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In the last 3 lectures

@ First and second existence theorems of weak solutions to linear
elliptic equations.
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This lecture

@ Third existence theorem: Spectral theory.

@ H? regularity of weak solutions to linear elliptic equations.
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Spectra of elliptic operators

Theorem (Spectrum of an elliptic operator)

Suppose that ) is a bounded Lipschitz domain. Suppose that

a, b, c € L*(Q), a is uniformly elliptic, and L = —0;(a;;0;) + b;j0; + c.
Then there exists an at most countable set > C R such that the
boundary value problem

{ Lu=Xu+f in%, (EBVP)

u=20 on 0f2

has a unique solution if and only if A\ ¢ ¥. Furthermore, if ¥ is
infinite then & = {\(}32, with

)\1§)\2§—>OO

The set X is called the real spectrum of the operator L.
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Spectra of elliptic operators

Proof

@ Let B be the bilinear form associated with L. Recall the energy
estimate: There exists . > 0 depending on the L*° bounds for
a, b, ¢ and the ellipticity constant \ such that

A
5”““?41(9) < B(u, u) +N||U||i2(sz)-

o If we define L,u = Lu+ pu and let B, be the bilinear form
associated with L,, then the right hand side above is exactly
B,.(u, u).

@ So B, is coercive. By the Fredholm alternative, the operator
L, : H}(Q) — H™1(Q) is invertible. Denote its inverse by S,,.
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Spectra of elliptic operators

Proof
@ Define an operator K : L?(Q2) — L3() by:

K :12(Q) 5 HY(Q) 2 HY(Q) & 12(Q).

The last leg is compact by Rellich-Kondrachov's theorem, hence
K is compact.

(We also know that J is compact, but that is a harder
statement.)

o Let ¥ be the set of A\ € R such that (EBVP) is not always
uniquely solvable. By the Fredholm alternative,

A € ¥ & (L— Md) is not injective
& (L, — (A + p)ld) is not injective
& | — (A + u)K is not injective
S A+p#£0and (A+pu)t € ay(K).
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Spectra of elliptic operators

Proof
o .. AeXifandonlyif \+pu#0and (A + u) ! € o,(K).
The conclusion follows from a general result for spectra of
compact operators, which we take for granted.

Theorem (Spectra of compact operators)

Let H be a Hilbert space of infinite dimension, K : H — H be a
compact bounded linear operator and o(K) be its spectrum (i.e. the
set of A € C such that \l — K is not invertible). Then

@ 0 belongs to o(K).

@ o(K)\ {0} =o0,(K)\ {0}, i.e. Al — K has non-trivial kernel for
A€ o(K)\{0}.

@ o(K)\ {0} is either finite or an infinite sequence tending to 0.

o’
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The question of regularity

In the rest of this course we consider regularity results for solutions to
Lu = —0,(a;0;u) + bj0;u+ cu = f in a domain

with f € [3(Q).

@ We want to keep in mind the following two motivating examples
in 1d:
—u"="fin(-1,1) (*)

and
—(au’) = fin (—1,1) where a = x(_1,0) + 2X(0,1)- (**)

@ For (*), u belongs to H.

@ For (**), au’ belongs to H'. Typically this implies v’ is
discontinuous and hence u ¢ H?. Nevertheless u is continuous.
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Interior H? regularity

Theorem (Interior H? regularity)

Suppose that a € C}(Q), b, c € L=(Q), a is uniformly elliptic, and
L = —0;(a;0;) + b;i0; + c. Suppose that f € L*().
If u € H(Q) satisfies Lu = f in Q in the weak sense then

u e H2 (), and for any open w such that @ C Q we have

lullpewy < CUIHFll2@) + llullar )

where the constant C depends only on n,Q,w, a, b, c.
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Global H? regularity

Theorem (Global H? regularity)

Suppose that Q is a bounded domain and OQ is C? regular. Suppose
that a,b,c € Cl(Q), a is uniformly elliptic, and

L = —0;(a;0;) + b;i0; + c. Suppose that f € L*(R).

If u e H}(Q) satisfies Lu = f in Q in the weak sense then u € H?*(Q)
and

lullre@) < CUIFllz@) + lullb@)

where the constant C depends only on n,, a, b, c.

