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El Sinﬁukox ?&Maﬁ%»

‘é"_“_/‘_“_(’_(z Zj” + j/ “+ jz @) o< < nfo\za, 3(1)--5‘

E..f.? d"\’ 4= 0. Hence W= AQ"C) wWhith Cannch Sox\—\‘ge\-‘ et
'.bownob\ri condiions ggm ol
This is & stnquloy f\aerM\:o.\—fm Proden

More. W Suppese D& IS a di%‘ff\h’&k opador that depPrAds on
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o ocder oﬁ rch IS LO.SS"(T\M Ma-obfo,?]%d as £€->0

[Sincs Ao sduten of Doy canck saksfy BCs (n geracak |

S\AP\:OSZ L = 82‘__'( + lower odler dedvatives.

Ao

¥ Over most of ‘f‘k&mr\%) E‘Olkj is small anel &3&413(1&: D,‘j-:o
Ax<

to 3300\ 0\?9"0)(!' manon.

¥ |In soma rca\ms, ﬂ(? 7C0J/h1 neos boundaries Edkj is not Smadl
~ dxk
ond 4 odjusts o sakisfy BCs.

(/M/ ug(,m/( Pr’OCQJM(& ﬁr ﬁhp(mj a Sdwhen h a S/hju(a/ ot problesr 5.
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s.3
(2‘) %\’Q{M\’f\ﬁ. M SC&\A‘/\% n % 'bck.\.no\ou'j (CLKM 63.

A ) A
XL TEX er x=&2 C

(¥) Find The ast\rw\:\chc expansions inthe bcundéu‘j (Q-je-rs (“inner " sdution )
ond owrside the Abaw\o\.&fi \cua,us ( “outer “ sdutons > ‘

(%) Fix dhe constanls of in 3”»4’2‘0” in These solufins &
— dema.nalmﬁ e inner sclutions Sﬁn‘vr@ e 'BCs

- “matching” - ensunng tre expansion ¢ The inner and outer solustrons
a.jree, in an wer/alp rej/m Aa‘wecﬂ‘fham

This is the method of Hatcheol Asymprohc Expansions

Revios Dampe ej“ + ‘j{ +y=0 o<x< !, o) =a, yiN=b,
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|loft Hand ‘Bm«\mi\ Sealing S.4

| -2 -
dﬁ/dx_é‘:d,_ and ETE AN 4 &7y +YL=0
ax d‘iz_ dIL
Dominant bBlonce |- 2e¢ = =X .. o=\, Hence ’bc:wndwn laapx has widha q}cm\@_)'
Riaht Hond Boundocy Louer © Foceads smi(a.rj with o€ = [+ C‘ng , YxI=Yr(xg)
J < Q ‘
One —Fndf @:: [

Develop fohv o |
() Ao \o,m WMW (ovd-cr "eaxon), exPovncl 3(:;) ~ jowb,o"”'*'sﬂmt,:(")*'"

as £ 0% with X, - = ord (1)

(2) keft Hand Edmdwj et X =€X_ and promo(

GOEY = Y (XY & Yoo (XY + EYL (L) 40 a5 ES0T witn 3 =ond()
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(3) R\Sm hand bowndary. ek = HEXg and xpand $S

) = v %) ~ Yr,o(R) + EYr, (X&) +o 48 g->0% with ~Xgnoal (1)

Left hand boundany oy

2
dYe G_li:. +EY =0 XL 7O .

i

a2 XL

O(EO) d’zik,o + dﬂb.o =O . 7CL_>O. OCE ) d 31.! o Olﬁl.! _!,_ﬂ ._.O IL>O

d‘x& aXe O(IL. d>(
-2 = A "r*? 12. (BL oig_e,
= 0 e SL-." L, L, .
3’-(0 = AL,O -\—%Ll HALGIL)
) - " — 7 E —
BC 359 (o) =&, \iLJl (07 = 0 X AL!G'*EL,a Q -AL,1+ =0,
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Right hand W layos S-€

2
d 'JR + C‘-BK + Q_\:&R = xe <0
d=g dxXr

~XR

hs win ot hand lager  YrolXe) = Bro Bro “ .
4R (xXe) = Agy+Bg e R+ (BroXre  —Ag 35&)

woith @rR.O'\'%e,o =b s A@‘ *B“‘ =0

(xe< 0)

