —

en —24 différentielle de Logarithme imaginaire ; &
lbl\/
reclproquemem

Prosr. IL Transformer la dnﬁcrennelleu+ en
différenticlle de fefteur ou darc circulaire V’“ L :; 5
—Tbis

réciproquement.
= —adt

i R dz
— T S aUreZ o =
Faites z; 3—b6,&vou v awemd

Réciprog prencz ¢ & vous aurez

kg
=zi45s?

—ad: adz
withn | BbHER’
Prost. ITL Transformer la d:fférennel]e ” = en

différentielle de fe@eur hyyerbohque *” 5 & réci-
proquement.
Falzesz:l/-+bb & enfuite 7 = - ; & vous

aurez ce quon demande.
ProBL:.

Complex numbers in the 18th century (2)

Johann Bernoulli, ‘Solution d'un
probléme concernant le calcul
intégrale, ...", Mémoires de
I’Académie royale des sciences,
1702:

by making the substitution

z = \/% — bb, transform the

—adt

. - adz -
differential bbisz INtO bt/ T

No worries about the validity of
switching between real and complex
integrals

(See Mathematics emerging,
§15.2.1)



Complex numbers in the 18th century (3)

L1921
How EQUATIONS are to be folv'd.

FTER therefore in the Solution of a Queftion you are

come to an Aquation, and that Equation is duly re-

luc'd and order'd; when,the Quantitics which are fuppos’d

B s St vom. ek Eponend yours

n_their room in ¢l uation, ,and you’| o . .

Bave a Numersl Exuation, whote Root bemg exenaqwill | 1S@2C Newton, Universal Arithmetick,
fatiofy the Queflion. - As if in the Divifion of an A

into five equal Parts, by putting 7 for the Radius of the 1728:

Cixcl, g for the Chorl of the Complement of the propos’d .

Angle to two right ones, and x for the Chord of the Com-

plement of the fifih Part of that Angle, I had come to this

e ol v R » v given i N and

. a r ) e e s

the Line ¢ fubtending the Complement of the giten Angles p.195: “it is just that the Roots of

. ;:nblehdiu vm‘eilo; md;lzCl:dxd 3; dll‘}:mm thofe -

18 in the Equation for r and g, and there comes out H H H

the Numeral quation =°— 001+ + socor—3000 | EqUations should be often impossible,

=0, whereof the Root being excra@ed will be x, or the

Line fubtending the Complement of the fifth Part of thae hi
given Angle, ® 0 lest they should exhibit the cases of
But the Root is 2 Number which being fubflituted in the
quation for the Letyer or Species fignifyiny H H H
o o e BB il e o e | Problems that are impossible as if they
of the Roots of Thus Uity is the Root of the Equation x* . "
an Equation, — &'~ 19xx + 49X —30 =0, becanfe
being writ for xit produces 1 — 1—19 + are possI ble
30, thatis, nothing. And thus, if for x you write :ﬁ
Number 3, or the Negative Number «s5, and in both
Cafcs there will be produc’d nothing, the Affirmative and
Negative Terms in thefe four Cafes deftroying one anpthes ;
then fince any of the Numbers written in  the Zqpation
fulfily che Condition of x, by making all the Terms of the
Equation together equal to nothing, any of them will be
the Root of the /Bquation.

And that you may not wonder that the fame Aquation
may have feveral Roots, you muft know that there may be
more Solutions [than cne] of the fame Problem. As if
there was fought the Interfection of two_given Circles ;
there are two Interfections, and confequently the Queftion
admits two Aufwers ; and then the £quation de(elmini:‘h\g




Complex numbers in the 18th century (3)

L1923
How EQUATIONS are to be folv'd.

FTER therefore in the Solution of a Queftion you are

come to an Aquation, and that Equation is duly re-

luc'd and order'd; when,the Quantitics which are fuppos’d

B i e ot Mo ot

n_their room in ¢l uation, ,and you’| o . .

bave a Numeral Equation, whoe Rooe mexcnaed watl | 1IS@2C Newton, Universal Arithmetick,

fatiefy the Queflion. - As if in the Divifion of an Angle

into five equal Parts, by putting  for the Radius of the 1728:

Circke, q for the Chorl of the Complement of the propos’d .