Remark: If 9Q is C=, a,b,c € C*(Q), and f € C=(R) then
ue C>(Q).
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The case of —A

To illustrate the idea, we focus in the case a is constant, b =0,
¢ =0. The local H? regularity result is equivalent to:
Theorem (Interior H? regularity for —A)

Suppose f € L%(B,) and u € HY(B,). If —Au = f in B, in the weak
sense, then u € H?*(B,) and

lulleeyy < CUIIfll2eey) + llullHi(s,))

where the constant C depends only on n.
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The case of —A

The start of the proof is the following simple but important lemma:

Suppose that u € C°(R"). Then

“V2U”L2(Rn) = HAUHL2(R")-

The proof is a computation using integration by parts:
HV2UH%Z(Rn) = . 8,-8ju8,-0ju dx= — i 8ju8j8,-2u dx

= g 8J-2u8,-2u dx = ||Au||iz(Rn).
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The case of —A

The following lemma is a generalisation in the weak setting:

Lemma

Suppose that f € L?(R"), u € H'(R") and u has compact support.
Suppose that —Au = f in R" in the weak sense.
Then u € H*(R") and

HVZUHLZ(Rn) § H f“L2(Rn).

Proof of the lemma

o Take a family of mollifiers (o.): Fix a non-negative function
0 € C(By) with [, 0 =1 and let p.(x) = e "o(x/e).

@ Setu.=p.xuand . = o . xf.
Then u., £ € C®(R") and u. — v in H}(R") and £ — f in
L2(R").
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The case of —A

Proof of the lemma
e Claim: —Au. =f. in R".
* Fix v € C°(R") and consider Vu - Vvdx.
* Recall that, as u € H(R™), VuiRn: 0e x Vu.
* Hence, by Fubini's theorem,

R"VUE-VvdX—/ [/ 0e(x — )8y,u(y)dy]8xiv(x)dx

/ dy,uly / 0-(x — y)ax,v(x)dx] dy

* Integrating by parts in the inner integral we get

Voo Vvak= = [ 0,utn)] [ 00x—yvix) o dy.

Rn
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The case of —A

Proof of the lemma
o Claim: —Au. =f in R".

N /anue Vv dx = _/Rn ay,.u(y)[/Rn B 0-(x — y)v(x) d] dy.

* Now observe that Oy, 0-(x — y) = —0y,0-(x — y).
* We thus have, by Fubini's theorem again,

/n V. - Vv dx = /R ay,.u(y)[/w 0 0:(x — y)v() ] dy
— [ 1] )00~ ) vy

* As —Au = f in the weak sense, the inner integral is equal to

/ f(y) 0-(x — y) dy, which is £-(x).
Rn
* We deduce that

Vu,-Vvdx = / f-(x)v(x) dx.

n

Rn
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The case of —A

Proof of the lemma
o Claim: —Au. =f. in R".
* As v was picked arbitrarily in C2°(R"), we have that —Au, = f;
in R" in the weak sense.

* As u. and f. are smooth, this equation also holds in the classical
sense. (Check this!)

@ Now, by the previous lemma, we have

V20| 2rey = || Auel 2mey = || £ 12(m0)-

@ Young's convolution inequality gives
1Ml 2rey < ([l 2@yl 0zl 2oy = [[f]l2rm) + and so

V20 || 2wey < ||Fli2(82)-

@ Therefore, along a subsequence, (V2u.) converges weakly to
some A € LZ(Rn;Ran) with ||A||L2(R”) S HfHLZ(Bz)'

Luc Nguyen (University of Oxford) C4.3 — Lecture 14 MT 2021 16 /17



The case of —A

Proof of the lemma
e Putting things together we have u. — u in HY(R"), V2u, — A
in Lz(Rn) and HAHL2(R”) S ”f”[_2(Rn).
@ Claim: A is the weak second derivatives of u.
Indeed, this follows by passing € — 0 in the identity

/ u.0;0;v = [ 0;0;u.v for all v € C°(R").
n ]Rn

@ We have thus shown that v € H?(R") and
IV2ull 2y = 1Al 2y < 1 lli2(By)-
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