
STRING THEORY I

Lecture 6



③ Old covariant quantization

Hilbert space (without aomstraits)
last Normal ordering & Vivabro algebra

Imposing the constraints and the phys
lecture ?⃝a, µ , www.agan.nggmqggn,

lend 0 I 1 stats dealing with ghosts

thiseeut-u.ve/&hDhys , Spurius states , null states , ghostscritical dimention



Summarize last lecture :
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② Vivants algebra
or

Lm = £ £, dm-h.tn M -1-0
is

normal
ordered to = f- do . do + N N -

- ¥ t-k.dk

nnmtowopwabo

[ Lm ,
Ln ] = (m-n ) Lmtn + £1m

?
-m ) 8min

, o

Virarsro algebra with central charge c.=D

I rimilahgbr E)



③ Physical states :

throw -_ { Ñ Kerllm) / n Kirito -a) .

m=I
-i -

physical V:É=o & (Lo-a) 143=0
states Thormod ordering

vomstant .



(This page is not in recorded lectures )

Remark :

[N
,
Lm ] = - Lm ⇒ Lm : theFox IN ]→ throat [ N -m]

(action of Lm is to shift N → N -m)

Moreover : [ lm+
, ,
Lm] = hmm

⇒ Li R h geminate every Lm M33 !

So only need to impose 4143=0 A KID> =o

to

Tkpnip=KerlHnKwlHnKerl↳



④ level 0 & level 1 physical states ( open strings )

Eo : 10 ; KS ground state with a 'K±a

giving states which one massive for a :< o k?-M
'

massless bv 9=0

taohyons for a> o

livelong : 15 ; k > =/God, 110 ; k >
gvmral state [ polarization 9

"
c- IR"
"

These obey d
'
K? a- 1 , 5. K=O & norm -_ 52

Need to require a EI to avoid ghosts



We studied the threshold cases where⇒ so K? 0 :

There is a state with two mrm
I kj K > = (K . d-1) 10 ; k)

which is a physical (1%0)
"

longitudinally polarized
"

state and , moreover , transverse to all physical states
Hence

,
the longitudinal polarization decouple

and we are left with D-2 physical polarizations

Note that • the ground state for a=/ is a tachyon
• I K ; k) is created by the action of 2-,

↳ 10 ; k ] = elkjk>
ie 1K ; k > is

"

prie farge
"



Definition : a state is called spurious if it is

orthogonal to all physical states and obeys
-

(Lo - a) 143--0
-

A Spurius state which is also physical
is orthogonal to itself , ie it has zero norm .

These are called null states .

An example of a null state is the state 1k ;D⑨ hard 1 & a=/ as we described
.

> (e)
'

spurious ⇒ <4 Ice > =o t 14J C- Tbphiy,
If 143 is also physical ⇒ dykes =ON



Recall that in gauge theories ,
a consequence of

residual symmetries is that one expects to find
states which one puff states . These should

be
"

quotiented out
"

.

That is we want to identify
14 ↳plugs
- / 4)any -114> null

so the = 9hpm, henna
In the example at level 1 with a =/

,
null

states are created by the action of L -1 on
the ground state , and can be quotientd.



bnsiderthestute-L.IO

The state 1+10 ; k > is manifestly nnvprndranlav
to physical states . LY14 1QK> =o he> c- thpuh,

~

Now ( Lo -all -110; k) = Lt ( Lo -att) 10 ; k >

[hmÑik
> is spurious when

↳ 10 ; k > = (a -1110 ; k)

lol -i = Egypt ↳
to = L

-il Lo -11 )



The state 1,10 ;k> is also physical if a=l_\
(⇒ it is null )check :

The state 1,10 ;k> is physical if Lml, /ojk> =o tmz ,
④
L , I -110 ;K } =/a lot L - I 4) to ;k >

= 2h10 ;K> =2(a-1710 ;k >=o iff
④
my

lml-itojkh-kmtlllmm.g.tl -1hm 110 ;k >=Dlhwtwe knew this !)