Angle to two right ones, and x for the Chord of the Com-

plement of the fifih Part of that Angle, I had come to this

e ol v R » v given i N and

] a v umbers, e e -

e Line g fobrending the Complement of the giten Angle p.195: “it is just that the Roots of

. ;:nblehdi‘- vm‘eilo; md;lzCl:dxd 3; dll‘}:mm thofe -

18 in the Equation for r and g, and there comes out H H H

the Numeral quation =°— 001+ + socor—3000 | EqUations should be often impossible,

=0, whereof the Root being extra@ied will be x, or the

Line fubtending the Complement of the fifth Part of thae Thi
e Angle, T lest they should exhibit the cases of
8 8!
But the Rm:f is I.N!lﬂ:btt ‘:h{c;btingsfuhl\_hma“i&;‘w . . .
uation for t! ler or 1es 0
o e e o it e e | Problems that are impossible as if they
of the Rons of Thus Unity is the Root of the Equation x* . "
an Equation, — K- (9XX + 49X —30 =0, —
WA ol ‘“‘9M+.?: are possible complex numbers as an
-ﬁ—;o, that is, no](;]g.i"[\i. Andr;?::‘lxn,‘)eif for x y::d‘nitbg(h . d . f I Id | b | . f
lumber 3, or gative T s, in -
Cafcs there will be produc’d nothing, th:iﬂﬁmarive and In |Cator OT real-wor solvabi Ity o
Negative Terms in thefe four Cafes deftroying one anpther ;
then fince any of the Numbers written in  the Zqpation problems
fulfily che Condition of x, by making all the Terms of the
Equation together equal to nothing, any of them will be
the Root of the Bquation.

And that you may not wonder that the fame Aquation
may have feveral Roots, you muft know that there may be
more Solutions [than cne] of the fame Problem. As if
there was fought the Interfection of two_given Circles ;
there are two Interfections, and confequently the Queftion
admits two Aufivers ; and then the £quation de(exm'mi:‘E




Complex numbers in the 18th century (4)

Leonhard Euler also used them freely:
e.g., in Introductio in analysin
infinitorum, 1748, §138:

e™V1 — os.v + v/—1.sin.v

e "WVl —cos.v —v/—1.sin.v

(See Mathematics emerging, §9.2.3)

Lis L

104 DE QUANTATIBUS TRANSCENDENT

oy —1y ¥ 10y
(=) +(s 7 );uqueﬁum

7
(ARt — (i —
=1 a
precedeate vidimus off (5 + ) =", denorane cbafin
Logarichmorum hyperbolicorum : fcripto ergo pro & partim
Foy — 1 pamim — v ¥ — 1 crit cf v o=
‘o —1 , —w—1 Foy—1__ i
. + . ]
0

+ In Capite atem

&finw— —
Ex quibus incelligicur quomodo quantitites exponentiales ima-
gm:jw ad Sinus & Cofinus Arcuum realium reducantur. it
vero e ¥V gy Y — vl Y !
of v —y— 1. fin . L

139. Sit jam in iifdem formulis §.130. » numerus infinite
parvs, few m= - , exiftente i numero infinke wagno, erie

: _ &

afne==cof. L=m1 & finne=jin. J =G i Arcus

cnim evanelengjs - Sinus eft il aqualis, Cofinus vero
= 1. His poffis habebicur
:

:
(e s) | - (afaemy —tfma)
b 2

3 (oo — )T sy — 1 0 g
B a2y —1
mendis autem Logarithmis hyperbolicis fupra (135 ) oftendi«
s effe £(r 4% )==if 1 420) T — 4, feny T =14y,
pofito
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Early 17th century: known that an equation of degree n may
have n roots

During 17th century: complex numbers gradually admitted as
roots

15 Sept 1759: Euler asserted theorem in a letter to Nicholas
Bernoulli, but didn't prove it

Mid/late 18th century: attempted proofs by Euler,
d’'Alembert, Lagrange, and others

