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In the last lecture

e Convergence of Fourier series in L2 spaces: Completeness of the
trigonometric system.
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In this lecture

Divergence of (some) Fourier series in Cper(R).

Completeness of the trigonometric system in Cpe (R).

Completeness of the trigonometric system in LP(—m, ) for
1< p<oo.

Convergence of Fourier series in LP(—7,7) for 1 < p < oco.
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Partial Fourier sums and the Dirichlet kernels

Recall that the partial Fourier sums can be written as an integral

operator:
N ™

Suf() = 3 cre™ = / F(E) kn(x — £) dt,

n=—N -

where
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Partial Fourier sums and the Dirichlet kernels

The sequence (ky) is unbounded in L'(—m, T):

1
(L Er—— e InN — oo as N — oo.
Proof
@ Since ky(x) = Zlﬂsm(sﬁﬂ) and sin 3 < 7 for x > 0, we have

™ | sin(N |
k = —
|| NHLl( ) / |sm dx

sin(N + 1)

2 (N+%)7r . dx
= — | sin x|—.
0 x|
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Partial Fourier sums and the Dirichlet kernels

Proof

2 (N+%)7r d
Mkl = 2 / jsinx| .
0

@ We then consider onIy places where |sinx| > 1, i.e. where
Ix — (k+ 3)m| < £ where k=0,1,...
We then have

ki) > = Z /

+1

@ Now as In 2 =In(1+
P
3

(k+l)7r dx

N [—=

— j{:|

(JOII—\

k+3 )7r |X|

~ for large k
6k 1 2) = Gk o o laree ko we

have
k + 3 1
>
"k +1 7 C(k+1)
for all k and for some constant C (independent of k).
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Partial Fourier sums and the Dirichlet kernels

Proof

N|=

HkN”Ll( T,7) Z

3 |

W=

k—i—— 1

> .
k+— C(k+1)
o We thus have

N
(L= Z

k:
The conclusion follows from the fact that
A |

kZOk—i—l

~ In N for large N.
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Divergence of Fourier series in C,e(R)

Let Cper(R) be the Banach space of 27-periodic continuous function
on R, equipped with the supremum norm.

For every given point xo € R, there exists f € C,e.(R) such that

(Snf(x0)) is divergent. In particular, Sy does not converges strongly
in B(Cper(R)).

Remark
One should be reminded of the following results from Prelims: If f is
2m-periodic and piecewise differentiable, then
f(xT)+ f(x™
Suf(x) = ()

The above theorem shows that the hypothesis of piecewise
differentiability cannot be simply dropped. We will see in the next
lecture that it can however be substantially relaxed.

o’
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Divergence of Fourier series in C,e(R)

Proof

@ We take xo = 0 and suppose by contradiction that (Syf(0)) is
convergent for all f € X = Cper(R).

e For f € X, let Ayf = Snf(0) so that Ay € X*. Then (Anf) is
convergent and hence bounded for all f € X.

@ By the principle of uniform boundedness, we thus have that
(Ay) is bounded in X*.

@ Now recall that

™

ANf = SNf(O) = / f(X)kN(X) dx.

—Tr

We'll be done once we show that [|An||. = ||kn/|c1(—r,x), as the
latter is unbounded.
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Divergence of Fourier series in C,e(R)

Proof
o .. Auf = SwF(0) :/ F(x)kn (x) dx.

—T

™

o ... We'll be done once we show that ||Ay||. = |lkn||i1(—rx), @S
the latter is unbounded.

o It is clear that |Anf| < ||f]|supll kn || L2-

@ For the reverse inequality, take some small £ > 0 and consider
the continuous function f which takes value f(x) = sign(ky(x))

if |kn(x)| > € and is linear in the intervals where |ky(x)| < e.
We then have ||f]|s,, = 1 and

ANf Z / |kN(X)| dx —/ ’fHkN‘ Z HkNHLl — CNEe.
|kn|>e lkn|<e

This implies that |Ay|| > |Anf| > ||kn]||;r — CNe. Sending
e — 0, we get the desired inequality.
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Completeness of the trigonometric system in C,,

and LP

However, we have the following result:

The sequence {e,} is a basis for Cpe,(R), i.e. Span({e,}) is dense in
Coer(R).

In order words, every function in C,e(R) is uniformly approximated by
a sequence of trigonometric polynomials. (The approximants cannot
always be the partial Fourier sums in view of the previous theorem.)
Since Cpe (R) is dense in LP(—m, 7), this implies immediately that

For1 < p < oo, the sequence {e,} is a basis for LP(—m,7), i.e.
Span({e,}) is dense in LP(—m, 7).
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Completeness of the trigonometric system in C,,

@ This is an application of the Stone-Weierstrass theorem in
periodic setting. Let X = Cpe(R) which is an algebra, and
T = Span({e,}) be its subalgebra of trigonometric polynomials.

