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10¥72 Classical relativistic string

last lecture :

2.1 Classical) relativistic point particle V

a.2 Classical relativistic string - \
.

This lecture

2.3 Classical solutions

f 2.3.1 F- 0M and boundary conditions ;
solutions her closed .tl a string,\ 2.3.2 tomorrow changes

2.3.3 conformal algebra (next lecture)



In summary
•• Polyakov action in nnhvmalga.ge/2a=o3-a {59499

Spartan [ ×" ] = - Éf
,

2aX . I ✗ do do
-

- ask.oi-X-orx.TN

• EOM her Tab Tab = - f-¥ ¥, =D
In the conformal gauge → Tab = tax -②X - {Has# OH '2dX
which in components : Tio = f- (2-✗ -Oil -12N . ORX)

Tor = 2-

X.fr/lTrr--J-l2i-X.0i-X-2rX-0rX)--Te-oNote.:..Tasisfrnaul-ss
n
"
Tab = -17 , + Too __ 0 due toWest

iinu .

* IabiEd Rab JaTbc - o



On the travels run of T ( from BLT) : toff recorded
lecture)

let s be an action

518 , 4 I
mihiion-fhbket.im of fields of

"

on [

which is invariant under Weyl transformations ,
ie

S [ Ñ
,
to ] = S [ 8,4]

✓

where the Weyl transformation is
Jas → Janie

"

Jas
, +

"
→ Éi=edi°oi .

Then
as

• = 8s = fd>5 f-28£, I + [ di 8s
*
How

i

F-ON her &'
"

: g¥, =o ; EOM her 8
"

: 8¥,✗ Tab ⇒ T" Tab = 0
remark : jab Tab =o true without using F-0M bubi iff di-0
which is the case of Sp where toil = { ✗" I



⑤ classical solutions

we are interested in the equations of motion for the fields X
"

.

1-→ time coordinate on E o± off
- a

⇐ T E W T

o → spatial coordination-2

strings with finite spatial length TE [0,1T]



1T£ Equations of motion and boundary conditions

writing the action as S [✗" I = fdu-dtd.lk?2aX" ]
I

a standard computation gives

ss =

fdido.to#msxn+jEx-m,Y;xYZ--fdidrfaafjg&,sxY-113¥ -%¥⇒sif
I

⇒É

ESE : • second term must vanish 7/811" of the motion
⇒ Euler-Lagrange eyes 2h* -0%21*1=0
• 1st term must vanish too



For the Poly u action : Sp
"""""

[ X
"

] = - É f 2aX . I ✗ do do

I-

depends only on
•EELS for X" : aax lint on ✗ " I

jÉf= 0=3 (o¥n , )=¥fÉ . ?2a×
"

)
which give

two chin wave of
Rab Ja 2b X" = -If ✗"+2J ✗" = 0 waves travelling at

C- 2

'

GE.tn : ✗ "Crit = ✗felt -01+11^(5+0)
right moving + lift-moving wavefront
→ ←



www.fdtdr-3:(⑤⇒s×
"

) - o
E THAN 1MW

It is

• = -if dtfdrfjffrE-x.li )-13.1min"µIi
☐ .

IT ↳ anabry: particle
-1- f. drmmufoo-xmgxuj.it I

F- Ii
⑦

choose : SXYTi.o.to
,
8×4%4=0 sFÉT

so 0=-1-1
"_
di fmmuarxmfx' )j

" "

Ii 5=0



SMEs : o = -T [+ do-fmmuarxhft.jp
""

Ii 0=0

f- OttÑ: periodicity conditions ☒
identify f- r+ñ

( surface term vanishes 1
Require

- ✗
"

It
, D= ✗

"
It ,r+ñ)

• 7×40,9=2×45 , THT )



'

f-IT

Suren : o = -T [+di fmmu AX" 8×71
Ii 5=0

tÉf: boundary conditions on the string endpoints
-

Neumann : 2s ✗
"

I =o
,

20×15,01--0
-

ends of the strong move welly in M

Dining : SX
"

/ =o ie Xmltiñ) .- cm , ✗4403=5
go.no -the choice of osmjtant space-time vectors

end points of the string
→ breaks Poincare invariance

are fixed in ipaie.fime



One can impose Neumann boundary aomdi has]
on d- 1pA) coordinates (D= dimm )
and Dirichlet rendition, on the rest p-11 ordinates

.

In this case the ends of the string are
fixed on subspace D C M of dimD= p -11

.

These subspace is called aDp-br-omewith.cnd b
"

interpreted as the position of the brave
.

Then objects are very important in string
theory and we will talk about them

- later



Closed things

general ben ✗ "Crit = ✗fft -H + ✗I1E-1RJ
Want bln, which satisfy the periodicity conditions

It
, D= ✗

"
It ,r+ñ)

AMI, t.fr/VlT,r+lT )

✗flat) = { ✗
"
+µpYEH+jie¥

,

f. an
"

e-
"""→

1
E- IITTT
"

separates
✗Ñ IT , - X" IT , G-IT )= £e^p

"
t n -40

up to a✗Elliot __ { ✗
"
+ ftp.YO-rl-ijien.yqf.jnne-ainii-O/Mi0di2er-omsde

XIII
, r+ñ) - ✗Yo, D= {Up^ñ n -1-0

where X
"
real requires ×

"

, pmo-R.tn?s--laiFJIi-lIIF



0AM strings

guard ben ✗ "Crit = ✗felt -01+11115+8)
want bln, which satisfy .Nn boundary conditions

2rX" I =o
,
20×45,01--0

We find

✗
"

lar]= ✗
"
+ e'pmt-ie-zf-dnmascnrle.int

au
.
-

htb
position ✗

"
IT)=#[ do XMIT,6) =D n#°

-

Real X" : x
"