In fact : all spurious states are of the form

15 > = É L
-m / Ñm) with to IÑM> - la-m )lÑm>

m=,

This series can be equivalently written as

B) = L
-i 14,3 + L - a 142> with lot 4ms - la-m ) /4ms

This is because her m.zzi.CM replace L- in big commutators
[L -p , L-q ]

= I-ptq) L- p -q , I <Diem

ey [ L-1 , L- a ] =L -3

↳ IÑ,> = [1-1,4] II,> =L-1 ( Letts) ) -L-2144%7
=L -1141 >+ L-21443

etc
. -
I exercise)



Chef : Mitty an exercise

15 > =L -114 ,> + 2-a 142> to 14ms - la-m ) /Um>

• clearly lie / 53--0 ftp.C-tlephss
• for-a) 155=0

so 15s is Spurius . To see that all Spurius
states have this farm see GSW P83



constructing null states

comindir 15 > = 1-
+ 14 > s.li 1m14> = o Tm> 0

to 14> = (a-1714>
Thus : check 1m15> =o t m> I

↳ I 15> = ¢41 , L- , ] + IN 114 >
= 2¥ = 2 /a- 11147=0 iff .

at

Lm 153=0 try32

eat ↳ a /5) = ( [1+2,4]-1 Lt ↳a) 143--3<+1 IN 3--0

so tea we get an inF set of null states .
The example we had earlier 1k ; k > -Lilo;k> is the
simplest case in this family .



common mw , the Spurius state

153=(1-2+81-9) IN > with Lm / 43--0 ,
m>0

to 14> = (a-2) 143

Them Lm / 53--0 t M33

L , / 5) =/[4,1-2]-1 ¥+1 -10114,1-11+1-1414147
=/31++2841-1+81 -144,43-1-41/14>
= 13L-1+28%0,1-1] -1L-Ilo ) -1281-14114>
- IT

= 113+2812-1 +4%-41+14>
= (3+20129-3111+147

415)=0 its 8=21%-1 ✗ =3 .

a- 1)



Lol 53--4-111 -a + It? ) if >
= { [42,1-2]-1 z + I ([1+2,4]+1-14214114)
- { 4 to + £ .

6 +581+11-11-8¥+1114>
= { 4 to + £☐ + 38.2 Lot 143

=/212+38)(a-2) + £ ☐ I 14>

↳ 153=0 iff D= 412-a) 121-381

critical bosonic thingFor : tÉ%i tied dim
there are lms① null states of the form

( L-it É %) 14 > ,
Lm 143=0 MS0

,
Holt)Ñ:O



Iterating
Fishthreshold value as hv a> 1 there are

ghosts in Aleph,

Cormick the level -2 state to> with momentum K

to,k> =[ G t.F-o-GH-i.to/lX-i.XoJfl0jk>
on shell mass condition - a'Ñ=1\ 1dm!- N-a)

414,1<5--0 iff 4+4-25--0 Um , di / = -n&I+n
↳ 14 ,

K > = 0 iff Dci -49-24=0

so 14 , K > = [ did , -4£ /D-1) d-2. do -1%43+411×-1 .to/lX-ido)floik>
is a physical state for any ☒ (9--1)



Norm < $ ; k / fill > =z¥ ( D-DID-26 ) 81K- K ')

• no ghosts : I E. DE26

• null state when D= / or D- 26

Therefore when a- I & ☐ -26 there are☒e null states

1972 Brown ; Goddard , Thorn No ghost theorem
↳ For a =L and D= 26 tlepmop has no ghosts

Note : there are no ghosts for aft & ⇐DE25

but these theories are inconsistent at the level of

string hops ( need to look at one top interactions)



Ed : 9=1 D= 26 needs 1- top interactions
to prove

two ghosts , many null states )

LC1 : . a- I D -26 follows by requiring
Lorentz spacetime invariance

• manifestly ghost free

BRSTquantitah.sc : a=I
, D- 26 required for

quantum gauge (communal ) invariance .