1799: proof by Gauss in his doctoral dissertation, followed by
several others

1806: new proof by Argand
1821: Argand’s proof appears in Cauchy's Cours d’analyse
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mwamh Forfeq angaaer bet Spergsmaal, vordan Direcricnsn analye
¥ Ber Betegues, cler hwordan rewe Binice burbe ubdirgffes, naar of een cnejle
Ligning mellem een ubetiomdr og anbdre givne Sinier Fulde funne findes ot Ubs
ttnf, Der foreftillebe basde den ubefienbdees Bxngde og vens Dicecrion,

Boe nogenicdes at funne befvare dette Sporgomasl, leager jeg il Srunde
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Betegning ..." ['On the
analytic representation of
direction ..."], Nye
Samling af det Kongelige
Danske Videnskabers
Selskabs Skrifter, 1799
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Transactions of the Royal Irish
Academy, 1837

Theory of Conjugate Functions, or Algebraic Couples ; with a Preliminary and
Elementary Essay on Algebra as the Science of Pure Time.

, Complex numbers as ordered
By WILLIAM ROWAN HAMILTON, .
L A 500, P e i iy pairs subject to specified rules:

ociety at Copenhagen, Andreios
Astronomy in tie Uniccrsity of Dublin, and Royal Astronomer of Treland.

Read November 4th, 1833, and June Ist, 1835.

General Introductory Remarks.

Tk Study of Algebra may be pursued in three very different schools, the Practical, the Philological, or
the Theoretical, according as Algebra itslf is accounted an Instrument, or a Language, or a Contempla-
tion ; according as ease of operation, or symmetry of expression, or clearncss of thought, (the agers,the
fari, o the sapere, ) is eminently prized and sought for. The Practical person secks a Rule which he
‘may apply, the l"hllnhg\cll ‘person secks a Formula which he may write, the Theoretical person secks a
Theorem on which he may meditate. The felt imperfections of Algebra are of three answering kinds.
‘The Practical Algebra Lunmp\lml of imperfection when he finds his Instrament limited in power; when
a rule, which he could happily apply to many cases, can be hardly o not at all applied by him to some

, to which Algebra with him was but subordinate, and for the sake of which and not for its
nmum, he studied Algobra. The Philological Algebraist complains of imperfetion, when bis Langusge
presents him with an Anomaly ; when he finds an Exception distarb the simplicity of hs Notation, or the
symmetrical structure of s Syntae; when a Formula must be writen with precaation, and a Symbeliss

The Theoretical Algebraist complains of imperfection, when the clearness of his Con-

mplation is obscured; when the Reasonings of his Science seem anywhere to oppose each other, or
become in any part too complex or too little valid for his belief to rest firmly upon them ; or when,
though trial may have taught him that a rule is useful, or that a formula gives true results, he cannot
prove that rule, nor understand that formula : when he cannot rise to intuition from induction, or cannot
Took beyond the sigos to the things signified.
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Part 2: Functions of a Complex
Variable
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Complex analysis

The origins of complex analysis may be seen in early achievements
by Johann Bernoulli, Euler, and others, using complex
transformations to evaluate real integrals. But is substitution of
complex variables for real variables permissible?

» Euler (posthumous, 1794): yes
» Laplace (1785, 1812): yes
» Poisson (1812): doubtful

» Cauchy (1814): inspired by Laplace, set to work on the
problem



Sources for the origins of complex analysis

Secondary:
> Katz: §17.3 (3rd ed.); §22.3 (brief ed.)

» Frank Smithies: Cauchy and the creation of complex function
theory, Cambridge University Press, 1997

Primary: as quoted by Smithies; some extracts reproduced in
Mathematics emerging, §15.2.
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Cauchy as ‘creator’ of complex analysis

Some of Cauchy's contributions to complex analysis:

>

| 4

integration along paths and contours (1814) [1827]
calculus of residues (1826)

integral formulae (1831)

inferences about Taylor series expansions

applications to evaluation of difficult definite integrals of real
functions
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At different times, Cauchy regarded complex numbers in different
ways:

» as formal (numerical) expressions a + by/—1;

P> geometrically;

» by reducing i = /—1 to a “real but indeterminate quantity”

This done, there is no need to torture the mind to discover
what the symbolic sign \/—1 could represent . . .

(in modern terms, Cauchy reduced complex arithmetic to
calculations modulo 2 + 1 in R[i])

Moreover, Cauchy's view of complex variables gradually shifted
» from quantities with two parts x + yv/—1
P to single quantities z.



