












FIuidb.io#branes

Assumptions: - sufficiently then so
that

can
be treated as surface E

- No resistance to shear ,
but resists

bending & stretching

egg, Lipid bilayer
999
←Hydrophobic head

of § of ← Hydrophilic tail



- Free
energy given by fttdfnele 1973) :

EqJds (Vt
2K ( H -Ho)'t Krka ) saddle
f-splay

so
! tens Bindingintrinsic"'s

modulus mean

Note 2kt
'

- ¥1Kitkat⇒ if flat in oneIII. ,
then kz-o ⇒ Kg-o → recover

"

beam energy
"

Goat find shape that minimises E , given ref. shape
. if extra constraints , add Lagrange multiplier
- eg,

if fixed Volume - V- Vo , minimise E
-nP(VLagrangemultiplierpressure

)



- For closed surface
,
Gauss -Bonnet ⇒ can ignore kg

Estimates (H) -- Letyh ⇒ (KI - Energy

in - EEE ⇒ ¥52: i Engin:¥:wa
both bending &

If L is lengthscale of tension matter

variation in
membrane: Ls> f⇒

surface tender

dominant

eg lipid bilayer
: Lud⇒ bending dominant

ka lo
"
J
,
Ye 183£ - 153€ ⇒ de lo-8in

.
: For ⑥ s> foam⇒ surface tension dominates

→will form approx . sphere



{Recipe : - parameterisatin → G
,
K → ↳ G-

'

K

→ ki.kz → It , kg → E → Euler - yggrange

Monge Representation
shape. ]
-

- consider surface E as

functor f- hey) E C
'

,

" Kay .hu,y,)
⇐Neuer

'

→ I. - II - fi , o.hn)
a- so . . .ee,

⇒
" H

TthIhT



not:*.. at:÷
"

H:
'

¥:D
, death: ' thi thi
g

Now compute k = I kij) . kij = - a .

→k¥st::h



Can now compute L- G
"

K
,

from which

we get kg -- doth = det G
" detkeehxeheehi

g-
& H -- try)=z¥(↳ why') thyyhthxT-2hryh.ly/



Simple case - Surface tension only
-

- set K - kg --O

T const → E = Yds (wants to minimise surface
area)

e. jfk'd's'd5 -Y Yea
,
↳ hi

Cale .

of variaHus - Euler Lagrange egg:

EEE) t.FI#l-FE--o



→ ¥1!Et.FI#--o
Note : same as T.IT#=ofF-=ExoEteoF)
same as

or equiv. , F. I
= o

face w/ zero mean curvature

-

surface ⇒ locally minimizes
- called a minimal surface at

every pt .



Note : H- O ⇒ ki = -ka ⇒ KGEO (w/ guilty
→minimal surfaces are only if KEKEO

saddle shaped ie flat ! )

EI . Soap film spanning any boundary
-
consider soap

film bit too rings

¥t¥÷:¥÷÷: i¥÷÷÷



then rn .- o¥=f¥÷¥ .
o¥ .- f 's}:)

b

→ G --µ
"

f) ⇒s.ir/IoEwoidedzw/detT=ftz)If
' E
"
F (f , f

' )

Euler-Lagrange:-, y¥¥
"

- o

(samey y



Bettor : Beltrami identity - III. o

→ F - f
' II = c (const ) → 1st integral

→ = c
(can solve for f

'

,

separate and integrate
.
. . f = A cosh(Bt)

catenoid



Small Gradient Approx . Keep 5 - Ho -O but W K¥0 and

Supp¥14
Then 5g

'

= lithe +hilt - it tzlhithi) t Oth)

on⇒ (ZHI
'

= gtfhx. they t OKK
))! lhxxthyy)

-

fit 0kW)
-

w

µ+2kFhI)
. : E ds (Vt 2K H

'

) = ! dxdyrajlrtzktt
')=!dxdyfHEKh5/

t . . .

=fd×dyf8tI8khTtIkkh5 )
t . . .

