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10¥27 classical relativistic string

2.1 Classical) relativistic point particle

a.2 Classical relativistic string : Action principle

2. 3 i.



12-1 classical relativistic point particle

Action for a relativistic particle of mass m
moving in d- dim space time M

•

✗
f-

serf -mfds ✓would line
I

•

✗i



Treat this as a
"

0+1
"

'

dimensional field theory with
• t - local timepavameterontheworldline.tlcommuned as a curve embedded in M IVCM)
has coordinates XMLT)

,
.

the world line fields

ie r : IR → M

6- 1→ ✗
" (E)

In twins of these

If
Simon = - m f"✓-gwd¥"dd¥÷dT= -m f diVIIi

Ii

Euler-Lagrange eqs ⇒ classical motion of the point
particle is along geodesics .



SEE of the action :

• The isometry group of M leaves invariant the line element

If guv
' Mmu (flat Minkowskimetrics ) ⇒ spacetime Poincare invariance

IT ) → No ✗4TH b
" where the SON

, d-1) , BE1R
""

More gmwaly , the space-time isometry group is realised as

internal symme-wi-t-hwd-h.vetheory .

• 1- dimensional repowametrication in variance

b- → E (E)

✗
"
IT)→ III) = ✗

"

(E)

True because 5 is a firmtion of JCM and we do not

care about the parametrization of 8

This is a gang rymmentry (redundancy of the descriptors )



S is a good classical action but

There are two problems with this action :

☐ it has a square - root⇒ difficult to qnantize

• what happens if m = 0 ?



consider instead the actin
5- £ f ( e-' snuff"dd¥ - em')di

where eli is an extra field on the world line

loin " einbein
"
e : Rt→ IR>• on the wore line )

F-0M for e ave e? - mtgmu dihdx
"

did

substituting this back into 8 we guts
•

^

. 8 R s are classically equivalent .



symmetnicsotj.spaut.me
isometries (Poincare' for Minkowski )

and ecoiF.int
• repowametn-tafis.in of the world line

infinitesimal change↳ j - EE)
I ↳ f- 31T )

X
"
↳ +§ dx

"

scalars ont HHH (E)=HT)

einbein on 8 ett] '→ élEI= 1¥ ett ) e i→e+¥5e)



can use

reparame-hizatiowtogaugefix.ME: set etil = £

signed = d-mfffnu
"

1¥ - 1) do
✗

Equations of motion give geodesic equation

1¥ + ii. ¥
'

1¥ ⇒
& from the vielbein equation of motion

guv dd_¥dd¥ + 1=0 ⇒ ¥1
"

is the TL4-velocity
\

with E-proper time

(FL geodesic)



m-j.com gauge fix e--1 and we recover

the geodesic equation together with
\

guv 1¥"dÉ=o ⇒ null geodesic

1

-

• § is a good starting point for quantization
.

• Could add interactions, build up Feynman diagrams
in a first -quantized theory .



12-11 classical relativistic string
Generalize to a string which sweeps out a ←+95ft
two dimensional wore sheet E in space-time M

analogue of Scr ]= -ÑfdS g-< µ
- o

s[EI=-T{d[-\
mean,

⇒

I
tension
- mass permit tri
length

INam3n-GoT_-



Introduce the world sheet parameters (0,5 ) and

Treat this as] a
"

I -11
"

dimensional field theorywith fields
✗
^

: I→ µ-
"

target
"

space

(Tid- ✗MINE)

In Guns ot then we have :
"2

Sna[Man = -T / [ fax .am/tdrX.orXI+toi-x.orxPfdo-drNambu-Gotoaction
E

ry
= -T f V7 didT G -induced 1m11 back]

niekro on E
E

where 2. ✓ =

guv liv
"

for space time vectors

-



classical motion of the string abny
Euler-Lagrange ears ⇒ minimal area surfaces

YET? T interpreted as

sh-ingtm-n.ws
is dimensionless

ie mass of the thingAn wmitbmgth

To "see
" this set X°=T

,
2jXM⇒= 0 goµ=0 M -1-0

. ⇒

'

static string in static geometry

S = -T ftp.drdi = - T /(stringlength)d0
I

b-

0T¥ foamy energy- potential energy ) do
b- µ to

{ 2t×%i×i potential energy
- 1- ✗ length

lecture mth by D.Tony ( recommended !) available web_



Remains:

① One can seethis also by oomidwing the
non-relativistic limit ( see Becker+Becker+Schwarz

exercise 2.7 with solution ! )

③ T -2¥
I cuniuwsal) Pegge sbpepavame.tw

see K Stelle hepth 1203.4689 sect 72 .

[✗
I ] = mass

-2

Ms = (d ' )
-1h

string mass scale

ls=2ñÑ string length scale



SEE of the NG - action

. The isometry group of M leaves invariant the any element

If guv
' Mmu (flat Minkowskimetrics ) ⇒ spacetime Poincare invariance

✗
" IT

,
G) → No ✗YG81-1BM, where ME

.

