5 Laplace’s equation



5.1 Preliminaries



e Divergence Theorem: Let V be a region of R® with a piecewise smooth boundary dV. Let
F(x,y, z) be a vector field with continuous first-order partial derivatives on V UdV. Then

// V~FdV:// F-ndS,
v av

where n is the outward pointing unit normal to 9V.
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e Green’s Theorem in the plane: Let R be a region in the (x, y)-plane, whose boundary 9R is a
piecewise smooth simple closed curve. Let G(x, y) be a vector field with continuous first-order
partial derivatives on R UOR. Then

//V‘dedy: G- nds,
R oR

where n is the outward pointing unit normal to R in the (x, y)-plane.

OR
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5.2 Derivation of the three-dimensional heat equation



e We begin by recalling from Multivariable Calculus the derivation of the three-dimensional heat
equation because it introduces all of the quantities that we shall need.

e Let T(x,t) be the absolute temperature in a rigid isotropic conducting material (e.g. metal), with
constant density p and specific heat ¢,.

e Let g(x,t) be the heat flux vector, so that g - ndS is the rate at which thermal energy is
transported through a surface element dS in the direction of the unit normal n that orients it.

dsS
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Let V be a fixed region in the conducting material whose boundary 0V has outward pointing unit
normal n, as in the statement of the Divergence Theorem.

We suppose that the material is heated volumetrically at a prescribed rate Q(x, t) per unit
volume, so that conservation of thermal energy in V is given by

///pchdV //av n)d5+// Qdv,

2)

where (1) is the time rate of change of the thermal energy in V/, (2) is the net rate at which
thermal energy enters V through 9V and (3) is the net rate of volumetric heating of V.

Assuming T; to be continuous on V U dV, so that we can differentiate under the integral sign in
term (1), and applying the Divergence Theorem with F = g to term (2), we obtain

[[] 5225+ a-aav=s
ot
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Since V is arbitrary, the integrand must vanish if it is continuous, so we obtain
pcvaa—: +V.qg=Q.
A closed model for heat conduction is obtained by prescribing a constitutive law relating g and T.
Fourier's Law states that thermal energy is transported down the temperature gradient, with
q=—kVT,
where k is the constant thermal conductivity.
Recall that —V T points in the direction in which T decreases most rapidly.

Substituting Fourier’s law into the PDE representing energy conservation, we deduce that T
satisfies the three-dimensional inhomogeneous or forced heat equation given by

T s
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5.3 Steady three-dimensional heat conduction



In steady state T and @ are independent of t, so the heat equation reduces to Poisson’s equation
—kV’T = Q,

while conservation of energy becomes

[ iz [ o

i.e. the net rate at which thermal energy is supplied to a region by volumetric heating is equal to
the net rate at which thermal energy is conducted out though its boundary.

This result holds locally for any region V/, as well as globally for the whole material.
If in addition @ = 0, Poisson’s equation becomes Laplace’s equation

V3T =0,

// q-ndS =0,
av

i.e. the net rate at which thermal energy is conducted though the boundary of any region must

while conservation of energy becomes

vanish.
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5.4 Steady two-dimensional heat conduction



In this course we consider two-dimensional steady-state solutions of the heat equation.

Setting T = T(x,y) and Q = Q(x, y), where (x, y) are Cartesian coordinates, we obtain

PT T
+(5E58) e

If @ =0, we recover Laplace's equation in the plane,

Poisson’s equation in the plane,

T T 0
Ox2  Oy? '
In terms of plane polar coordinates (r, 8) defined by (x,y) = (rcos, rsin @), Laplace’s equation is
given by
T 10T | 10°T
oz " rar ' r2ogr
We will use Fourier's method to construct solutions to boundary value problems for Laplace's
equation in the plane in terms of both Cartesian and plane polar coordinates.
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e If Laplace's equation holds in some region R, as in the statement of Green's Theorem in the
plane, then we will need to prescribe a boundary condition on the boundary OR of R.

e Definition: The outward normal derivative of T on the boundary OR is the directional derivative
of T in the direction of the outward pointing unit normal n to OR, and hence given by