Ta
-

[ canst - so wait impact
minimisation

Regan Cale . of variations Elyk) ) -1#Kyle),y' KI , . . .) de

←,j÷M
"

ya is an extremism of E if also 0

Feelywww./--oV-zk
' n

TT- ero O
Expand! c , int . by parts

→ fl - )# de t BT -

- o

Tosa Euler . Lagrange



Variation : ÷ Ethane> tezk.nl/g.o--!dxdy/8EhEntkIhE2)
F. teh) -II

be
. KEN
T

-air-ihqffz-vh-ktktrq-vhl.ir/ds-!dxdy/V-ihqtkTEYIz)--
then¥

htt KTVI] -eds - ufdxdy (kik - nah) z so

Eoe
For extremism , we require

Th - ITT
>

h=o
,
t :=fF
¥; fuel ⇒ singular
✓

pest problem
!)Bty coed : Need ① and ⑧ to vanish .

° If impose
h at bdiy ⇒ most impose y

-0 at b'dy

ther ① already 0
, .
: require

TWO on b'dy

. If impose Thy
an bdiy → must impose Tgif -0 on b'd

,

so ⑧ already 0 , require (Th - Fth)) .1--0
or b'd,



Flickerspectoscopy . Study biomeinbrane mechanics by measuring spectrum of

thermal undulations via light microscopy ~ vs nm

r" bending surface tension
• Small gradients - linear efiis , so can use dominant dominant

Fourier methods

• Square membrane

,
seek hkm) - hkt-fh.ge:6

'

§
= hand

, many ez Fourier modes

hog EG Fourier wefts , h real → leg
- Tay

Then The ⇐ ifeng.ie
" "

⇒ ftp.qq.g.ghghqeirktE
' '

And -Vh=£Ih§e%"⇒ ftp.qq.g.qnez.ey.eiritetoi
'

i. E.to/dxdy?heh..eiritetE'fkq2gn-8q.g ' )



Orthogonality :[dady
'E'I' ' =L'S

,g+g
,

⇒ E -

- EEE heh.co.ke
"
- 'Il =I§HiT/

God compute Llhpl
'

> for a giver
mode

p
- E' (pxipy)

state : 3h, .hn .- I
F- fDlh7lhpYp({hi , has . . . ) )
-

Inn hp hp EG ,
so can

iop =
de-PEKh.hr - - l )

£¥, write hp -- rpe z-ip-u.tt
Re

Then Z - JIdrnrnda.JP#frIfIqtsf6l:=tz4-rq



< lhpl
'
> - zt.Id④e¥ HE'

c-

Key : has all same integrals as Z
, ergot at map

.

: everything equals w/ matching term in Z except :

< fhpp > =
!drprpsIP÷¥HA_}Np We observe

gdrprpe-PEYHE.pe/Ip)=-I.Np
°# Ifip)

call Ip

-
: 4hpm ¥⇒ofg÷→o¥hIp - -

tp

.
: L/hpf>=2kbT#/



Axisymmetric Membranes & Shells
-

1
. Kinematics - we take the membrane to be a surface of revolution

by :

-ammonia
a

- t -- es unit tangent I -z

m dir , of increasing arelenyth s

- se arleigh befog deformation
- material Trigonometry gives :
parameter

- r radius
,
distance from z-axis TE- cost , f€= -Sint

Principatores : Ks -- IF , Ky = size OF Ky -
- tr
-

Strebe Anno 1¥ Keio

is ¥÷h÷s
-enemy

- radial stretch de- f



0=1- o
-

↳ is .. .

-

dy> I

-

Mechanics - Consider an element of membrane associated

w section Is , Stas] ,
84 , 4th] subject to :

i) Pressure
, Pa , eg

due to pressurized internal fluid

ID Tension on
surface I = test tangy unit vector in

director of

increasing
azimuthal

⇒ A force per
unit area E -- f

to maintain angle 4

axisymmetry
eg

due to external fluid

movement



Zoom in an surface element:
tds

tale)

Goal : express
ito

Force balance ( ignore inertia
) ⇒ ¥ (

egg ,
q

components)
- tytetsa) b M

tsb

sssyf#(rts Es) tofltyee) t r Pa + rf.es ) =p
= (neglecting higher

order terms)

you
'd
hate rlstssltslstss3.es/stss3s4-rlsItsls)esls7s4

Turn back to geometry :
ee er .

- E:'m !
'

er .÷::.

1- et
-

z

Also
,
recall Es = I , and so Observe:

if ts= the ,

⇒

0¥ . - er = - coshes - Sinon p#HI
°¥=§§ = - Ksa by defino of curvature ✓

Also require dotty -0 n

for axisymm .

