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Classical theory : field theory on the 2ohm world - sheet

Sp = - É f didT 1- fox . a-✗ tool . ORX)
E

in the unarmed unit gauge 0anb=Ras .

This is supplemented by the constraints
F-+ = 0 & T

- -
=0

.



The OCQ approach csnrists on promoting the canonical
fields ×

.

" 4 their osnjugato momenta HF1-2IX
"

to operators and the Poisson brackets { •

,
• Ipp

to commutators Of operators
d. , . ↳☐

→ i [ • , • ]

We get the canonical eaaEmeÉsmmutation relations
[ HIGH , ✗

"
IT , r) ]= - I8G-8IR"

( with [✗Mr) , XYÑ 3=0 , [ P
"
( r)

,
P4H ]=o )

The operators XM & IT" are hermitian

✗" = It
,
ñ^=(M+



The communalism relations for the oscillator modes

follow immediately from this :

[ pin, Ñ ] = - in
" (Heisenberg algebra )

[ ✗ Mm , ✗I ]
= M 8min

,o R
"

[ Ñmm , Ñn° ]
= m 8mm

, o R
"

The hermit.itgot the operators X" & IT
"

imply that

the two mode operators p^m ,
^×° are Hermitian

while

I'm = ✗1)
+

Jim = ( I1)
+



The set Kai ,ñm" } is an infinite set of

harmonic oscillators raining & towering operators .
We think of

2mm ( Ini ) m> 0 as annihilation ops

Xp ( Ini ) mso as creation ops

Now we can construct the ltilbwtspace



Hilbert space :

scillator vacuum state 10ha,

&"m1ÉñIHua:-O Fm> I

②Next
,
we build the oscillatorFock spaces :

Fock

thorns -spanfi.I.iq?in..1oqgnIto7d-Ito7.gyeFockFock Fock

and
- spanfi%d1i.TT?nij1osuafni.pi-tlep.x0Thj--i
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the open Thopas



Introduce oscillator number operators

N = I t.n.tn Ñ = [ In . In
-

too too

which aunt oscillators
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One can organize the oscillator states into level , ie
states with a given NLÑ ) eigenvalue .

For 0pmThings (or R-movers , cbnd thing )

• µ = 0 I 0 >vat

. N=/ ✗ I 10 )vac
- N=2 ✗? 103mi , ✗I

' ✗IT 0>un
N =3 ✗-1 low ,

✗I' ✗I' to>vac
,
ÑiÑiÉ to>ua.

;

Have the
""

= Span { iÉ 91in. 10¥ }ni± , = -07 the"" [N]
N=o

(similar for oscillators f)



③ two -modes

But we have mt yet completely sperified the states as
we still have the two-mills .
The ground state is in fact ☒a) to Juan

[ is a spatial wave function

In momentum space we can choose states to be

eigenstates of the center of mass momentum operator p^m
^ IK > = k^ / K} ,

K
"
c- IR

" ""

obeying {K4K> = 8
""
/K- K' )

°

the zero -m.at
[ ( Fd
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)
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The Hilbert space is then

took

ddeopen = LT1R
""
) ④He opens

[
""

ddedoxe = LT1R
""
) ④ flee ④ If,É

"

h

> stats jÉ In, to ,p> N = [ hi
i=,

momentum
waive pmobaed string It . ITÑ 10

, p )



IEM (or mt? ) : oonmidw the state

lies = I, 10 ; k )

Then

help :<o ; k / Li , I , 10 ; K '> = of 81K- K't
[4-1,41]

= - 81k - K ')

wrong sign ! There are negative mum Hates
ghosts !
However : we have not impressed the constraints



NormalNdwiny_: .

Recall the Wilt -generators
• +

lm= £ I 4m44s
,

Lm =L
-m 1m -1-07

k= --

In I ñmiiti ,
Im+=[mlm⇒o,

h= --

are quadratic
.

in the oscillators
.

The operators 4mn & 4th commute the
unless m=o so the only " problematic" operator
is to lrimilav For %)

.

✓



Suppose we choose naively
-

↳ =L É¥i%= f- to .to/--Eg,t-hidh-EEhi&h↳1

Then 10pm string] ii. rise
↳ to ;p>=/ + I -2 dk.ld-nlo.PH

2 h> I [✗i. hitmen [21,41 ]=hR"

=/
'

+1¥, b.D)Hip>2

=/ GET ;D £1k ) IQP > feta function
regularization

← ¥k=GfH= -¥
= ( EP
'
- £, D) to ,p>

to maybe
not!



To account properly hv the normal ordering
one can try to define the quantum operator as

to = £ I :X-n.tn :
h C-Z-

normal ordered productby
Clavering ops to the right )

closed / to = £ do - to + £, d-n
- th = Ef't N - ⇒ Lolo ;p> = ¥70 ;p>

strings II. = d- ñ . I +⇐ In . In = GI + Ñ

open to = that -1N
strings



Virassroalgebva We need to check the
commutator algebra of the operators Lm ( in]

.

PS2 : a direct cormpthtafion gives

[ Lm ,
Ln ] = 1m - n ) Lmtn + ¥1m

'
-m ) Smtn

,

in milmr for [Em ,
In] her closed strings )

This is theVEa-ED .



The Vira hero algebra is a central extension
of the Wilt -algebra

0 → 71→
.Vir→ With→ 0

I & E
E
; [I,H=o E- ☐ Vir/< is

The central extension is related to an anomaly
of the Weyl invariance (more later) .

The global S1W algebra generated by {↳ , 4 , 2- it
for 11J

,
I
,
I
+G) is mt anomalous .



