
4.8 Normal modes for a weighted string
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• An elastic string of length 2L has its ends fixed at (x , y) = (±L, 0) and a point particle of mass m

is attached to the mid-point, as illustrated in the schematic below.

• We seek here the normal modes of vibration.

• Since the transverse displacements are small and the tension T constant, the horizontal

components of the forces exerted by the string on the point particle will balance to a first

approximation.

• Hence, we need only consider the transverse displacement of the point particle, Y (t) say.

• We let y�(x , t) and y
+(x , t) denote the small transverse displacements for �L  x < 0 and

0 < x  L, respectively.

193/308



• Then y
� and y

+ must satisfy the wave equations

@2
y
�

@t2
= c

2 @
2
y
�

@x2
for � L < x < 0,

@2
y
+

@t2
= c

2 @
2
y
+

@x2
for 0 < x < L,

and the boundary conditions

y
�(�L, t) = 0,

y
+(L, t) = 0.

• Question: What conditions hold at x = 0?

• Answer: There are two.

• Firstly, since the point particle is attached to the string, we require

y
�(0�, t) = Y (t) = y

+(0+, t).
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• Secondly, the string exerts on the point particle the forces illustrated below.

• Here ⌧ is the right-pointing unit tangent vector to the string given by

⌧ =
i + yx j

(1 + y 2
x )1/2

,

where y = y
� for �L < x < 0 and y = y

+ for 0 < x < L.

• Hence, applying Newton’s Second Law to the point particle in the y -direction gives

m
d2
Y

dt2
=

�
T⌧ (0+, t)� T⌧ (0�, t)

�
· j.

• Since ⇣
1 + y

2
x

⌘1/2
= 1 +

1
2
(yx)

2 + · · · for |yx | ⌧ 1,

we deduce that to a first approximation

m
d2
Y

dt2
= Ty

+
x (0+, t)� Ty

�
x (0�, t).
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• To find the normal modes we seek nontrivial separable solutions of the form

y
± = F±(x)G(t),

since we need the same time dependence in y±(x , t) if they are to satisfy the BCs at x = 0.

• In the usual manner we may deduce from the wave equations that there is a constant � such that

F
00
±(x)

F±(x)
=

G
00(t)

c2G(t)
= ��,

• Since we’re seeking nontrivial solutions, it follows from the boundary conditions at x = ±L that

F�(�L) = 0, F+(L) = 0.

• Similarly, the boundary conditions at x = 0 give

F�(0�) = F+(0+),

and

mF±(0)G
00(t) = T (F 0

+(0+)� F
0
�(0�))G(t).

• Using G
00(t) + �c2G(t) = 0 and c

2 = T/⇢, we deduce that

��mF±(0) = ⇢
�
F

0
+(0+)� F

0
�(0�)

�
.

196/308



• Since we are seeking non-trivial oscillatory solutions, we now focus on the case in which � is

positive by setting � = !2, where ! > 0 without loss of generality.

• Then G
00(t) + �c2G(t) = 0 gives G(t) = C cos(!ct + ✏), where ✏ is an arbitrary constant and we

may take C = 1 without loss of generality.

• Moreover, F±(x) satisfy

F
00
� + !2

F� = 0 for � L < x < 0,

F
00
+ + !2

F+ = 0 for 0 < x < L,

with F�(�L) = 0 and F+(L) = 0, so that

F�(x) = A sin
�
!(L+ x)

�
,

F+(x) = B sin
�
!(L� x)

�
,

where A and B are arbitrary real constants.
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• Substituting into the boundary conditions relating F±(x) at x = 0, we obtain

"
sin!L � sin!L

⇢ cos!L�m! sin!L ⇢ cos!L

#

| {z }
M

"
A

B

#
=

"
0

0

#
.

• For nontrivial solutions F±(x), we need
"
A

B

#
6=

"
0

0

#

and hence for the matrix M to be singular: setting det(M) = 0, we deduce that ! must satisfy

sin!L (2⇢ cos!L�m! sin!L) = 0.