8—T:n~VT on OR.
on

e Common boundary conditions for Laplace’s equation and Poisson’s equation are:

m a Dirichlet boundary condition in which the temperature is prescribed on the boundary,
T=f onodR;

m a Neumann boundary condition in which the outward normal derivative of the temperature (or
equivalently the heat flux g - n = —kOT /On) is prescribed on the boundary,

oT
g __4g on OR;
on k
m a Robin boundary condition in which a linear relationship between the temperature and its outward

normal derivative is prescribed on the boundary,
oT
— 4+aT =8 ondR;
on

here the functions f, g, a and (3 are prescribed on OR.
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e Remark: Since —k(T« + T,y) = Q is equivalent to V - g = Q by Fourier’s law, Green's Theorem
in the plane with F = q implies that

/ q-nds://V-qudy://dedy7
AR R R

which has two important consequences.

e Firstly, if Q = 0, then the net heat flux through the boundary (per unit distance in the

/ q-nds =0.
OR

e Secondly, if we impose the Neumann boundary condition g - n = g on OR, then there can only be

z-direction) must vanish, i.e.

a steady-state solution if the net heat flux though the boundary equals the net rate of volumetric
heating (per unit distance in the z-direction), i.e.

/ qu://dedy,
aR R

since otherwise the temperature must change.
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5.5 Boundary value problems in Cartesian coordinates



e An infinite straight metal rod has a rectangular cross-section whose sides are of length a and b.

e The temperature T(x,y) in each cross-section satisfies the boundary value problem given by

Laplace’s equation

%ZTZJr?;TZ:O for 0<x<a 0<y<hb,
with the Dirichlet boundary conditions Tt
T(0,y) = 0 for 0<y<b,
T(ay) = 0 for 0<y<b, 720 | TatTy*@ | 120
T(x,0) = 0 for 0<x<a,
T(x,b) = f(x) for 0<x<a, T=0

where f(x) is the prescribed temperature at which the top face of the rod is held.

e We construct a solution to the boundary value problem using Fourier's method, as follows.
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Step (1) Find all nontrivial separable solutions of the PDE and homogeneous BCs

We begin by finding all nontrivial separable solutions of Laplace’s equation subject to the three
homogeneous boundary conditions.

Substituting T(x,y) = F(x)G(y) into Laplace’s equation and dividing through by F(x)G(y) # 0
gives

F')_ G"(y)

F(x) G(y)

The LHS is independent of y, while the RHS is independent of x. Since the LHS is equal to the

RHS, they must both be independent of x and y, and therefore equal to a constant, —\ € R say.

Hence,
—F"=)F for 0<x< a,

with the homogeneous boundary conditions on T at x = 0 and x = a giving the boundary
conditions F(0) = 0 and F(a) = 0 for nontrivial G.

We solved this problem for F in §3.4: the nontrivial solutions are given for positive integers n by
2
F(x) = Bsin (@) A= (”—”) ,
a a

where B is an arbitrary constant.
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e Since G” — AG = 0, the corresponding solution for G(y) that satisfies the homogeneous boundary

G = Csinh (%)

condition on y = 0 is given by

where C is an arbitrary constant.

e Hence, the nontrivial separable solutions of Laplace’s equation subject to the three homogeneous
boundary conditions are given for positive integers n by

Ta(x,y) = bnsin (n;:) sinh (%)’

where b, = BC are real constants and we have introduced the subscript n on T, and b, to
enumerate the countably infinite set of such solutions.

e Remark: In contrast to the wave equation for which the nontrivial separable solutions are the
product of trigonometric functions in x and trigonometric functions in t, the nontrivial separable
solutions of Laplace's equation are products of trigonometric functions in x with hyperbolic
functions in y or vice versa.
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Step (1) Apply the principle of superposition

e By linearity, we can superimpose the separable solutions to obtain the general series solution
satisfying Laplace's equation and the three homogeneous boundary conditions (assuming
convergence):

T(x,y)= ZT(xy stm( ) h(Ty)

Step (111) Use the theory of Fourier series to satisfy the inhomogeneous BC

e The boundary condition at y = b on the top side can only be satisfied if

- b
x) = Z by, sinh (%) sin ('%X) for 0<x<a,
n=1

so that the theory of Fourier series gives

by sinh (m;b) = i/af(x) sin ('%X) dx for ne N\{0}.
0

e Remark: If f satisfies the conditions of the Fourier Convergence Theorem, then it may be shown
that the infinite series solution is termwise infinitely differentiable with respect to x and y inside
the rectangular domain 0 < x < a, 0 < y < b, so that it satisfies Laplace’s equation there.
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Example

B If f(x) = T*(1 —|2x/a— 1|), where T" is a constant temperature, then

oo

T(X>y): EZ

2
Y
m=0

B Series solution truncated to
100 terms, illustrating the
“smoothing out” of the
corner in boundary data.