, p
" ER

,
d1n=( ✗1)

*



123.2J Conserved charges for Poincare
'

symmetry

Recall E Noether 's theorem : for ea symmetry in
the action ,

there is a corresponding conserved current
-

Ja = 86-84
flag )

$ 2%9 for { =L -14,24 , fast
514+843=5147

For a sp-aie-timehtmilahoh-gxm.cm
momentum g-I = .T Oath / 0,5 )

-

( 2aJ" - o )drnñty

connived pm = [ Jj ( finds = pm two mole
change

- momentum

= 1-ftp.MZTXM-ltp" +
turn, that units upon9

true for both r - integration
open a cloud strings



For a space-time rotation 8th- c-" ✗☐ :

4. antisymmetric matrix
angular no

momentum Ja 10 ,D= TT(☒
"

Oak - Hoax")
amity

anseuetfgmu-f.tt j ;Yo , g) do = {
l
"
+ F-
"
+É" closed string

drowns
the E"" 0pm Thing

where
l
"
= nymph pm two mole of angular

momentum

F-
"
= - i [ f- 141 ✗no - hi hi ) oscillator nods

nt 2L angular momentum
n -1-0

É"= - i [ f- ( Ii Ii -I:&;)
/ ↳PI )

nt I

h-1-0



Recall : we need to supplement Sp with the
constraints from the stress tempo

2-X - JrXt2rX.2rX=o &

2-X.am/--0hseEEEecoordinates : 5--1--0=10

In these coordinates : 2=1 = f- for -12s)

metric on I : ds! -dÉ+dÑ= -dirt D8
⇒ 9+-1 - M-- -0 Mt - = M-+ = - £

inverse metrics n++= a-
-

=o n+-=n→= -2



In light one coordinates ,
1-
+ +

= 2+11.2+11 , I
-

= a-✗• d-✗

and I, - = 22+4?-✗ = I -1
Note Tab is automatically symmetric

Ñ+
-

= It

The tracetenners oomdi how is : Tx- +I-1--0

Then T+ - = 0

Tap is continued : q
"
2am =o ⇒ 0+1--1-+2-5+-1--0

0-1 I- 1- 0 -Tt- =o

combining these very powerful /

|T+_=O,2_=→
↳rmtimuuw.no/bndsGrhsllantihsl)

2+I - = O

'

↳ next : these imply that there is an infinity of conserved charges



cbsedsfringsktf.tlbe an arbitrary function and consider

Qf = I do fit) T- - (5)
← 2+ f- - = 0

⇒ ¥Qf = fdr (22+-77415) I. (f) ) 7- =3 lot +or]

f- IT
,
E fixed

=
- fdrarlflo-II.IT ) ) = - ( f-(E) I - It )) )

8=0 , C- fixed

= 0 if f-IT) is puristic
(Note that T++=T- - at end points )

That is : the current f I - is also communed !
since f is arbitrary ⇒ there is an infinite set of answered currents.

Similarly : T++ is armoured and so isgt-i-ig-glo-lpniah.ir



We can get a complete set of connived changes by
taking f- (E) = eh

""

HE ②

Lm = É /die
"""

T
-

IT)
-

⇐ ☐→
= I fdge-timrg.jp.gr#

2-✗ ' 2-✗ = 2-Xp - 2-Xp

⇒ Lm - f- ¥>
✗m-n.tn with di -- Eep"

-

and L
-m
= llml

"

because I
- is real

similarly : forT-i-lr-yglo-7-ehimTIm-Ifdretmr-I-CF-E.fm
- n

- In
, Ñi=£p"



Notice that lm & In one the Fourier components

of E- & T++ respectively .

Then setting
É t me &

imposes#É+ -1=0 K T- - = 0
.

The vanishing of these charges are equivalent to
quadratic constraints on the oscillators ✗I III.

comindw these corn strains for ↳ & I

to __ £ ¥,d-n.tn
= ftp.t €, X-n.tn -_ 0 P'=p"pµ

=p - p

b

Io - d- E. In - In = ¥15-1£
,

In - In -0



Then : ftp. + £, t.n.tn -_ o
o p? pm - pµ

¥5-1£
,

In - In -0

This implies
• level matching£

,

X-n.tn = [ In ' Ñs condition
h-4

Recall that pm = spacetime momentum
.

⇒ MI - p
'

i. we have a mass shell condition

M~= -p
'
=nÉ 11N - in -1 In - Itn )

É 4 '
= 2¥ )



0pm strings
let f- lot) & g(E) be arbitrary functions .

Then

8-clg.CH/---1--odO-(ftotlT--)--OGmidwQf,g--fdJ(flr+)T---g(HE - )
Them

a-Qf.ge/dT(2rIflt7T--)-0r(glr-)T--7)
20=22- +Or Ip at -22+-7

= (flirt) TH - 8107 E- ) /
☐

o±=r±r

⇒ @ is aomnrvedifflrt-g.IT) at 0=0 , IT
lit to ⇒ f-(E) =glt) so f & gave the same firm
Iii) 0=5 ⇒ f- (T1-1TJ --g(f- IT)=f( E- IT )

i. fÉ2ñ) f Aviation function
with period 21T



let f(H -eimr-gco-j-eimoomdosnn.am
Qf,g→ Lm=If"dT(eimT+++eim°_ f- - ) conserved

2
o

t Éf"drleimrE-e.im'T. - I

flm-t-fqdr-n-n.TT with ✗E- ep
"

↳ : to __ flip
'

-1 [ d-n.tn
h=1

to -0 is :

M
'
- -p^==aE, d-n.in

mass - shell
ambition

↳



Next : conformal transformations .