Remark : An alternative way to deal with

the normal or diving is to replace the naive

operator to above with

Lo - a

where a = constant This also gives the central
charge term ,

see

'

GSW
.



constraints
Impose the constraints in the quantum theory
to identify the physical states

Another problem arises due to appearance of
the central charge Tiff we define
Henry, as the stats 14Twhich satisfy

Lm 143 =o fm

In fact, there is a COMTE .



Gurian [ lm
, Ln] /4)

← physical state LM1Y> =o tm

A Elm , Ln ] /4) =(lmln - Lnlm) /43=0 thin

(b) Um
,
Ln] /4) =/lm-tyn-flm-mlfm.tn, / 143

But her h= -m-T-xom-nllmil-mt.lu} -- £1m
'
-ml 14>

Impairing all romshraints leads to a /trivial
Hilbert space when lD④ !



Instead we define physical states 01,4 c- Kenny
by the constraints full LM14 > =D

V-m-tobelinition-a-ta-EEalifviran.ro
Hmm> It → • Lm / 0/3--0 FM71
whatgrin

or
• do - a) to> =o for fixed a / oomdtraintphysical state

( normal ovchviny hhnstomt . conditions

Remark:\ 24 / Lm / 43=0 t m> I

\ C41 LM14 > = CHIL -m It>*=o t.ME -1

411 to-a) 143=0
\



Important remark : the gmwab-vsof-D-dr.hn spacetime
Poincare symmetries have no normal ordering
ambiguities as Combe seen from

PM =p
"

0pm

Mm" Apu-sip"- i É this &?-Eat , strings

% +9^0 = fdolxnpu-p.TK)
n='

Moreover : [ pm , Lm] = [MY Lm]=o Hm
[ lm.tn

"
I =- n than

1PM & M
"
preserve the physical stats conditions .

/ This means
that 4hpm , decomposes into representations

of IS0 It , D-1) ( csuaviant quantization ) .



Massshell d level -matching conditions : the lockE) condition,

ICbxdsnT
mass shell condition

(↳+ To -2 a) 14,43=0 ⇒ ÉtÉÑIa)ly,k> →
so IM

'

=
NTÑ-2A ⇒ d

'M1-2IN+Ñ -2A)
4-- t.dk%

level matching romdi tion
(Lo - I 119,14=04-3 IN - Ñ) lie , K> =o so N=Ñ_

pMsÑin£ mass shell condition

(Lo - a) lie , K > =o ⇐ ftp.I-N -a) 141K >→ so &'MN-a



level 0
-

ground 10
, K>

As an exercise
, you can show that

[N , Lm] - -Mlm

to t.ms#-N-leueeby-mlrimilavbrN&I)
⇒ at level two we only need to check the ↳ auditions .

The Lo - conditions at level N=o are

open strings & 'M? -a

closed strings ✗
'N' = -Ya

i. 9<0 massive ground state
a =o massless ground state

tachyon:< ground state 1 !)
⇒



level one states I dealing with ghosts

Recall : earlier we encountered a problem with

negative mum states ( ghosts ) at level one of
the 0pm string leg : ✗I, to ; k ) ) . We want to see

if this issue remains after applying the csnstraints

tsmidw a gmeral level one 0pm Thing state
5- d-, 10 ; Kt= 15 ; k ) 5 a- IR

"""

polarization vector
and impose the physical state conditions for to & La .

The ln auditions hv n >2 are satisfied automaticonly
once the ↳ A ↳, are imposed .



• mass -shell : -a 'K!& 'M? 1-a
• L+ , condition ! L-il5.d.tl/0;KY--Mnu5mEL-i,tIIl0jkS--Mmu5Mt?Io;K3--l(5.12110 ;K>

1+115 ;kb=o ⇐ 5.1<=0

OT0H

The norm of a gmeral level 1 state 15
,
K) is

<Sik /5;'K ' > - to ;kl 15.4+11191.4110 ;k'S

=/5.5 ') ( ojk.IO ; K
'> = f. 5) 81K - K

'

)

For 5-5
'
: require 53,0 to avoid ghosts



In summarywe require :

53-0 polarization is light like or space like
5. 1<=0 transverse polarization

✗
'Kha-1 K is space like if a > I

light like if a⇒
timelike if a< I /

If all K is timelike , 9-1<=0--1 5 spacelike

a =/ K is null , I - K -
-

☐ ⇒ 5 Spacek.lu or hull

a > I K is space like ,
5.11=0 ⇒ 5timelike

→ ghosts !
Then we reject a> I ie mquivea
However the ground state is a tachyon for sass

-



Critical theory : a =/ : KK0 15120)

5.&
, 10 , K> = 15 , -k> is a massless state

consider now the state 1K ; k > = K > ✗-110, K>

clearly , this state has zero norm ( so it is physical )
and has " longitudinal

" polarization

Moreover
,
this state is orthogonal to all physical

states
< K ; k / 5; K

' > = 1K . 5) 81k - K') = 0

So the longitudinal polarization decouples
leaving only D -2 physical plantations ( like a photon !)

However : for a=L ground state is a tackyon



Note that for the longitudinal degree of freedom
the decoupling is due to the fact that 1k ; Ks is a
"
pure gauge

" state in the following sense . Gnnihv

L -110 ; k> = e K -&
, 10 ; k> =elk ; KS

ie 1k ; KS created by the action of L-I •

Recalling that ↳ is a gmwatsu of a conformal
transformation

,
we say that 1k ; Ks ie a pure gauge

"

state
.



③ Old ovarian quantization

nature {
""" " "" " """ °""""

Normal ordering
this Virassro algebra

Imposing the constraints and the phys

Mass shell d level -matching conditions

level 0 I 1 j dealing with ghosts

Next : more on physical states