Cauchy'’s first ‘Mémoire’ (1814/1827)

MENOIRE Cited Laplace’s concerns about the
solution of integrals by “the passage
LES INTEGRALES DEFINIES". from the real to the imaginary”

INTRODUCTION.

solution d'un grand nombre de problemes se réduit, en derniere

yse, i Uévaluation des intégrales définies; aussi les géométees se
sont-ils heaucoup occupés de leur détermination. On trouve, & cet
égaed, une foule de théorémes curicux et utiles dans les Mémoires et e
Caleul intégral d'Euler, dans plusicurs Mémoires de M. Laplace, dans
ses Recherches sur les approximations de certaines formules, et dans les
Exercices de Calcul intégral de M. Legendre. Mais, parmi les diverses
intégrales obtenues par les deus premiers géométres que je viens de
citer, plusicurs ont &té découvertes pour la premiere fois & 'aide "une
espiee d'induction fondée sur le passage du réel & I'imaginaire. Les
passages de cette nature conduisent souvent d'unc maniére trés prompte
it des résultats dignes de remarque. Toutefois cette portion de la
thi

ovie est, ainsi que I'a observé M. Laplace, sujette i plusieurs diffi-
cultés. Aussi, apres avoir monteé, dans le caleul des fonctions généra-
trices, les ressources que I'Analyse peut retirer de semblables considé-
rations, I'auteur ajoute :
comme des moyens de découvertes semblables i I'induction dont les

« On peut donc considérer ces passages

(1) Meinoires preseatcs par divers savants e U Acacléinic royale des Scieaces de U Tustitut
de imprinié D iues et physiques. Tomo L lmpeinn,
var autorisation du Roi, & Umprimerie royalo; 1827

Omresdec.—s,1, 1. s
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Cauchy'’s first ‘Mémoire’ (1814/1827)

Cited Laplace’s concerns about the
solution of integrals by “the passage
from the real to the imaginary”

First part: evaluation of improper
integrals, such as

o
/ cosxde:
oo L+ X

Noted Cauchy—Riemann equations in
passing (as had d'Alembert and
Euler) as general useful property of
analytic functions, rather than
fundamental feature of the theory

o3
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176 COURS D'ANALYSE.
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que deux expressions imaginaires
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sont égales entre elles, lorsqu'il y a égalité de part

o e STl e RS A 55-page development of formal
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comme celle de deux quantités réclles, par le signe
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West que la représentation symbolique de deux

équations entre quantités réelles. Par exemple, l'é-

quation symboligue
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' cas particuliers, les quantités réelles.
Les expressions imaginaires peuvent étre sou-




Complex numbers in the Cours d’analyse (1821)

176 COURS D'ANALYSE.
toute expression :'):ibzln‘ji‘? de la forme Defl ned as usym b0| |C eXpreSSionS"

«, € désignant deux quantités réelles; et Ton dit a-+ byv—1

que deux expressions imaginaires

a+Cy=i, y+dy=
sont égales entre elles, lorsquiil y a égalité de part
o e STl e RS A 55-page development of formal
2.° entre les coefficiens de /=i, savoir, € et &\ P .
Liégalits Gel8usespressios YRHARSOIN s, definitions and properties
comme celle de deu quantités réclles, par le signe
= ctil en résulte ce quon appelle une éguation
imaginaire. Cela posé, toute équation imaginaire

West que fa représentation symbolique de dewx Consideration of multi-functions —

équations entre quantités réelles. Par exemple, I'¢-

uation symbolique .
R s g vl which are the most natural branches
{ to take?

équivaut seule aux deux équations réclles

Ot (5=
Lorsque, dans Texpression imaginaire
a+Cy=,

le coeflicient € de /=7 sévanouit, le terme € /=1

est censé réduit & zéro, et Fexpression elle-méme &

la quantité réelle a. En vertu de cette convention ,

fes expressions imaginai p comme

cas particuliers, les quantités réelles. |
Les expressions imaginaires peuvent étre sou-




176 COURS D'ANALYSF.
toute expression symbolique de ku forme
a4+ Gy,

«, G désignant deux quantités réelles ; et Ton dit
que deux expressions imaginaires
a+Cy=i, y+dy=

sont égales entre clles , lorsquil y a égalité de part
‘autre , 1.° entre les parties réelles a ct v,
tre les coefficiens de /=i, savoir, 6 ct &\
ité de deux expressions imaginaires slindique,
comme celle de deu quantités réclles, par le signe
=; ctil en résulte ce quon appelle une éguation
imaginaire. Cela posé, toute équation imaginaire
west que fa représentation symbolique de deux
équations entre quantités réelles. Par exemple, l'é-

quation symboligue
a+CySi=y+dys .