• Hence, there are two cases: either (i) sin!L = 0 or (ii) 2⇢ cos!L�m! sin!L = 0.
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Case (i) sin!L = 0

• We deduce immediately that ! = n⇡/L, where n is a positive integer.

• Then the matrix equation fo [A,B]T gives B = �A, so that the normal modes are given by

y�(x , t) = A sin
�
!(L+ x)

�
cos (!ct + ✏),

y+(x , t) = �A sin
�
!(L� x)

�
cos (!ct + ✏).

• This means that the normal modes are the same as for a string of length 2L with a node at x = 0,

i.e. the point particle is stationary and remains at the origin, as illustrated for the first few such

modes in the schematic below.
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Case (ii) 2⇢ cos!L�m! sin!L = 0

• If we scale ! = ✓/L, then ✓ satisfies the transcendental equation

tan ✓ =
↵
✓
,

where the dimensionless parameter ↵ = 2L⇢/m is the ratio of the mass of the string to that of the

point particle.

• By plotting the graphs of z = tan ✓ and z = ↵/✓, as illustrated below for ↵ = 1, we can convince

ourselves that there are countably many roots

✓1 < ✓2 < ✓3 < · · · ,

with (n � 1)⇡ < ✓n < (n � 1/2)⇡ and ✓n/(n � 1) ! ⇡+ as n ! 1.
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• Hence, there are countably many natural frequencies

!c = ✓nc/L,

where n is a positive integer.

• Now the matrix equation fo [A,B]T gives B = A, so that the normal modes are given by

y�(x , t) = A sin
�
!(L+ x)

�
cos (!ct + ✏),

y+(x , t) = A sin
�
!(L� x)

�
cos (!ct + ✏).

• This means that the string is symmetric about x = 0, as illustrated for the first few such modes in

the schematic below.
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4.9 General solution to the wave equation
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• It is a remarkable fact that it is possible to write down all solutions of the wave equation

@2
y

@t2
= c

2 @
2
y

@x2
,

where we recall that the parameter c > 0 is the wave speed.

• To verify this fact we introduce new independent variables

⇠ = x � ct, ⌘ = x + ct,

and seek a solution in which

y(x , t) = Y (⇠, ⌘).

• The chain rule implies

yx = Y⇠⇠x + Y⌘⌘x = Y⇠ + Y⌘,

yt = Y⇠⇠t + Y⌘⌘t = �cY⇠ + cY⌘.

• Then, assuming Y⇠⌘ = Y⌘⇠,

yxx = (Y⇠ + Y⌘)⇠⇠x + (Y⇠ + Y⌘)⌘⌘x = Y⇠⇠ + 2Y⇠⌘ + Y⌘⌘,

ytt = (�cY⇠ + cY⌘)⇠⇠t + (�cY⇠ + cY⌘)⌘⌘t = c
2(Y⇠⇠ � 2Y⇠⌘ + Y⌘⌘).
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• We deduce that
@2

y

@t2
� c

2 @
2
y

@x2
= �4c2

@2
Y

@⇠@⌘
.

• Hence, in the new variables (⇠, ⌘) the wave equation becomes

@2
Y

@⇠@⌘
= 0, i .e.

@
@⇠

✓
@Y
@⌘

◆
= 0.

• Thus, @Y /@⌘ is independent of ⇠ and is a function of ⌘ only, say G
0(⌘), i.e.

@Y
@⌘

= G
0(⌘),

and so
@
@⌘

[Y � G(⌘)] = 0.

• Thus, Y � G(⌘) is a function of ⇠ only, say F (⇠), and therefore

Y � G(⌘) = F (⇠),

giving

y(x , t) = F (x � ct) + G(x + ct),

where F and G are arbitrary twice continuously di↵erentiable functions.
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Notes

(1) It is straightforward to use the chain rule to verify that y(x , t) = F (x � ct) + G(x + ct) is a

solution of the wave quation. We have shown that all solutions must be of this form.