(—=1)"sin ((2m + 1)mx/a) sinh ((2m + 1)y /a) .

(2m + 1)’ sinh ((2m + 1)7b/a)

0.5
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5.6 Boundary value problems in plane polar coordinates



Recall that in plane polar coordinates (r,#), Laplace’s equation for T(r,6) becomes

6277- laf-l—Jrla27T*01forr>0
or2 " ror  r2ogr ’
We start by finding all nontrivial separable solutions of the form T(r,0) = F(r)G(0).
Since T is a single-valued function of position on r > 0, we require G(0) to be 2m-periodic.

Substituting T(r,0) = F(r)G(0) into Laplace’s equation we obtain
1! 1 ! 1 17
F'G+-FG+ 5FG" =0.
r r
Separating the variables by dividing through by F(r)G(0)/r* # 0 gives
rPF"(r) + rF'(r) ~G"(9)

F(r) - G(O)°

The LHS is independent of 6, while the RHS is independent of r. Since the LHS is equal to the
RHS, they must both be independent of r and 6, and therefore equal to a constant, A € R say.

Hence, we need to find all A € R for which G”(8) + AG(#) = 0 has a nontrivial, 27-periodic,
solution G(6). There are three cases to consider.
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Case (i) A = —w? (w > 0 wlog)

o If G’ —w?G =0, then G(0) = Acoshwf + Bsinhwf, where A, B € R.

e If G is 2m-periodic, then G(0) = G(+£27), which implies A = A cosh 27w + B'sinh 27w, so that
A(cosh 2w — 1) = 0 and Bsinh 27w = 0, giving A= B =0 and G =0.

Case (i) A =0
e If G" =0, then G(0) = A+ B0, where A, B € R.
e If G is 27-periodic, then B = 0, but arbitrary A is admissible.

For A\=0, r’F” +rF' =0, so (rF') =0, giving F = ¢+ dlogr for r > 0, where ¢, d € R.

Hence for A = 0 there is a nontrivial, 27-periodic, separable solution in r > 0 of the form

To =A0+B()|Ogr,

where Ag = cA and By = dA are real constants.

Since this solution is independent of 6 it is called a cylindrically-symmetric solution.
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Case (i) A = w? (w > 0 wlog)

If G +w?G =0, then G(8) = Rcos (wh + ®), where R, ® € R.

If G is nontrivial, then R # 0 and G has prime period p = 27/w. Hence, G can only be nontrivial
and 2m-periodic if there exists a positive integer n such that np = 27, i.e. w = n for some positive
integer n, which the graph of G would reveal to be a geometrically obvious result.

In anticipation of the need to write the solution in the form of a Fourier series, we write the
resulting solution for w = n in the form G(0) = Acos nf + B sin nf, where A = R cos ®,
B = —Rsin ® are arbitrary real constants.

If A\ = w? = n?, then we obtain for F(r) Euler's ODE in the form
rPF' 4+ rF —n’F=0 for r>0.

As in Introductory Calculus, we derive the general solution of this ODE by making the change of
variable r = ef, F(r) = W(t).
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e By the chain rule,
dW _ dFdr dF

At drdt ar
so that

de2 — dr

dr ~ 'ar

2w d (dF)dr d (dF
= = r
dr

r— 7) :r2F”+rF’:n2F:n2W.
dr

Hence, W = Ce™ + De™™, where C, D € R, and we conclude that the general solution for F(r)
is given by
F(ry=Cr"+ Dr™".

e Remark: An alternative method is to seek a solution of the form F(r) = r* for which
p(p — 1)+ p — p® =0, so that u = =£n, from which follows the general solution.

e We conclude that for A\ = w? there are a countably infinite set of nontrivial, 27-periodic, separable
solution in r > 0 given for positive integers n by