Gquivaut seule aux deux équations réclles

Ot (5=
Lorsque, dans Texpression imaginaire
a+Cy=,
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Complex numbers in the Cours d’analyse (1821)

Defined as “symbolic expressions”

a+ byv-1

55-page development of formal
definitions and properties

Consideration of multi-functions —
which are the most natural branches
to take?

Sought to extend ideas for real
functions to the complex case,
particularly those relating to power
series and convergence
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Cauchy’s second ‘Mémoire’ (1825)

‘Mémoire sur les intégrales définies, prises entre des limites
imaginaires’
Direct adaptation of definition of real integral to the complex case:
X+YV/—1
/ f(z)dz
xo+yov—1

is the limit (or one of the limits) of a sum of products of the form

Z(Xi—l + yic1V=1)f(xi—1 + yi-1vV-1).

NB. No explicit definition of a function of a complex variable; tacit
assumption of differentiability, hence that the Cauchy—Riemann
equations hold.



Contour integration

In any domain where the function does not become infinite, the
value of a complex integral is independent of the path along which
it is taken.



Contour integration

In any domain where the function does not become infinite, the
value of a complex integral is independent of the path along which
it is taken.

Cauchy: consider two different paths within the rectangle (xo, y0),
(X, Y) such that the function f(x + y+/—1) does not become
infinite for values of x, y lying within the domain enclosed by the

paths.



Contour integration

In any domain where the function does not become infinite, the
value of a complex integral is independent of the path along which
it is taken.

Cauchy: consider two different paths within the rectangle (xo, y0),

(X, Y) such that the function f(x + y+/—1) does not become

infinite for values of x, y lying within the domain enclosed by the
. X+Y+y/—-1 .

paths. Then the value of the integral fX0+y0\/jl f(z)dz is

independent of the path taken.



Contour integration

In any domain where the function does not become infinite, the
value of a complex integral is independent of the path along which
it is taken.

Cauchy: consider two different paths within the rectangle (xo, y0),

(X, Y) such that the function f(x + y+/—1) does not become

infinite for values of x, y lying within the domain enclosed by the
. X+Y+y/—-1 .

paths. Then the value of the integral fX0+y0\/jl f(z)dz is

independent of the path taken.

Really a theorem about real functions in the plane?



Contour integration

In any domain where the function does not become infinite, the
value of a complex integral is independent of the path along which
it is taken.

Cauchy: consider two different paths within the rectangle (xo, y0),

(X, Y) such that the function f(x + y+/—1) does not become

infinite for values of x, y lying within the domain enclosed by the
. X+Y+y/—-1 .

paths. Then the value of the integral fX0+y0\/jl f(z)dz is

independent of the path taken.
Really a theorem about real functions in the plane?

(Gauss had found this in 1811, alongside a similar definition of a
complex integral, but did not publish.)
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Contour integration

For the case where f(x 4 y+/—1) becomes infinite at the point
x = a,y = b, Cauchy considered the limit

f::xliLna(x—ajL(y—b)ﬁ)f(x+y¢71),

y—b

and determined that the difference between the integrals of f
along different paths that are infinitely close to each other as well

as to (a, b) is 2xfy/—1.

With a natural extension of this result for multiple and/or
higher-order singularities, this became an ancestor of Cauchy's
residue theorem — developed as part of Cauchy’s calculus of
residues in a paper of 1826 (‘Sur un nouveau genre de calcul’).
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Taylor's Theorem for complex analytic functions

In Cours d'analyse (1821), Cauchy had considered the notion of
radius of convergence for both real and imaginary power series.

1831: a complex function has a convergent power series if it is
“finite and continuous”

Continued to refine the conditions for the theorem over many
years.