(2) We note that F (x � ct) is a travelling wave of constant shape moving in the positive x-direction

with speed c, as illustrated in the sketch below in which the initial profile y = F (x) at t = 0 is

translated a distance ct to the right at time t.

207/308



(3) We note that G(x + ct) is a travelling wave of constant shape moving in the negative x-direction

with speed c, as illustrated in the sketch below in which the initial profile y = G(x) at t = 0 is

translated a distance ct to the left at time t.

(4) The general solution is therefore the superposition of left- and right-travelling waves each moving

with speed c, which is the reason the parameter c is called the wave speed. It follows that the

wave equation propagates information at constant speed c in contrast to solutions of the heat

equation in which information propagates at infinite speed.
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Example: wave reflection

• A string occupies �1 < x  0 and is fixed at x = 0. A wave y(x , t) = f (x � ct) is incident from

x < 0. Find the reflected wave.

• In y(x , t) = F (x � ct) + G(x + ct), we take F = f and G to be found.

• The boundary condition y(0, t) = 0 is to be satisfied for all t. Hence, f (�ct) + G(ct) = 0 for all

t, and so G(✓) = �f (�✓) for all ✓. Thus,

y(x , t) = f (x � ct)
| {z }
incident wave

� f (�x � ct)
| {z }
reflected wave

.

• The snapshots below illustrates the reflection of an incident wave for

f (x) = h exp(�x
2/L2), where h and L are positive constants. The arrows indicated the direction

of travel with speed c of the incident and reflected waves. Focussing on x  0, we see that the

reflected wave has the same shape and speed as the incident wave, but the opposite sign and

direction of travel.
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4.10 Waves on an infinite string: D’Alembert’s formula
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• Suppose yld.tl s .t . ① Yet = dy,,, fan - oo ca coo
,
too
,

② yld, 01 = flat , yt 140) = glx) for - oo ca coo,
where f and g are given .

• ① has the general solution YC4H = Ha-A) + Hatet), so it
remains to determine the functions F and G for which it satisfies the Ics②.

• ② ⇒ Flat + UH = tlx) and - c F'tal t cold ) = glx )
⑨ I

- Flat x Hal = a+ I}golds Cathy
④

• ⑨ - ⑥ ⇒ FH1 = I ( tix) - a - If
"

golds)
• ⑨ +⑥ ⇒ oh = II Halt at

"

golds)



• Hence
, yh, t ) = IfHa - it) - a-If

"-"

guns) + I ftbitcttxaxt §
""

go,d)
= KI Ha - it ) that it) ) -1¥ (¥! ghost?

""

golds)
giving suit

ylqtt-IIHH-ctkttatctpxfjg.is/ds
d- ct

O ' Alembert 's Formula

• N8 : argument ⇒ 7 ! solution to IVP① -② !

• NO : can also prove uniqueness via energy method as to a hint

string 1 assuming y decays suff , rapidly as a→too that the energy exists) .



• Consider the initial value problem for the small transverse displacement y(x , t) of an elastic string

given by the wave equation

@2
y

@t2
= c

2 @
2
y

@x2
for �1 < x < 1, t > 0,

with the initial conditions

y(x , 0) = f (x),
@y
@t

(x , 0) = g(x) for �1 < x < 1,

where the initial transverse displacement f (x) and the initial transverse velocity g(x) are given.

• The general solution of the wave equation is y(x , t) = F (x � ct) + G(x + ct), so it remains to

determine the functions F and G for which it satisfies the initial conditions.

• Substituting gives

F (x) + G(x) = f (x), �cF
0(x) + cG

0(x) = g(x).
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• Integrating the second expression gives the system

F (x) + G(x) = f (x), �F (x) + G(x) =
1
c

Z
x

0

g(s) ds + a,

where a is an arbitrary constant.

• Subtracting and adding, we deduce that F and G are given by

F (x) =
1
2

✓
f (x)� 1

c

Z
x

0

g(s) ds � a

◆
, G(x) =

1
2

✓
f (x) +

1
c

Z
x

0

g(s) ds + a

◆
.