@ To show that T is dense in X, we only need to show that T
separate points (mod. 27).

o But this is relatively easy to check: If p,q € [-7,7) and
|p — q| # 7, we separate p and g by sin(x — p) which is a linear
combination of e* and e~*. if |g — p| = 7, we separate p and gq
by cos(x — p) — 1, which is a linear combination of 1 and e**.
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Convergence of Fourier series in [P, 1 < p < o0

Theorem (Carleson-Hunt)

Let1 < p < co. Forevery f € LP(—m,m), Snf — f in LP(—m, 7). In
order words, (Sy) converges strongly to the identity operator.

Discussion of proof

@ We knew that the set T of trigonometric polynomials is dense in
LP(—m,7), and for f € T, Syf = f for large N and so Syf — f.

@ By the theorem about strong convergence of operators (Lecture
5), it therefore suffices to show that (Sy), considered as
bounded linear operators on LP(—m, 7), is a bounded sequence.
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Convergence of Fourier series in [P, 1 < p < o0

Discussion of proof

@ Recall that

™ 1 sin(N + 3

Suf = / F(£) kn(x — ) dit where kn(x) — — SV T 2)x.

,,T 2T sin 3

@ For those of you who know the convolution product, the above
means that Syf gives the convolution of f with the Dirichlet

kernel ky. In particular, by the so-called Young inequality
ISl < llknll 171 -

Unfortunately, this is insufficient for our cause, as || ky||.:
diverges like In N for large N.
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Convergence of Fourier series in [P, 1 < p < o0

Discussion of proof

® The estimate for || Sy|| (L) for 1 < p < 2 is much more
sophisticated. It ‘interpolates’ the statement that Sy is bounded
in (L?) and the following estimate:

/_Tr |Snf(x)|dx < C+ C/_7r |£(x)|(max(1, log |f(x)|))? dx.

@ The case p > 2 can be deduced from the case p < 2 by duality,
which we will prove as an independent lemma below.
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A duality lemma

Suppose 1 < p < oo and p' is the Héolder conjugate of p. Then

|Snll (Lo (—mm)) = 1SNl (1’ (= )y -

Proof
o Let X = LP(—m,7) so that X* = LP'(—x, 7). For f € X and
g € X*, we have

/SN dx—/w/ﬂk,\,x—t t) dtg(x) dx

:/_ﬂf(t)/_wk,v(x—t) (x) dx dt.

@ Since ky is real and even, we have ky(x — t) = kn(t — x) and
so the above shows that the dual of Sy : X — X is exactly
Sy : X* — X*. The conclusion follows.
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The L! and L case

@ We now the Fourier series does not necessarily converges
uniformly for continuous f. This implies that Fourier series need
not converge in L*°(—m, ) too.

@ For L, we have the following result:

Theorem (Komolgorov)

There exists a function f € L*(—m, ) such that (Syf) diverges
everywhere. In fact, there is a set E of positive measure and a
sequence N such that |Sy, f(x)| — oo for x € E. In particular,
(Snf) does not converges in L*.
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ETTES

Example
Let f : R — C be continuous and 27-periodic. Show that
14 i
Jim ; fnt) = o /_W f(x) dx
provided 5= is irrational.

o Let X = Cper(R). For a fixed t such that 5= ¢ Q, consider
Ay € X* be defined by Ayf = =3V f(nt).

o Note that ||Ay||. = 1 (check this!). Thus it suffices to show the
conclusion for a f belonging to a dense subset of C,(R). By
the completeness of the trigonometric system in C,e (R), we
only need to check for f = e, k € Z, in which case Ayf can
be explicitly summed.
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ETTES

Example (Riemann-Lebesgue's lemma)

For f € L*(—m,7), there holds

lim / f(x) e™ dx = 0,

|n|—o0 —

i.e. the Fourier coefficients (c,) of f satisfies ¢, — 0 as |n| — oo.

Proof

@ We saw this once in Lecture 5. Here we give a slightly different
argument.

e If f € L?(—m,7), the conclusion holds due to Bessel’s inequality
(Parserval's identity). We can then proceed as in the previous
example, using the fact that the functional
Anf = |7 f(x)e™ dx has norm ||A,[. < 1.
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Let co(Z) be the space of sequence (c,)2_ such that ¢, — 0 as
|n| — oo. Show that the map T : L}(—7,7) — co(Z) that associates
a function f to its Fourier coefficients (c,) is not surjective.

@ By the remark following the completeness of the trigonometric
series in L2, the only L! function whose Fourier coefficients are
all zero is the zero function. Thus T is injective.

o If T was surjective, then it would be bijective and thus would
have a bounded inverse by the inverse mapping theorem.

@ Now let ky be the Dirichlet kernel. We have || Tky||oo = 1 and
so we would have

Ml = 1T Thall < 1T M Thwlloo = 17711,

which is impossible as || kn||1 ~ In N.
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