Cauchy’s language is not always satisfactory to modern eyes, but
was considerably more rigorous than that of most of his
contemporaries.

1841: extension to negative powers — Laurent’s Theorem.
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Cauchy’s complex analysis

Cauchy's ideas concerning complex functions developed over many
years. In the early stages

» did he appreciate the fundamental nature of the concepts and
results that he was using and deriving?

» did he recognise the subtleties of working with complex
numbers rather than simply with pairs of real numbers?

Have historians of mathematics read too much into the earlier
work on the basis of what came later?

Point to note: Cauchy may be credited with many of the
fundamental ideas of complex analysis, but this does not mean
that they appeared fully-formed.
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IWNTER, UNVERINDERTER ABDRUCE
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GOTTINGEN,
VERLAG VON ADALBERT RENTE.
1867.

Doctoral dissertation:
Foundations for a General
Theory of Functions of a
Variable Complex Quantity
(1851)

Started from the idea that a
complex variable should be
treated as a single quantity z

“The complex variable w is
called a function of another
complex variable z when its
variation is such that the value
of the derivative ‘2—';” is
independent of the value of dz”

f(z+6)—f(2)

That is: lims_sq 5 exists



Riemann on complex analysis

Cauchy—Riemann equations now

vo erbll, dass or und owar mur dann i jo vl Worthe von dx und dy denselben Worth taken as fundamental to the
aben ird, v au_dv av_ _du
P theory

ist. Dieso Bodingungen sind also hinreichend und nothwendig, damit w == u 4- vi eine Function

von zm=x+yi sei. Fir die einselnon Glieder dieser Function fiessen aus ihnen die folgender

dta atu arv, aty

dx‘+dy' o dx'+dy’

welcho fur dio Untersuchung dor Eigenschaften, dio Einem Gliede einer solchen Function ein-

nhheﬁwhmnknmmn,dw&nndhg.hddm Wir worden den Beweis fur die wichtigsten

? einer Botrachtung der ligen Function voraufgehen

huun mavor aber noch einigo Punkte, welcho allgomeineren Gebieten angehtren, erdriern und
festlegen, um uns den Boden fiir jene Untersuchungen 7 cbenen.

. .

=o,

5.
Fiir dio folgenden Betrachtungen beschritnken wir die Vertinderlichkeit der Gryssen x,y suf
cin endliches Gebict, indem wir als Ort des Punktes O nicht mehr dio Ebene A selbst, so
dorn eine tber dioselbe susgebreitete Flicho T betrachten. Wir wiklen dioso Binkleidung, bei
der o8 unansttssig sein wird, von ufeinander liegenden Flichen su reden, um die Moglichkeit
offen 7u lassen, dass der Ort des Punktes O tiber densolben Theil der Ebeno sich mehrfach
erstrocko; setzen jodoch fir einen solchen Fall vorsus, dass die auf cinander liegenden Flichen-
theilo nicht lings einer Linio rusammenhiingen, so dass cine Umfaltung der Flkiche, oder eino
Spaltung in auf cinander liogendo Theilo nicht vorkommt.

Die Anzabl der in jedem Theile der Ebeno auf einander liegenden Flichentheilo ist alsdann
vollkommen bestimmt, wenn dio Begrourung der Lage und dom Sinne nach (d. b. ihre innere
und Bussero Seite) gogoben ist; ihr Verlauf kann sich jedoch noch verschieden gestalten.

In der That, zihen wir durch den von der Fliche bedeckten Theil der Ebeno cine belie-