• Hence,

y(x , t) =
1
2

✓
f (x � ct)� 1

c

Z
x�ct

0

g(s) ds � a

◆
+

1
2

✓
f (x + ct) +

1
c

Z
x+ct

0

g(s) ds + a

◆

=
1
2

�
f (x � ct) + f (x + ct)

�
+

1
2c

✓Z 0

x�ct

g(s) ds +

Z
x+ct

0

g(s) ds

◆
,

giving D’Alembert’s Formula,

y(x , t) =
1
2

�
f (x � ct) + f (x + ct)

�
+

1
2c

Z
x+ct

x�ct

g(s) ds.
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Notes:

(1) The argument shows that, for given f and g , the initial value problem has one and only one

solution, i.e. existence and uniqueness.

(2) Uniqueness may also be proved by energy conservation under the additional assumption that yt ,

yx ! 0 su�ciently rapidly as x ! ±1 that we can ensure the existence of the energy

E(t) =

Z 1

�1

⇢
2
y
2
t +

T

2
y
2
x dx .
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Example 1

⌅ Suppose that f and g are given by

f (x) =

8
><

>:

✏ cos4
⇣⇡x
2L

⌘
for |x |  L,

0 otherwise,

g(x) = 0,

where ✏ and L are positive constants.

⌅ Remark: As illustrated in the sketch below, f , f 0, f 00 and f
000 are continuous on R and f is

compactly supported because it vanishes outside of a closed bounded interval.

L<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit>�L<latexit sha1_base64="LPwehFYZWsjyUQ7FyzP/QVrLJ60=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgY7iLgpZBGwuLKOYDkhD2NnPJkr29Y3dPCEf+gY2FIrb+Izv/jZvkCk18MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVMunGgWXWDfcCGzFCmnoC2z6o5up33xCpXkkH804xm5IB5IHnFFjpYezu16x5JbdGcgy8TJSggy1XvGr049YEqI0TFCt254bm25KleFM4KTQSTTGlI3oANuWShqi7qazSyfkxCp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKZvkz5XyIwYW0KZ4vZWwoZUUWZsOAUbgrf48jJpVMreeblyf1GqXmdx5OEIjuEUPLiEKtxCDerAIIBneIU3Z+S8OO/Ox7w152Qzh/AHzucPDiuNCw==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

x
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y = f(x)
<latexit sha1_base64="oCX0na/wJ9ntwXFfsNOlQJuTC4A=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZrjq7D8dNorltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa89FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmtWKd1ap3p2XatdZHHk4gmMogwcXUINbqEMDCDzAM7zCmyOdF+fd+Zi35pxs5hD+wPn8Ac67jp8=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

�
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>
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⌅ By D’Alembert’s formula the solution is given by

y(x , t) =
1
2

�
f (x � ct) + f (x + ct)

�
,

⌅ Remark: The solution is a classical solution because it is twice continuously di↵erentiable with

respect to x and t and satisfies the IBVP.

⌅ We can sketch the solution y(x , t) at a fixed time t > 0 using the geometrical properties of its

travelling wave components.

⌅ For ct > L, the supports of f (x � ct) and f (x + ct) do not overlap, as illustrated below.
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⌅ For 0 < ct < L, the supports of f (x � ct) and f (x + ct) overlap, as illustrated below.

⌅ The derivation of explicit formulae for the solution therefore requires some careful bookkeeping for

which it is easier to think geometrically rather than algebraically. ⌅
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4.11 Characteristic diagrams
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• Consider the initial value problem for the small transverse displacement y(x , t) of an elastic string

given by the wave equation

@2
y

@t2
= c

2 @
2
y

@x2
for �1 < x < 1, t > 0,

with the initial conditions

y(x , 0) = f (x),
@y
@t

(x , 0) = g(x) for �1 < x < 1,

where the initial transverse displacement f (x) and the initial transverse velocity g(x) are given.

• In the last section we showed that the solution is given by D’Alembert’s Formula:

y(x , t) =
1
2

�
f (x � ct) + f (x + ct)

�
+

1
2c

Z
x+ct

x�ct

g(s) ds.
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• Let us ask how the solution at a point P : (x0, t0) in the upper half of the (x , t)-plane depends

upon the data f and g .