I = Es# (rts) - te coset rf ) t y l
- rts Ks - tysinftrp)

.
: Force balance becomes "

.

.

, p.tsksttes.in#osdlrts)--tyeos.e.rf=tsBsttyky
)

-

ty E
- rf-



Moment balance oqmgslstss
)

- %.

me.

Balancing moments on
ahead Tomsk

seeker gives :

sassy {⇐ ( rinses) toffee) + mad ] -- e

Again , use of Ey = - Cootes
- Sinon

-

→ ⇐ firms) - my cost - of Es comp .-
1 component gives Mn in terms

of Ms >My ,

but not needed , because ma not imposed .



Constant Pressure Case If - o)
-

Claim P - const → r
' (Ztsky -P) - const

|q¥g
,

Force balance : (i)P=tsksttqKy

- to
'

they sign
-

ii) (rts)
'

steer
'

, fr
'

-- cost )

→ sine

PI (rap)
'

- 2rr¥= 2¥'tsKst2①ry④
= lzrtss.no)

'

II Illit)

cosoo
'

Crts)
'

= 215kg ts)
'

-

.
: r

"

P - Zr
>

kyts - const
v

Observe : if surface crossest , so
r=o at a point ,

then const - o ⇒ D= Zkytsf (Young - Laplace Law)✓



Constitutive Laws . We need to relate ts and ty to the deformation of the membrane,
-

defined by the stretch ratios Is -- TI , dy - f
( there is a

3rd stretch
,
in normal direction

, 43

- for incompressible material (volume doesn't changed ,
↳ = IT, 7

General form : ts = Afs Ils , dy) , ty-Afylds.ly) such that fslhl) - O

fy (hi) -0

Standard moment consfit relation
-

Ms = me = B (Ks t ke - K son of curvatures in

9 stress - free config .

isotropic

Recall : moment balance : Isd truss) - my Cosa
-0

ms

"

de
ds

→ ITS - o ⇒ adsKs + ⇐Ky - o (if Ko = const )

→ Ks the = Ky const

ie Ks--K,-Si-



Workspace Closed System
-
-

•
I
do

- Is
• Geometry

z off - tseoso
r
'
= cost

i
=
I

z
'
= -Sino

ds
° }£= - Is Sina

Ks = O
'

, Ky = sight

÷y÷, ÷ ..
. . .⇒**÷÷÷.•FB P - tsksttyky.CL : ts-Afscds.f-gddtf-AIO-lfylds.FI - f. Hs , f))

(rts)
'

= r't tie -AHH'T)
. p= tskst Afylds,F) Sit

-

j r

ts
'
- Etty - ts) . Ms -Blkstsit - Ko)
-

6 ODES t 2 Algebraic for

{ Sor , Z , Ms ,
fits

,
ds , Ks ) factors of r



• Notes : - fs
, fq known firs

- B
,

A ,⑧ all maternal properties ,

d knownassume(
= Ks

,

t kg
.

Could be worked out from

{ floss ⇒ cost

- Typical problem :

impose P (plus BC)
,

determine deformed shape

EI . Pressurised call w/ variable stiffness - A = AID

g
-L

softer
"

-
AID smaller

±.io#y-rlv)--0d Trio) -0

①4)
-A Sco)

-O

0-107=0
zoo)

-- a



EI
.

- Inflation of a Sphere - Consider a sphere of radius ao re

-

indeformed state
. Suppose the pressure is increased to P

'

.

Find the deformed

radius a
.

Initial

*¥. . .

"

::
.si:÷÷i÷i÷ . .⇐,

f
'

= cost

Zo lol = Ao f - au Sina )
f lo)

= 0

Deformed Mechanics
-

-
""

÷÷÷÷÷s;÷÷n=am÷, ns.rsnssi-xe.is.'

%, :
"M - aside) / Ks. - at - ke. ⇒ ko=÷Ks =

'

Ky = at

⑦ = Fo ⇒ IE -- at. = tsks-a-a.at
✓ ⇒ Ms -- 2B lat -at)

satisfies mg
'
= 0

Suppose fs =fy
= A 145 the

'
- 2)

r

symmetry (÷y fa÷,
→ ts-ty-2A.FI ,)

• p
: -7:#

Ip: tskstteke - HAI :#4) 'I ⇒ a - El ftp.t )↳