Quler regen
2
ed Hout 4 Afﬁff’\' o dm\.=o o< < |
dx* o
0(£°) yeut,o0 + Your,0 =0 o(e')  dyu, t ot 1 ==t o
o g 'i‘ﬁ‘
Sdve = A X - =
s 30»;*',0 = Aot € 30\&\-,\ "-'-'Aow\‘,\e— "'Aou.\-,azce'

lnstend of applyng BCs o =01, we need o makch with e 4 and et
bowndory LOW\U shutions
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\CLQ.Q? -‘W\Q(Q IS an OVULQP, or ‘ir\}-en\p_akxo\\-ej r'eacw wwhere bdh") ‘Q-YPOW\S(O{\S \S

hdd amd fherefere e 2gual.

Henee  Inhodmee an intermedinte SCD..L&/Lg, :C=—87§— wihh 0<X¥< 1, Then

with >0, X =crd (1)

<~ =€e%% 50, ==& =& as £->07

A\
Ma{'dr\(ms \’CC\/\N\'(QQ _¥Pansions e = -ecu«odk as €50t wh §c>o/=‘l==ﬂ1f')

A
e 4 (ET'R ) v e le¥R) as Esct i
A A
x)o/:cr;ord(!)
We have . _e¥ g
| 31.(8\‘"36} = AL +Bs € + 0(e)
w-\-"
exp:%hqlbj
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S ¥
S&'mﬁ -Q)‘PMSfOﬂ.S AL_'Q ‘-"-Acw\')o e jL,o (oo )= 50\\'\-,0 (0>

Hatehing omter and, nqk’r hand bowndary oy o
o 0<y< |, As £-0T, with x<O

andl :/C\=OfOL(()
let €= \+€3x

Ye (DCR_EX- gc> Aro+ BroC

—(l+€-1“:c:}
3&% (I l"'ZYDC> = Acu\-o + 0 (E}

= Moo (1—e¥x +o(22”)> +o(e)
e

Sovene Q%PMSLMS‘ N Bg‘o = O) 'Aow\-,o =€A2,o

F{L,o +BL.,O =a; AR‘O"'gR,O =b E {AL,O =€_l:> ) Aow",o = e,k g
: Ao = Aouk,0 ; Bro =0, Aati0 el Beo=a-eb ,; Ago =b; Bro=0

-, _ = _
Y (L) S (aeb)E feke(X1= €08 dRolTe) =5,
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e ok Slwhen
/_\_3 Y \A)\'\—\« RXA A= A4 X Sene 2]
Evact Sahim s y(x) = A —Ae Lfor 08X s

w(‘h« A-j' = aeAt—E 4:‘2 = —|=x /|_.¢+£
AE

/

g->0"
Using &xpamsions Ay = —1+0(8) A =~lg + |l+o(e) @S
o Show) x, ) +0(g) as g=o07 i '351_70,351.:0“"’((‘)

j(éx,_) = Yol N
+ i 0gX <) Wi
(j(x) = ‘jowhc:(x) + o(e) oS ES0T Wl e o)

Y(HE%e) = Ygo(za) +OCE) as £30T  wlin Xe<O xq=odk (1)
Higher order Tatehing

U\s.m&’\’w., U.oo\.wi ordar scudm,

-
31-' (3&_\ = - Qb >, + (Q—Q\OBILQ “ 4 AL/‘ - ’EL" e
’ xR

Y2 Fm% A,«g/\er orcler sduhion 1s j/’r/ex\ /:2('

""xL

Yeul (%Rd = - bxg + Ae + Brie

- -
30%\',! (’I\ = -ebxe +Aw~"c,|€ =
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Recall BCS \j]_‘\ (0) =0 ﬂg‘( (cﬂ=0 AL,l +EL,I ':Aﬁ" ‘("Ble‘, =0 S0

Mo\k)\mg latt hand bcwnokaui Lo»d-e.r oncl onkrr c-eS\m

Where X = ¥ o< ¥ <I

/

hs 8-90+ wl”% :C>o 'JC—-cro(Ct)

X&) + aﬁ._ (€% 2Y +0(&%)

Y (. = E’:kx) —jz.o( o
o¥-! _ A -

(e!c+( -eh)e ’C) + E’_(—QJ::E’,X 2 +(a-eb)E® 2 *
+ AL +Bie _87’&)

+0(e?)