• By D’Alembert’s Formula, we have

y(x0, t0) =
1
2
[f (x0 � ct0) + f (x0 + ct0)] +

1
2c

Z
x0+ct0

x0�ct0

g(x) dx ,

which may be written in the form

y(P) =
1
2

�
f (Q) + f (R)

�
+

1
2c

Z
R

Q

g(s) ds,

where Q and R are the points (x0 � ct0, 0) and (x0 + ct0, 0), respectively.
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• We note the deliberate abuse of notation to aid the geometric interpretation of D’Alembert’s

formula.

• Definition: The lines x ± ct = x0 ± ct0 are the characteristic lines through P : (x0, t0).

• y(P) depends only on

(i) f though the values f takes at Q and R;
(ii) g though the values g takes on the x-axis between Q and R.

This motivates the following definition.

• Definition: The interval [x0 � ct0, x0 + ct0] of the x-axis between Q and R is called the domain of

dependence of P : (x0, t0)

• If f or g are modified outside the domain of dependence of P, then y(P) is unchanged.
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• We can exploit the geometric interpretation of D’Alembert’s formula to construct explicit

formulae for the solution: the contribution to y(P) from f and g changes at points on the x-axis

where f and g change their analytic behaviour.

• Hence, given a particular f and g , the first task is to identify such points on the x-axis and sketch

the characteristic lines x ± ct = constant through each of them — this is the characterisrtic

diagram.

• The characteristic diagram divides the (x , t)-plane into regions in which the contributions from f

and g may be di↵erent: the second task is to evaluate y(P) for P in each of these regions.
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Example 1 revisited

⌅ Since g vanishes in this case, D’Alembert’s formula becomes

y(P) =
1
2

�
f (Q) + f (R)

�
,

where Q and R are the left- and right-hand intersections with the x-axis of the characteristic lines

though P.

⌅ Recall that f is given by

f (x) =

8
><

>:

✏ cos4
⇣⇡x
2L

⌘
for |x |  L,

0 otherwise,

so that it is compactly supported with support (�L, L), and therefore changes its analytic

behaviour at the points (�L, 0) and (L, 0) on the x-axis in the (x , t)-plane.

⌅ The characteristics through these points are x ± ct = �L and x ± ct = L and they divide the

upper-half of the (x , t)-plane into six regions R1, . . . , R6, forming the characteristic diagram

illustrated below.
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Characteristic diagram:
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⌅ In particular, we let

R1 = {(x , t) : t > 0, x + ct < �L},

R2 = {(x , t) : t > 0, x  0, �L  x + ct  L, x � ct  �L},

R3 = {(x , t) : t > 0, x � ct > �L, x + ct < L},

R4 = {(x , t) : t > 0, x � ct < �L, x + ct > L},

R5 = {(x , t) : t > 0, x > 0, �L  x � ct  L, x + ct � L},

R6 = {(x , t) : t > 0, x � ct > L}.

⌅ Notes:

By including the dividing characteristics in regions R2 and R5 (except where they cross at (0, L/c)),
we have ensured that each point (x , t) in the upper half plane belongs to one and only one region.

The choice to have regions R2 and R5 contain their bounding characteristics (except for the point
(0, L/c)) is arbitrary if the solution is everywhere continuous, as it is in this example.
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⌅ Since PQ is parallel to the characteristics x � ct = ±L, while PR is parallel to the characteristics

x + ct = ±L, we may construct the solution with the aid of the characteristic diagram by drawing

on it the triangle PQR for P in each of the di↵erent regions.