5011
, d-1) , BE1R

""

More gmwaly , the space-time isometry group is realised as

internal symme-w~t-hwd-h.ve theory
• 2 - dimensional repowametrication in variance

IT
,
r)→ LEIGH ,TIGH )

Worldsheet scalars→ ✗440→TY1E ,E)=XYtN)
True because 5 is a firmtion of ECM and we do not

care about the parametrization of E
R eparametrization, are a gang rymmentry
-

5 gives a nice classical theory but not clear how to quantized



tnPolyakovaetio= : Amri der

Spira. . ✗→
= - É flickr.TO"I{÷;fÉYE

= Gab -iz metric on -2←

where we have introduced new fields on -2

fab = lorentzian world- sheetmetric (auxiliary field )

✗ = detract

one can prove that , solving F-0M for the world sheet

metric Iab and then wring this in Sp one

gets that Sp & Sno are classically equivalent.



Symmetries of the Polyakov action
me

ws . spacetime isometries
perspective ( poincow-i.name when M - Minkowski )
→ global
symmetry and 8 does not transform

differs
• Word sheet reparametrization 5

"
→ É" (5) morphisms

of [

fabB) '→ Ñ, /⑤ - tha (5) 2£
25

d
symmetric

05
" ⇒ 2- link

&
✗
"

(5)⇒ In (5) = ✗"(5) WS scalars

sohu.wcylinuavian-ielsc.at scale transformationsto
actions of the Jobim metric on I

^ . Pay - ed" "" fab
,

×
"

invariant

( [ ✓Ñi→e"✓P ; gas ↳ e-words ]
.

Wage invariance is also a gang symmetry
lp-11)- enlisted object
rmetr:< on wv / 0"✓Ñ→ e-

"

J
"
e
""" ✓☒ see

÷ Becke#Becker
+Schwarz



Remark on dimensional analysis :

We have a mtionotlms.tk scales & units
in both the WSI and space - time M

⑦ ☒
[ X
"] O - I

1 ° lmassum.TL
[0 ] 0

0

[did -2
0 length units

[T] 0 2 → [man units ]
"

t recall F-Éi (b- = ( =L ]



can one add terms to action which are

and
• compatible with power hunting removmaliroabitity
• consistent with the symmetries of the action

M = Minkowski space , no other fields

* S , =D , I
,
VIET vs Pomological constantGunson -2

not Weyl invariant
inconsistent Eon (BBS ) ⇒ 1 ,-0

→ S = I f
,

V7 R'
"

101 did5 → Hilbert- Einstein turns
HE YVT *s Ricci scalar

""Wmd " Kako) a total
dwiuag.ae/&'=&+btddwN .

⇒ does not affect the classical equations of motion

SHE is topological Cobad strings S*E=t 41E) 7

Ignore hvmwbutm.it is an important term in string perturbation theory .



Gangefixingthepolyaksuactionchs.sn
a convenient gang to simplify the action

repavamu-hitatio.us : fab → e
""

'
"

Rab oonformal gauge
3 indep →

a-- to
' ? )

degree, of freedom

&
ZW16-1OI

Weyl : Ray→ has unit gauge

(Jas has 3 independent arm parents . bring the corn burial gauge
leaves only one . Finally , wringaWeyl transformation one can
gang away the remaining degree of freedom )

Remark : loaf one can prove that one can always choose this gauge Tais = Mab
.

However we dont know if this can be done globally on E 1

There are in fact topological obstructions which are better understood in Euclidean signature .
To deal with brentian signatures one does a

"

Wick rotation
" to Euclidean signature



Polyakov action in annual gauge ;M=Mi±wski

% [✗9 = - if dtdtf-2o-X.2-X-tdrx.am)

⇒ theory of D massless scalar fields in flat
4+11 - dim space ( though one term with the

wrong sign )

We also have the equation of motion of the WS meth

{¥→ =
0



The 2-dim energy momentum terror is given by

Tab :=- f-¥ 1%-5-0✓
EOM constraint

Inanhrm~gangrtab-oax.at/-'-0asfd2cX.2dX
Come comme this in Sp to get Sno to show that these
actions give classically equiv . theories )



Components of Tab !

Too = £ 2-X - a-✗ + £ ON -fox

Too = toX - do✗

Too = { 9-✗ 2-✗ + £ AX
. Ooh

⇒ fab Tab = Too - To, =
this is due to

Weyl invariance
ie T is traceless identically

⇒ sEwoÉttrow
One can show that imposing these constraints
one obtains the Nambu - Goto action

( see ey GSW sect a. I.3)



Gangefix.mg/-heNambu-Gotoaetioh-
One can1%7 repavmnetviswtions to fix the Nambu -Goto
action to the communal gauge
The induced metric Gas on E. (by the fact that

E.CM/isGay--0aX-8bXSna---TfV-GTdo-dT---Tff-(q-x.ou-XKorX-OrX) - look-7×11"dTdr
We can fix : Goo = fix - Or✗ = 0

gangsGti +Gor - 2-✗ -2 ,✗ + go.y.gg - o t
combined

Use these constraints in Sno

Sno = - T / [- { 214×20×1111-2 forX -ORX)-1*7×11"dTdr
So

= - Tf [{ Go-kart - arx.orxkorx.am/-oo-X-7-X)]
"
dido



⇒ 5µg = - É / (-4×2×+7×711) dido

. dariicalhy equivalent to Polyakov .

• PS 1 : more on SNG



Next

10¥72 Classical relativistic string

2.1 Classical) relativistic point particle \

a.2 Classical relativistic string → Sno
, Sp y

l symmetries

2.3 General classical solutions ←


