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131 OLD COVARIANT QUANTIZATION

Hilbert space ( without constraints )

Viva sono algebra
far Imposing constraints and hepays
• / Mass- shee, read matching conditions

level 0 & 1 states
, dealing with ghosts

Spurius states , null states

critical dimension

Today : • comments on th no ghost thrum for subcritical strings ,
• closed string spectrum

la El
,
DE25 )



openstrings-o.by studying the low level spectrum we band

• a > I DS26 : there are ghosts in the pays /⇒a
• a =L D= 26 critical string ←
lots of we found two infinite families of null stateshull stats

• a El DE 25 (subcritical case)

no inconsistencies at tree- level of the free spectrum ( no ghosts ]
but inconsistent at the level

.

of string hops (need to look at one bop
interactions )

[ Recall that to construct 9hpm, we have only imposed
half the constraints ( Lm 143=0 M31 (to- a) 143--07

The remaining charges L -m 1m>of ghee redundancies
associated to residual gauge symmetries and we
consider 14s ~ 14 > + lie> null ( Upwey /Ahmed ]



Subcritical string states no ghosts for ⇐DE25, AE1 )
(starting with the critical string a=L D=26 )
consider the states with

K = ( K°
,
K
'

, KY . .

,
K
"

,
5) fixed 9£ IR

Nw = I ✗
"
t
"

so no ✗
"
oscillators activated

K h

h > 0

The mass- shell condition for then states is
← 9=1

d ' k~= a - N ⇒ d
'
( ki -kit f) = 1- N= I - No -a

i= 011 , --124
→

number operator [ithNwomiT→

⇒ ✗
' Kiki = :[IÑÉI! - no

,"1-
- - -

which can be identified to D=25 Mass shell condition for a-1-4152<-1

⇒ no ghost theorem for the critical Thing implies
the no ghost theorem for the subcritical string .



Physical states of the closed string (ateeastesweeueln-o.tl

~

Recall Thebaid = [ ( IR
""
)④%ck④ Fock

left movers nightmares
K

( states are of the hum t.nigi.i.II-nijloiksini.mj.it
Physical state conditions :

(Lo -1%-24143=0 ⇐ d
' KK4A-2IN+ÑJÉÉII- N-Ñ)

( Lo - tolls >=o ⇒ N=Ñ

LM14> =o & Into > TM31 sufficient to prove this
pr m

(see page 6 lecture 4)



⇐ N=Ñ=o a=1

ground state 10 ; k} ,
L1K'=4aÉ4 tachyon

level 1 N=Ñ=1
i
"

Is;k > = Ruud? IT10 ;k> , ✗ ' KE4A-4IO
T massless state for the

spacetime two tenner
- critical string

Decompose this state into space - time Lorentz

irvepsshmv-fmu-YMmu-bmutraulessnomneh.iotrail antisymmetric

D
"

-_ f-D1D-1II -1 + 1 + { D1D -1 )



Impasse Virasoro constraints :

4m IRIK> =0 & Im IR , K> =o M> 1

It is sufficient to show this fsv m=1

↳ In ; k> = duo L , &i IT 10 ; k )

= Rmv I do
" IT 110 ; k>

=
l K
"
Anu Ñ? 10 ; k >

T
similarly
I
,
In ; k> = f- Konno ✗I 10 ; k>



lt-or-7hkmfmvdjlo.sk > =o if K "Tmu=o / Imo polarization-2
is

f- K°rmu &? to ; k > → if K°tmu=O transverse trades,

⇐ DID -11 ) -1) - D= f- DID -1] - IlFo⇒

£ kmbmu Lilo ; k > =o if K"bµ= of bmo notarization
is

tak
" bmv ✗I 10 ; k> → if k°bµv -o ) transverse

antisymmetric
f- DID -1) -D= f- DID-37

Hoof
e unphyn.cat
gym . I

,
to ;k> = 0 if 1<=0 ?\ constraint

£4K . 4-1 to ; k> =o if k=o ? ✓ ↳ see later



As for the 0pm string , there are redundancies in 4hpm,
.ME/-F-T-hatweonhgimpooaelmHs=omzI .
That is

,

there is some remaining gang invariance
associated to null states .

In fact : ↳ 115 . I
,yo ; Ks) = f. Km So X-P IT 10 ; k >

so states with Anu = km So are spurious

They are also physical ( so null ) if K" 1km5 v1 =o & K°(KM5B
that is , if K? 0 & K . 5=0

[ 1--115 . I
,
110 ; KS =⑨ . If l -1 to ; KS

L -I 10 ; k> = £ ¥ , µ -1-n.tn )
to ; k >

n - him vanishes for
h> I or he -2

= £ I d-i. to + to • ✗-1110 ; k > = £ (K . d-it to ; k > di = f. P
" ]



Then we have the invariance

8mV → Imo + Kuku -1 5ukµ 5. K=0

bµu → bmu +5m Ku - 5 ukm 15m -5m -1kmf)

Interpretation

• trawlers symmetric state no graviton
ie describes a massless Kansu . polarized spin2 particle

5-- infinitesimal word Nomsf
Gnu (X)