⌅ Thus, the locations of Q and R on the x-axis dictate their contributions, as follows.
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⌅ If P 2 R1, then Q and R lie to the left of (�L, 0), so

f (Q) = f (R) = 0,

giving

y(x , t) = 0 for (x , t) 2 R1.
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⌅ If P 2 R2, then Q lies at or to the left of (�L, 0), while R lies at or between (�L, 0) and (L, 0), so

f (Q) = 0, f (R) = f (x + ct) = ✏ cos4
⇣ ⇡
2L

(x + ct)
⌘
,

giving

y(x , t) =
✏
2
cos4

⇣ ⇡
2L

(x + ct)
⌘

for (x , t) 2 R2.
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⌅ If P 2 R3, then Q and R lie between (�L, 0) and (L, 0), so

f (Q) = f (x � ct) = ✏ cos4(⇡(x � ct)/2L), f (R) = f (x + ct) = ✏ cos4
⇣ ⇡
2L

(x + ct)
⌘
,

giving

y(x , t) =
✏
2
cos4

⇣ ⇡
2L

(x � ct)
⌘
+

✏
2
cos4

⇣ ⇡
2L

(x + ct)
⌘

for (x , t) 2 R3.
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⌅ If P 2 R4, then Q lies to the left of (�L, 0) and R lies to the right of (L, 0), so

f (Q) = f (R) = 0,

giving

y(x , t) = 0 for (x , t) 2 R4.
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⌅ If P 2 R5, then Q lies at or between (�L, 0) and (L, 0), while R lies at or to the right of (L, 0), so

f (Q) = f (x � ct) = ✏ cos4
⇣ ⇡
2L

(x � ct)
⌘
, f (R) = 0,

giving

y(x , t) =
✏
2
cos4

⇣ ⇡
2L

(x � ct)
⌘

for (x , t) 2 R5.
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⌅ If P 2 R6, then Q and R lie to the right of (L, 0), so

f (Q) = f (R) = 0,

giving

y(x , t) = 0 for (x , t) 2 R6.
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⌅ In order to plot snapshots of the solution at some fixed time t > 0, we draw the corresponding

horizontal line on the characteristic diagram and then write down the solution in the various

di↵erent regions it crosses, e.g. for 0  t  L/c, the horizontal line crosses all but region R4, as

shown.
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⌅ We deduce that, for 0 < t  L/c,

y(x , t) =

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

0 for x < �L� ct, (R1)

✏
2
cos4

⇣ ⇡
2L

(x + ct)
⌘

for � L� ct  x  �L+ ct, (R2)

✏
2
cos4

⇣ ⇡
2L

(x � ct)
⌘
+

✏
2
cos4

⇣ ⇡
2L

(x + ct)
⌘

for � L+ ct < x < L� ct, (R3)

✏
2
cos4

⇣ ⇡
2L

(x � ct)
⌘

for L� ct  x  L+ ct, (R5)

0 for x > L+ ct. (R6)
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⌅ Similarly, for t > L/c,

y(x , t) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

0 for x < �L� ct, (R1)

✏
2
cos4

⇣ ⇡
2L

(x + ct)
⌘

for � L� ct  x  L� ct, (R2)

0 for L� ct < x < �L+ ct, (R4)

✏
2
cos4

⇣ ⇡
2L

(x � ct)
⌘

for � L+ ct  x  L+ ct, (R5)

0 for x > L+ ct. (R6)

⌅ We plot below snapshots of the solution with ✏ = vL/16c to illustrate the formation of two

distinct compactly supported waves, one moving to the right with speed c and one to the left with

speed c, each of them being the same shape as the initial profile, but half the amplitude. The

arrows indicate the direction of travel of the waves.
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⌅
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Example 2

⌅ Suppose that f and g are given by

f (x) = 0, g(x) =

8
<

:
vx/L for |x |  L,

0 otherwise,

where L and v are positive constants.

⌅ By D’Alembert’s formula, we now have

y(P) =
1
2c

Z
R

Q

g(s) ds,

where again Q and R are the left- and right-hand intersections with the x-axis of the

characteristic lines though P.

⌅ Since g is compactly supported with support (�L, L), it changes its analytic behaviour at the

points (�L, 0) and (L, 0) on the x-axis in the (x , t)-plane.