N
=eh — Q.\:DE,Y:C +eALn + 0(€%)

oo (€¥5) + By (E72) +0(E)

ebe'gwx + a( ebe¥ (- e¥x +0(e \>
Q- v ole®) + Aot (1- a‘K::c-&-o(e”))) +0(*)

Youk (x=£YD/Z) =

i
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_ ebE¥X + Eheut,) +O0(E"¥, E¥ E?) Al

: Sut(x=ax£\ = eb )
Fo _nswre

g &rm sv.\am.m,\ﬁ

Saxme exponsimd A= Aot Cm?ueel, o o)

- ebab’£ on'ses :Q—un dml-,g Qv-en""Hwﬂh its
\m‘aw order ond ankes Qnm igw\-‘l inThe
expomSion a T oC

Noe  gome Yeams jm‘;oro(ﬁ—r .

Mm’rc,\mxnﬁ @a‘aM hanol bowﬂdo.@ _Laazr ool onte”
'Pﬁ 8"90"- uo'rl’h §C<O ; 5\['_:9.—9((13’ 9%=£1—r§
Ye (=31 X) = Yroo (e¥'Z) +EYg, (e7'%) +o(e?)
~g¥'%

=b +e(-be X+ A, +BrE )*0(91)

z "
=eB, €  +b- e¥bx +EAr +O(E7)
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5.2
A A
As £-0 with 5\c<o, o =orc (1), >x = l+£%

A 2
ﬂoul’ (x:\—!—a\‘;\c} = Yeuto (1 ixé) +Edu\.‘,(l+£:7:c) -;—Y?Ce )
c ~(1+
- Q\::Q:(HSYI) +g€eb(l+€7£>€(‘ :c)+
+Q (%)

= b(1-e¥x +o ™))

Aa.\ e: ( [~ €Y£>>
b

v i(-—\o(l-ez\’-;c\ )(\-g*a? +0(£7¥))+ Aok, (\-e¥x +—oce“)>)

=
+0(&%)

2% o TY ot
-::E —QYED/E "‘Elb +€Am¥,\/6+0(€ 18 'e)

As afere  YOIL

gowne, QXPM%[DI\S 1 } AR‘\ = Aou.\-,\/é’b ) ER'\ = OJ

Hence 8 Ay+ B = Aru+Bri =0

E ‘ {AR.FBR.FO
obnig Aot = ooty Bri =0 Aru=Aubnjp — Aot =A== Br

=eb



5 Yok () sahs

However  lim - geut () £a & Bowadary (dyer
A0

Y (x) = —ebx; + (a..e,bs:x,_e.""- +eb(l-e "3"'-) 5.3
Yeut,1 (X) = -ebx e ™ +ebe™ ™

Y, (X)) = - bXe,

hm oy = lim ( ebe X + geb(i-x )€ +o(e?)) = b+ o(e?)
x> > |

[im sy = m  [ebe ™ 4geb(i-xye T +0(E?)) = b+ 0(E

2(->0 %o XDC ( 2 (‘ ) ( )> )

6—& BC at =1, at lost o 0(e?) . Bewndary lowger not rﬂt/w'fed of X=1,
od x=0 re(t/ucred,

Von FD&k.a_’s H&‘rﬁ\r\&r\& Rule

. Using e intermadiake Vovriab

s ) yields lon3 calalatins

- Vo Dake's ma\'dm'r\% rule is %m‘c\(e( ond uSuauLi wecks ¢

m +ems innes [(n terms Ou.\-er);l =:+—€rms owter [(m terms (nn,u)]

— )

N—eo— N
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5.4 n tTerms in tThe outer xPawsion, M tems in the nner expansia
wnhen in +eams o@-h«e inner vewable = wrten in +eems o e outer

amd expondad to m?hordec ia the Yoviable and xpanded to
inngr vortololl Nt order in the entor vaabl

Example At ta left hand boundacy . Yu(x) = ALot (A=Aue)e = + O(€)
Yout (x) = Acuto &~ * +o(e) . x=ex,
LHS 4 dermader = Aotoe

Acd,0 € =
Aeut,o (14 O(EXL))

D I:X cwci to m =1 +t&mmsin "hf\g
i vounelolg

i

E\—\é 1 4em ianer

i)