. bigo Linip 1, s0 ndert sich die Anal der ther cinander liogendon Flichentheile aur beim
Usberschreiten det Bogrenrung, und zwar beim Usbertritt von Aussen nach Innen wn + 1, im
entgogengosetzten Fallo um — 1, und ist also tiborall bestimmt. Liings des Ufers dieser Linio
setet sich nun jeder angrensende Flichentheil suf ganz bestimmte Art fort, o lango dis Linis
dio Bogrenzung nicht trifit, da cine Unbestimmtheit jodenfalls nur in einem einzelnen Punkte
und also entweder in einem Punkte dor Linie selbet oder in einor endlichen Entfernung von
derselbon Btatt hat; wir kinnen dahor, wenn wir unsere Betrachtung suf einen im Innern dor
Fische verlsufenden Theil der Linio | und u beiden Seiten suf einen hinreichend kleinen Flb-
chenstroifon boschaken, Yon bostimmten sngrensendon Flichenthellon roden, deron Auaki suf
joder Seite gloich ist, und die wir, indem wir der Linio oine bestimmte Richtung beilogen, suf
der Linken mit a, 8 ..., suf der Rechten mit & o bereichnen. Jedor Flichen-
theil & wird sich daan in cinen der Flichentheilo o fortsotzan; dicser wird zwar im Allgemeinen
far den gunsen Leuf der Linie | derselbe sein, kaan sich jedoch fir besonders Lagen von |
in cinem ibrer Punkte kndern. Nehmen wir an, dass oberhalb eines solchen Punktes o (d. h.
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In dor That, zishen wir durch den von der Flache bedeckten Thel der Ebens cine ‘bele- '
. bigo Linis 1, so ndert sich die Anzahl dor tber einander liegondon Flichentheile nur beim
Usberschreiten dat Bogronrung, und awar beim Usbertritt von Aussen nach Innon wm + 1, im
antgogengsetztan Fallo um — 1, uad ist also tborall bostimumt. Liagy des Ufers dioser Linia
setat sich mun joder angrensende Flachentheil suf guna bestimmte Art fort, o lango dio Linia
dio Bogrenmung nicht trft, da.eine Unbestimmtheit jodonfalls nur in inem cinzelnen Punkto
und also enbwoder in einom Punkte der Linie selbet oder in einor endlichen Entfornung von
dorselben Btatt hat; wir kinnen daher, wenn wir unsere Betrachtung auf einen im Iunern der
Fliche verlanfenden Theil der Linio | und zu beiden Seiten suf einen hinrsichend Hlinen Flb-
chonstreifon beschrinke, von bestimmten angrenzandon Flichentheilen roden, deren Auzabl wuf
joder Seito gleich ist, und die wir, indom wir der Linio dine bestimmte Richtung beilegen, sf
der Linken mit 8, 0, ... 8,, auf der Rechton mit , oy, ... o, bessichnen. Joder Fllchen-
thel & wird sich dann in einen dor Flichentheile ' fortsetoan; dieser wind zwas im Allgemeinen
fur den gausen Leuf der Linio 1 derselbo sein, kaon sich jedoch fiir besondero Lagon von |
in sinem ikror Punkle kndern. Nehmen wir an, dass oberhalb sines solchen Punkies o (d. b.
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ist. Diese Bodingungen sind also hinreichend und nothwendig, damit w ==1u 4- vi eine Function
von z==x+yi sei. For die eimhunelioan dieser Function fliessen aus ihnen die folgenden :
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festlegen, um uns den Boden fiir jene Untersuchungen 7 cbenen.
. .