T, = (Anrb + Barm ") cos n0 + (Cor™ + Dpr™ ") sin n6,
where A, = AC, B, = AD, C, = BC, D, = BD are real constants and we have introduced the

subscript n on T, and these constants to enumerate the countably infinite set of such solutions.
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Summary

e Superimposing the nontrivial separable solutions in r > 0, we obtain the general series solution

T(r,0) = Ao+ Bologr + Z ((A,,r" + Bor~")cos nf + (Cor™ + Dnr™")sin nQ).

n=1

Notes

(1) The solutions logr, r~" cosnf and r~"sin nf are unbounded as r — 0+, and hence not defined at
r = 0. This means that these solutions are not admissible if the origin belongs to the domain in
which T is defined.

(2) Similarly, if the domain in which T is defined extends to infinity and T is bounded there, then the
solutions log r, r" cos nf and r"sin nf are not admissible. We illustrate these results below with
some concrete examples.
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5.6 Boundary value problems in plane polar coordinates



Example 1
® Consider the boundary value problem for T given by
V2T =0 in a<r<b,
with
T=T§ on r=a, T=T on r=b,

where a and b are constant radii, while T§ and T7 are constant temperatures.

B Since T satisfies Laplace's equation in a < r < b, it has the general series solution

T(r,0) = Ao+ Bologr + Z ((A,,r'7 + Bor~")cos nf + (Cor" + Dar™ ") sin n@).

n=1

B Hence, the boundary conditions can only be satisfied if

T§ = Ao+ Bologa + Z ((A,,a" + Bna™")cosnf + (Cpa" + Dpa™ ") sin n@) ,

n=1
T = Ao+ Bologb+ > ((Asb" + B,b~ ") cos nf + (Cob" + D,b~")sin nf) ,
n=1

for —m < 0 < m, say.
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® Since the Fourier coefficients of a Fourier series are unique, we can equate them on the left- and
right-hand sides of these equalities to obtain, for positive integers n,

1 loga| [Ad| | T¢ a" a’" |0 a" a’ |0
1 logh| |By| |77’ b" b7" o}’ b" b7" o’

B Since 0 < a < b, the matrices have nonzero determinant, so we can invert each of them to obtain
_ 1 {Iog b —loga

[22 Tlg(®) | -1 1 2] ’ [é] N m ’ N m '

B Hence, the solution is cylindrically symmetric and given by

An
B,

Ca
Dy

&
Dy

Tologh— T{loga Ty —T§
T = + 5
log (b/a) log (3)

logr.
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Notes

(1) The solution may be written in the form

T _ log(r/b) , Ti log(r/a)
T¢  log(a/b)  Tglog(b/a)’

Since all of the fractions in this expression are dimensionless, it is dimensionally correct.

(2) We could have sought a circularly-symmetric solution T = T(r) from the outset because the
boundary data is independent of §. However, the method above generalises to T and T7 being
functions of 6.
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Example 2
® Consider the boundary value problem for T given by
V2T =0 in r<a,

with
T(a,0)=T*sin®0 for —m<6<m,

where a is a constant radius and T* is a constant temperature.

B Recall that in r > 0 Laplace’s equation has the general series solution

T(r,0) = Ao+ Bologr+ Z ((Anr" + Bar™")cos nf + (Cor™ 4+ Dpr™ ") sin n@).

n=1
B Since in this example T satisfies Laplace's equation in the disk r < a, it must be twice

differentiable with respect to x and y in a neighbourhood of the origin, and therefore continuous
and bounded at the origin.

B Hence, the general series solution pertains, but with By = 0 and B, = D,, = 0 for positive integers
n, giving

T(r,0) = Ao+ i (Anr" cos nf + C,r" sin n6‘).

n=1
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® The boundary condition can only be satisfied if

T*sin’0 = A, + Z (Ana"cosnf + Cpa"sinnf) for —mw <6 <.
n=1
B Since the Fourier series for the left-hand side of this expression is given by the identity

* *

T*sin®6 = 3T sinf — TTsin 30,

we can equate Fourier coefficients to deduce that
3T* T
Cla:—, C3a3:——
4 4

while the remainder must vanish.

B Hence, a solution is given by

73 (g) sinf — TT* (§)3sin30.
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B Question: What is the heat flux out of the disc through r = a?