- Mmu +8m? (x) f

where ✗mulx) - 8mi)+µµ5u(µ_qgT÷
✗→✗→

which in momentum space 8mV 1K) - Jmu (k) -1km5u+ KU5M with K . 5--0

dim ☐times of SOLD-4 br{ DID-11) - l - D - I ☐f) = £ (D-2) (D -2) -1 movies, Hansa polarities spin

rym¥ ¢ \ particle

1-Wind gray
Kmfm,⇒

K - 5=0



• anti - symmetric state → 1¥ gang field
Ñ- Ramond field)

b'"= !bµu 1×1 dx1dx
"
~ b'" + da"' a'"- a'"+ DX

2

in momentum space bmvlkkb.mu LK7-1KM Gu - Ku 5m

with 5m - 5m -1km 4

£ DID -1) - (D- 1) - /D-2) = £1B-27113-3)
SOLD-21 digof freedom br

man less omtiiymmihi
two - bum field



• How about the scalar ? We have fun -_ £4 Mmu
We have the state £4 4-i. I, 10 ; k>
However

↳ / d-i - Ñ , to ;kY= to . Ñ
, 10 ; k>= f- K -I

, to ;K>1--0

land similarly hv I 1
Then this is not a physical state !

However we can construct a physical level one state
which is a snare - time scalar

Define the state

145,5 ik> = 415 . ✗+1¥ . I-f-ifg-k.tt/Iei.I-d-d+.I, / 10 ; k >

Now impose the Viranro constraints



Vivan vo comotraints :

hi 1 Us
,
5 ; k > = 4 [ 5 - I do + IN 1¥ . I-1 )
+ ekj Hot-4115 . I

-it 1- Hot¥1 . I, I 10, K>
= 4£ [ 15 . K ) (e¥ . It ) + 1¥15 .E) + K. I, I 101k>

0

-Y £ (£4k ) + 1) 1k . E) to , K> -

-

=o i ff S -K e - {
It lies

,
5 ; k) = 4£ /£15k It 1) (Kid, ) 10 ,K)

- o. i ff § . K = -{
So lies ,é ; KS is a physical stats when 5.K =-He , 5-K =- I



This state corresponds to a scalar

despite the fact that it seems to depend on 585 !
To see this

,
consider how the state depends on

the choice of 5 & §

145,5 ; k> - 145,5 ; k> land www.lavlyar 545
'

)

=Y (15-51) .4) It.IT/ioiks--YL-TH5-5'1. d-1) 10 ; k>

So setting 1=5-5
'

[+ 4. 4) to ;k > = A.d-III. Ii ) to ;k >
land rimilarly

= IX. ✗-111¥ .E) to ; k > for 5k£ )



Then

I 45,5 ; k> - 1451,5 ; k>

I 45,5 ; k> - 14$ ,5
'; k>

are spurious

Moreover
, they are null

15 -54 . K = 5 - K - 5! K = ☐ ; 15- 5- ' l - K -o
-th -eh

Hence we ing a state with 5 (5) an 5 ' (54

145,5 ; k > ~ 1451,5 ; KS1-4LI ((5- 5' 1. d-, ) 10 ; k>

145,5 ; k > ~ 145,5 '; k> + y l -i
'((5- 5' I.I , ) 10 ; k;



This scalar q is called the dilators :

it plays a very important role in the
context of string interactions .



avery brief discussionof

Appendix on the light - une quantization (see GSW )

The fastest way to construct Means, /hull of the

quantized Thing is to fix the remaining gauge freedom
by choosing the light-une gauge.
One defines ✗ I (i

,
g) = f- (✗

•

I ✗
☐ "
)

and uses the remaining gang freedom to set
✗
+
= ✗+ + p.tt no oscillators !

Then one was the Viva sono constraints for ×:



The result is that the space of physical states is
constructed from

D-a spacelike transverse oscillators ✗! i =\ . - ;D -2

(and ñin for the closed string )

• ✗
'
M? (Nt-1 ) (and IM4 1NT +Ñt-21 9=1

for the closed string)
where N '-=É Sij ✗ In ✗ in , transverse number operator

n = I

• There are no negative norm states



hunting states is very fast : some examples

level 1 &! 10 ; k > i=l
, - ;D-2°Éates

transforming as vector of SOLD-2)
which only makes sense if this is massless

car which the little group is SOLD-2))

( For a massive state need an extra state as
these fall into reps of SOLD-13]

This implies a=/ for Lorentz invariance
more detailed
calculation ⇒ Also one hell (see G5W)



EE2 1SU problem sheet )

The states ii. ✗I to ;k > , d-i. Kik >
hymn 171 innius

give f. (D-1) (☐ -21 + D -2 = f- ID1-1VD-27 stats

= { DID -1 ) - l
i 5

symmetric 2-tmno trace
of SOLD-13

this is interpreted as a mania spin -2
(which under the full SO11 , D-1) corresponds
to a transverse

,
Nantes, symmetric 2Tenno )



finalrnmaf.rocos
we have gone over the /quantization of
the relativistic Thing

This is a first quantization meaning that
the states are one particle states .

second quantization has to do with

string field theory ( not well understood !)

Too bad we have no time to go over the modern IBRT) quant . !
Instead learn about D-branes

,
f-duality etc ,



Neff : vertex operators , interactions .