;. » harmonic functions;
Fiir dio folgenden Botrachtungen beschrinken wir die Verinderlichkeit der Grdssen x,y suf
cin ondlichos Gobiot, indem wir als Ort des Puukies O nicht mekhr dio Ebene A selbst, son-
dorn cino tber dioselbe susgobreitete Fliche T betrachten. Wir walen dieso Einkloidung, bei H
der o6 unaustdesig sein wird, von sufeinander liegenden Flichen zu reden, um die Moglichkeit | Conforma | |ty (a com pleX
offm m lassen, dass der Ort des Punktes O uber donselben Theil der Ebeno sich mebrfach £ . |
erstrocke;; setzen jodoch fir inen solchon Fall voraus, dase dio suf inander liogenden Flichen-
theilo nicht tags oinor Linio rusammonhiingen, so dass oine Umfaltung der Flache, oder eino unction preserves a ngles
Spaltung in auf sinsnder liogends Theilo nickt vorkommt, . H H
D Al ds G oo ol do P st e ogendn Pt i o wherever its derivative does
vollkommen bestimmt, wenn dio Begronmag der Lago uid dom Sinno nach (3. b. ibro imnero
und Hussere Seite) gegeben ist; ihr Verlsuf kann sich jedoch noch verschieden gestalten. not van |Sh ) .
In dor That, zishen wir durch den von der Flache bedeckten Thel der Ebens cine ‘bele- '
. bigo Linis 1, so ndert sich die Anzahl dor tber einander liegondon Flichentheile nur beim
Usberschreiten dat Bogronrung, und awar beim Usbertritt von Aussen nach Innon wm + 1, im
antgogengsetztan Fallo um — 1, uad ist also tborall bostimumt. Liagy des Ufers dioser Linia »
setat sich mun joder angrensende Flachentheil suf guna bestimmte Art fort, o lango dio Linia
dio Bogrenmung nicht trft, da.eine Unbestimmtheit jodonfalls nur in inem cinzelnen Punkto
und also enbwoder in einom Punkte der Linie selbet oder in einor endlichen Entfornung von
dorselben Btatt hat; wir kinnen daher, wenn wir unsere Betrachtung auf einen im Iunern der
Fliche verlanfenden Theil der Linio | und zu beiden Seiten suf einen hinrsichend Hlinen Flb-
chonstreifon beschrinke, von bestimmten angrenzandon Flichentheilen roden, deren Auzabl wuf
joder Seito gleich ist, und die wir, indom wir der Linio dine bestimmte Richtung beilegen, sf
der Linken mit 8, 0, ... 8,, auf der Rechton mit , oy, ... o, bessichnen. Joder Fllchen-
thel & wird sich dann in einen dor Flichentheile ' fortsetoan; dieser wind zwas im Allgemeinen
fur den gausen Leuf der Linio 1 derselbo sein, kaon sich jedoch fiir besondero Lagon von |
in sinem ikror Punkle kndern. Nehmen wir an, dass oberhalb sines solchen Punkies o (d. b.
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;. » harmonic functions;
Fiir dio folgenden Betrachtungen beschritnken wir die Vertinderlichkeit der Gryssen x,y suf
ein endliches Gebiot, indem wir als Ort des Punktes O nicht mehr die Ebene A selbst, son-

dorn cino tber dioselbe susgobreitete Fliche T betrachten. Wir walen dieso Einkloidung, bei H
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Spaltung in aof einander liegende Theile nicht vorkommt. h T d N N

Dio Ansabl der in jodom Thailo der Bbeno suf einandr liegenden Flichonthelo it lsdana wherever its derivative does
vollkommen bestimmt, wenn die Begrenzung der Lage und dem Sinne nach (d. h. ihre innere .
und Bussere Seite) gegoben ist; ihr Verlauf kann sich jedoch noch verschieden gestalten. .

In der That, ziehen wir durch den von der Fliche bedeckten Theil der Ebene eine belie- nOt VanISh 1

. bigs Linio 1, so kadert sich die Anzahl dor tiber inander liegondon Flichenthoile mur beim
Usberschreiten dat Bogronzung, und zwar beim Usbertritt von Aussen nach Lnnen wm + 1, im
entgogengosetzten Fallo um — 1, und it also tberall bestimmt. Liogs des Ufers dieser Linio »
stzt sich nun joder angrenzends Flichentheil auf ganz bestimmte Art fort, so lango die Linie
dio Bogrenzung nicht trif, da. sine Unbostimmtheit jodenfalls nur in einem sinzelnen Punkte
wnd also entwoder in einem Punkte der Linie selbst oder in siner endlichen Entfernung von
dorselben Btatt hat; wir kinnen daher, wenn wir unsere Betrachtung auf einen im Iunern der
Fliche verlanfenden Theil der Linio | und zu beiden Seiten suf einen hinrsichend Hlinen Flb-
chansreifen beschriaken, Yon bestimmten angrenzenden Flachentheilen reden, deren Ansab waf E . L.
joder Seito gleich ist, und die wir, indom wir der Linio dine bestimmte Richtung beilegen, sf
der Linken mit o, 8, ... o, suf der Rechton mit a, «, ... o, beseichnen. Jodor Fltchen- arly m paCt limited by
theil & wird sich daon in cinen dor Flichentheile ' fortsetzan; disser wird zwar im Allgemoinen . .
fur don gansen Leuf dor Linie | derselbe sein, kaun sich jedoch fir besonders Lagen von | abstraction and restricted

in einem ibrer Punkte hndern. Nehmen wir an, dass oberhalb eines solchen Punktes o (d. h.
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