B Answer: The heat flux vector ¢ = —kV T according to Fourier's Law and we need the component
in the direction of the outward pointing unit normal n = e, to the boundary r = a, namely

oT 3T . 37" .
q-nl—;=(—kVT) €= = —kE(a, 0) = —k ( 2 sin§ — 25 SN 30> ,

where in the last equality we substituted the solution.

Since there is no volumetric heating, the net heat flux though r = a must vanish, i.e.

/ q-nds =0,

which may be verified by substituting for q - n and integrating. |

270/308



5.7 Poisson’s Integral Formula



e Consider the boundary value problem for T given by
V2T =0 in r<a,
with
T(a,0)=1(0) for —m<O<m,
where a is a constant radius and the temperature profile f is given.

e As in Example 2, the general series solution that satisfies Laplace’s equation in r < a is given by

Ao

T(r,0) = 5 + i (A,,r" cos nf + C,r" sin n9),
n=1

where we replaced Aq with Ag/2 for algebraic convenience.

e Hence, the boundary condition can only be satisfied if

oo

f(g) = % + Z (Ana" cos(ng) + Cha"sin(ng)) for —m < ¢ <,

n=1

where we replaced the dummy variable 6 with ¢ in anticipation of the following analysis.
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e The theory of Fourier series then gives the Fourier coefficients

iy 1
a A,,—;/f(qﬁ)cos(nqﬁ)dqb for n € N,

a"C, = % / f(¢)sin (ng)de for n € N\{0}.

e While these integral expressions can evaluated in simple cases (such as in Example 2), it is a
remarkable fact that the series solution may be summed for a wide class of functions f (namely
those that are sufficiently regular that the following analysis is valid).

e We being by substituting the integral expressions for the Fourier coefficients into the series
solution and assuming that the orders of summation and integration may be interchanged, viz.

™

T(r,0) 217T/f(¢))dq5+z %/ (g)"[cos(nG)cos(n(f))+sin(m9)sin (np)f (¢) dop

- -

71r/ (;*i (;)"cosn(ecb)) f(¢) do.
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. ro;
e Now, if we let « =6 — ¢ and z = —e'?, then
a

%Jri (g)"cosna:Re %Jri (;)"eina>

n=1 n=1

1(a+rcosa+irsina)(a—rcosa+irsina)
2 (a—rcosa —irsina)(a— rcosa + irsina)

1(a+ rcosa)(a—rcosa) + (irsin a)?
2 (a — rcosa)? + (rsina)?
22

2(a? — 2arcosa + r?)’

where the summation of the geometric series in the third equality is valid for |z| < 1.
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e Hence,

T(r,0) = ]( +§:( ) cosn(o - ¢)> F(¢) dg,

n=1

-7

where
2

1 = /r\" Ciks
§+Z (5) cosn(f — ¢) = 2(a? — 2ar cos (6 — ¢) + r?)

n=1

for0<r<a.

e Substituting the latter into the former, we obtain Poisson’s Integral Formula in the form

_@=A) () do
T(r.0) = o /32—2arcos(9—¢)+r27

-

which is valid for 0 < r < a.
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Notes

(1)

(2)

The value of T at the centre of the disc is given by

27
T0.0)= 5 [ fle)a.

which is the mean value of T over the boundary.

More generally, we can now see that if T satisfies Laplace’s equation in some region R and if
D(x,y,a) is a disk inside R with centre (x, y) and radius a, then

1

T .
oy) =5 I

T ds,

where dD(x, y, a) is the boundary of D(x,y,a) and ds an element of arclength. That the mean
value over a circle is equal to its value at the centre is called the mean-value property of Laplace’s
equation and has important consequences. For example, it explains why solutions of Laplace’s
equation are infinitely differentiable, since local averages over a circle vary smoothly as the circle
moves.
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5.8 Uniqueness Theorems



e We will state and prove uniqueness theorems for the two-dimensional inhomogeneous Dirichlet
and Neumann problems and illustrate with examples their implications for the application of
Fourier's method.

e Uniqueness Theorem (Dirichlet problem): Consider the Dirichlet problem for T(x,y) given by
—kV?’T=Q in R,

with

T=f on OR,
where R is a path-connected region as in the statement of Green's theorem in the plane, Q is a
given function on R and f is a given function on OR. Then the boundary value problem has at
most one solution.
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Proof:
B Let W be the difference between two solutions, then
VW =0 inR with W=0 ondR.
B The trick is to apply Green's theorem in the plane with F = WV W to obtain the integral identify

//V A(WVW)dxdy = /(WVW) -nds.
R

OR
B Since V2W =0 in R, we have V- (WVW) = WV2W + VW - VW = [VW[* in R.
® Since W =0 on OR, we have WV W -n =20 on OR.
B Hence, the integral identity becomes

/ |[VW/|* dxdy = 0.