⌅ The characteristic diagram is therefore identical to that in Example 1, with characteristics

x ± ct = constant through the points (±L, 0), which divides the upper-half of the (x , t)-plane into

six regions R1, R2, . . . , R6 that we take to be the same as in Example 1.
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⌅ Since PQ is parallel to the characteristics x � ct = ±L, while PR is parallel to the characteristics

x + ct = ±L, we may construct the solution with the aid of the characteristic diagram by drawing

on it the triangle PQR for P in each of the di↵erent regions.

⌅ Thus, the locations of Q and R on the x-axis dictate their contributions, as follows.

235/308



⌅ if P 2 R1, then Q and R lie to the left of (�L, 0), giving

y(x , t) =
1
2c

x+ctZ

x�ct

0 ds = 0 for (x , t) 2 R1.
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⌅ if P 2 R2, then Q lies at or to the left of (�L, 0), while R lies at or between (�L, 0) and (L, 0),

giving

y(x , t) =
1
2c

�LZ

x�ct

0 ds +
1
2c

x+ctZ

�L

vs

L
ds =

v

4Lc

⇣
(x + ct)2 � L

2
⌘

for (x , t) 2 R2.
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⌅ if P 2 R3, then Q and R lie between (�L, 0) and (L, 0), giving

y(x , t) =
1
2c

x+ctZ

x�ct

vs

L
ds =

v

4Lc

⇣
(x + ct)2 � (x � ct)2

⌘
=

vxt

L
for (x , t) 2 R3.
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⌅ if P 2 R4, then Q lies to the left of (�L, 0) and R lies to the right of (L, 0), giving

y(x , t) =
1
2c

�LZ

x�ct

0 ds +
1
2c

LZ

�L

vs

L
ds +

1
2c

x+ctZ

L

0 ds = 0 for (x , t) 2 R4; .
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⌅ if P 2 R5, then Q lies at or between (�L, 0) and (L, 0), while R lies at or to the right of (L, 0),

giving

y(x , t) =
1
2c

LZ

x�ct

vs

L
ds +

1
2c

x+ctZ

L

0 ds =
v

4Lc

⇣
L
2 � (x � ct)2

⌘
for (x , t) 2 R5.
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⌅ if P 2 R6, then Q and R lie to the right of (L, 0), giving

y(x , t) =
1
2c

x+ctZ

x�ct

0 ds = 0 for (x , t) 2 R6.
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⌅ We deduce that for 0 < t  L/c,

y(x , t) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

0 for x < �L� ct, (R1)

v

4Lc

⇣
(x + ct)2 � L

2
⌘

for � L� ct  x  �L+ ct, (R2)

vxt

L
for � L+ ct < x < L� ct, (R3)

v

4Lc

⇣
L
2 � (x � ct)2

⌘
for L� ct  x  L+ ct, (R5)

0 for x > L+ ct. (R6)
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⌅ While for t > L/c,

y(x , t) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

0 for x < �L� ct, (R1)

v

4Lc

⇣
(x + ct)2 � L

2
⌘

for � L� ct  x  L� ct, (R2)

0 for L� ct < x < �L+ ct, (R4)

v

4Lc

⇣
L
2 � (x � ct)2

⌘
for � L+ ct  x  L+ ct, (R5)

0 for x > L+ ct. (R6)

⌅ We plot below snapshots of the solution with ✏ = vL/16c to illustrate the formation of two

distinct compactly supported waves, one moving to the right with speed c and one with the

opposite sign to the left with speed c. The arrows indicate the direction of travel of the waves.
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⌅
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Notes:

(1) Since f is even in Example 1 and g is odd in Example 2, y(x , t) is an even function of x in

Example 1 and an odd function of x in Example 2. This provides a useful check of the solutions.

(2) While the solution that we constructed in Example 1 is twice continuously di↵erentiable with

respect to x and t and hence a classical solution, the solution in example 2 contains corners

(moving with speed c) and hence is not a classical solution. As mentioned at the end of §4.4,
while we do not discount such solutions, we must wait for a more sophisticated theory of PDEs in

order to make sense of them.
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