ALo + (a-ALe)e ™®
= ALpo +(a—AL,o)€:x/€ ALo prcwml—m\‘

Small

Ackto = | +eem inn@[(l*ﬁmm&r\]= l+4mad-€rgl+ﬂmfnwﬂ=/‘n.‘o

AL,Q = Acw\-,o = Qb
T v\sma'BC ot X =\, nohrxs’ha-ere (s
Y\ bowr\dN\} \%m
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515
Ncte  Thus qives lim Yok o (x)=lm Yy, (>¢) as previeus(y sbserved Ay

SC=>0o X > D

Exommple 2% ocder MOJ“JN‘“Q

-2 -~ -2
LHS, 2 teem outer = Acut,0 €& & E(Ac‘d':‘e - = Aautio X )

~X € )

X - e
XLt e(Aadi@ T F_ebex €

]

be

e —-egebx; + €Aud ) +0(e?)

- -3¢
NS A term ianer = Ao + (a-ALe)e L +£(AL,|-AL,,9_ L-AL,oxL
5 (Q"AL,O)XLQ.’CL)
-2 _
= @b + (a-eb)e /2 +8(AL.;—AL,|Q e _ e'b"-"fa
+(a-eb)x ee."x/i)
= eb + F_(AL.\) - ebaC + expenenh
Small term g |

NOhAﬁ E‘,)C,_:.-x_, we have AL,\ = Aowl',t = el
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- 216
‘ 3 v () = e,be'x + EQ‘:(I—DC)Q -
o ow ] i 2
Yo (XL) = eb + (a-eb)e L + € (e.b(\—e. ) -2l + (a-eb)x,e )
+...

Execcase rﬁ?‘“‘* {-‘0( 1 {emn 1anee [(2 Mso«!-er)-] = 2 +exms ounrer [(l term fnm)z

WOL(M'\& Teealt Lo&ari‘hﬂmﬂ terms as AQ(1) in Von Dyke's ma-}-chms rule ouwe ke -b-,,e'(-‘,.
Site relahve o powess,

Compos{\-e Exponsion

An o combine inner and curer <xpansims to btrin a Mm'-ﬁmfu, valid ¢xptnsion
(fr plothng etc)

Momposite = (p +erms cuter) + (ptems inner) — ptemsinner [( prems ou’rer)] pelN
.

e S

s e

P termg ewker [( p teans t’nner)]
oy VanRyke. .
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: S+
Subtract P temms inner [(P-\-@ms MW)'I as it has kean counted —_—
Ywice n fhe overlap reqion.

EKamp(Q
P=1 ‘j@apos{l-e = Yeut,o (x) + L0 (1/83 — 4 term ianer [(“ﬂma«kﬂ—l
= ebe ™ 4ol + (q-eb)eﬁ-x/g - eb
o= Qb.g-:c -+ (Q—Qb)e.-x/e
P=2  Yeomposde = Yao(%) + €k, (2) + Yuo (%) + €Y, (X )

= 2 term inner [(24-&,,.%,)]

—y _x
= ebe ~ +€.eb (I-x)e

- -.I/
+ eb + (a-eb)e'x/f + E(Qb(t-—e x"i)-e,b:qg 4—@-eb)€?ée 5)
- @b +ebx —geb

- - -,
= ebe ™ +(a-eb)(Hx)e e _geb(1-%)e T —eebe €
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Choice c(l rescoling, cevisited.

S.19

b left hand bowndaxi e, ‘oeﬂom with scabnj x= EZ“DC,_) qx) =Y,

T L e gy =0

Obch dx)
O ‘X
oA=0 Ralance
X<
O< Dcmi:ou\'l:

1 i\
o =1 Ralance

/[\
ol >l Deminank

Qubktr Schuhen

Overlap reqion

'nn-e.r' Sd/w\'\‘oh

Sub- inner

’l/ke inner and outer sduhons cam be matdud as 'l‘h-e«d shacre a commen {em

what 1S dominant (n the o\/erla(J reatbv\
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519

“Thece afe huo dominant balances

ol = O(outeer) onol = | (inner)

These correspend fo O\fsﬁnﬂuﬁS\\Qd ks i which x =ord (1) and x=ord(€)
FQS‘J-QOHVQ%,
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