R

® Assuming VW is continuous on R U JR, we deduce that VW = 0 on R, so that W is constant
on R because R is path connected.

B But W =0 on OR, so assuming W is continuous on R U JR, the constant must vanish, and we
deduce that W =0 on RUOJR. [ ]
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Example 1

B Find T such that
V2T =0 inr<a

with

*

T = onr=a,

a
where a and T* are constants.

B |f we can find any solution, then the uniqueness theorem guarantees it is the only solution.

B We could proceed via Fourier's method or Poisson’s Integral Formula, but it is quicker to spot
that the solution is simply

T="=
a
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Uniqueness Theorem (Neumann problem): Consider the Neumann problem for T(x,y) given by
—kV2T=Q in R,

with
—ka—T =g on OR,
on
where R is a bounded and path-connected region as in the statement of Green's theorem in the
plane, Q is a given function on R and q is a given function on OR. Then the boundary value

problem has no solution unless @ and g satisfy the solvability condition

/ dedy:/qu.

R OR

When a solution exists, it is not unique: any two solutions differ by a constant.

Remark: The solvability condition is precisely the global energy balance derived earlier on.
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Proof:

B Suppose there is a solution T, then

/ Qdxdy

R

fk//V-Vdedy
R

= —k/n~VTds
dR

oT
= —k —_
an ds
OR

= /qu,

R

where we used Poisson’s equation in the first equality, Green's theorem in the plane with F =V T

in the second equality and the boundary conditions in the final equality.

® Now let W be the difference between two solutions, so that linearity gives

ow

VW =0 in R with
on

=0 on OR.
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B Then, as in the uniqueness proof for the Dirichlet problem,

/ [VW/[* dxdy / WV2W + VW - VW dxdy

R R

//V~(WVW)dxdy

/ WV W - nds
oR

ow
/ WW ds
OR
0

k]

where we used Laplace’s equation for W in the first equality, Green's theorem in the plane with
F = WV W in the second equality and the boundary conditions for W in the final equality.

B Assuming VW is continuous on R U JR, we deduce that VW = 0 on R, so that W is constant
on R because R is path connected.

® Hence, W is constant on R U OR, assuming W is continuous there. |
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Example 2

B Find T such that
V3T =0 inr<a,

with o7
_kﬁ(av 0)=¢q(0) for—m<O<m,

where the heat flux g(0) is given.

B As in §5.5 the general series solution of Laplace’s equation in r < a is given by

T =A+ Z (Anr" cos nf + Cnr" sin nf) .

n=1

so the boundary condition on r = a can be satisfied only if

q(6) = Z (— knA,a" ' cosnd — knC,a" ‘sinnd) for —7m <6<

n=1
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B The theory of Fourier series then requires

0—1 [ @), (1)

while for positive integers n,

|
==
S
>
3
1Y)
3
|
-
I

1 / q(0) cos nf do,
™

-

™

1/q(@)sin n6 de.
e

-

|
-
5
(9]
[
3
[
I

B Hence, there are two cases:

(i) if g is such that (1) is not satisfied, then there is no solution;
(ii) if g is such that (1) is satisfied, then there is a solution but it is not unique because Ay is arbitrary

(while the other Fourier coefficients are uniquely determined). |
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Notes
(1) This conclusion is in agreement with the Uniqueness Theorem, which also guarantees that in case
(ii) we've found all possible solutions.

(2) In case (i) there is no solution because the temperature cannot be in steady state if the net heat
flux through r = a is non-zero.

(3) In case (ii) there can be a steady state solution because the net heat flux through r = a vanishes,
but we cannot pin down the temperature without additional information — in practice this would
usually be provided by the evolution toward the steady state.
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The end — thank you for listening

Please email comments & corrections to oliver@maths.ox.ac.uk



