
STRING THEORY I

Lecture 12

/



S.trinysinbackqramdfieldsl5.TTBackground held expansion and the Weyl anomaly

We have identified various massless fields in the
bosonic string spectrum .

In particular,
we identified a graviton in the closed string spectrum .

We expect them that a theory of space-time gravity should emerge,
so we suppose that spacetime should be allowed a
nontrivial metric (or indeed mn trivial topology. ) .
Indeed we expect a D=26 dim theory of gravity
emerging with a Hit but - Einstein action



The action for a string moving in a spacetime with metric GV1X) is

5pct,X] = -¥, fdkvjo%aA.liGulp
tarÑTpaumeÑio

where
,
so far, we

have only connived a flat spacetime metric (Onu --Mnu)

claimcalls this is Weyl invariant co taking fab = e
""

has

NON-LINEAR Sp [ ✗ ] = -4¥ / D1T 2AX" J" Guv (x)
G-MODEL

NL0 " £;began interacting 2dim QFTwith couplings
encoded intÑt space metric Gnolxl

complicated ! annum Gmv =pno ⇒ free field theory



In this chapter we discuss how a D= 26 dim
gravitational theory emerges : we will do this

from the eflufEH point of view .

KEY : require that the quantum theory is

Weyl invariant

First however use this action to try to make

sense of the graviton states in the string spectrum .

( we will gmnvali.ve the action later to include
the other mains states)



corridor a spacetime manifold with metric

Gmv (4) = Mmu + ✗ mu small pwtuvbatioh
→ jet space

We can compute amplitudes in this background
treating the fluctuation as a rswtuvbatiue parameter :

sp ( G] = 5pm] - ¥g , for Jax
"
2"X°fµo

1

Then f-ouriwjansformtomsmentunsspaf-h.tn" ?
↳

< Ai- An> =L Ai -- An} -¥µA ,- - AnfdHÉE >+ - . .

-

amplitude graviton vertex operator
in a flat ( as long as Jmu satisfiesbackground

the appropriate conditions )



Returning to the action Sp [ G ] :

We would like to require that the 2 arm QFT

on the world sheet ( ie Ntt-M ) to be Wege
invariant at the quantum level .

This implies
,
in particular

,
that the thing is

continually invariant .
Why ? essential for the consistency of the theory ( construction of
states

,
vortex operators and amplitudes band on having a CFTon theWS

This requirement places restrictions on target space fields .e-

However the NL0-M is not so easy to analyte .



To analyse the quantum NL0M we use the

covariant background field expansion , which is a

pwtuvbation theory in which one separates
the 2dim fields

✗
"

(5) = X! (5) + ✗
"

(5)
T 4 quantum partbackground part (dynamical)

or
"expectation value "

satisfying EOM

Next
,
one expands the NL0M action around Xp .

to get an expansion in powers of the quantum field X
"

⇒ G-model perturbation theory ( ie perturbative QFT
in a dim)



normal coordinatesTo expand Guv☒ we use Riemann
-

simplifies
Normal coordinates :

P "" P ↳=° computational
Rmvrp I = ZF11-2PP

"

us!
Jl Jl

Gen IX ) - Guy - { in-KIND
'
-101×3

Riemanntensor

of M at ✗•

we get an infinite set of coupling constants
{ Gnu (Xo ) , Rm pur (XD , - . . I



Thus the G-model expansion is given by

Sr [X] = -4£, / IT ( Gnu IX.) aaa
" Psi kinetictwm

I -"÷:¥¥÷ÉÉÉ+•""
lintevaitinyo.FI

Remove : what is the expansion parameter ?

To be clear about the meaning of the expansion we need
to expand in terms of adime parameter .

I ✗" = ✗I + a"→ xp + Ñy" I



The quantum pwtuvbation theory is in fact
an expansion in powers of ✗ !

Note that resealingthe metric Gnu → ↳Gnu
in the Polyakov action is the same as a

/→ [
'
d
'

Then a small &' expansion corresponds to a

large distance in space-time so-
the dimensionless expansion parameter is f- UP with

r - characteristic radius of curvature of target spare
In spacetime we obtain on something like an EFT
for a large radius expansion with cutoff Msn ( d ')-1h



weakly coupled
It is a (o-model perturbation thing in the usual

sense of a perturbative QFT framework
.

and from this

onecan read off the Feynman rules for diagrams .
However

, annually the couplings in QFT get r±EEed .

The small action can be regularized by
dimensional regularization bust this violates scale invariance



The lack of scale invariance in a AFT is described in terms

of the p - function which writes from UV divergerms

.

in Feynman diagrams .

Recall Tab = - f-¥ ¥, = 0 in particular Tt- = o

classically T←=o → Weyl invariance 1sec next page)

At the g- level T+- ~ ¥ ~ f-function

← gets of corrections at one-top

we are interested in computing the (one loop) f- function

µto obtain conditions on the fields necessary to

IEEE at the quantum level tie f-⇒



on the travels run of T & Weyl invariance (from BLT )

htsbeomaction.SC✗
, § ] ~

form these are the ×"

metric on [→ Visitation of fields of
'

st Weyl action is :
Jas → Janie

"

Jas ; &i→Ñi=edijiw-otsw-I-8ab-2bwfa.is
-1 - = fit difw fit - .

If the action is scale in .v , then Ikarus ✗
^ have d-- o )

5 [ Ñ
, of ] = S [ If] first term

80

• = 8s = fd>5 f-28£, I"+[ di 8s fif8w
i Fi

Eon hr.fi:1#--o;firsttwm:recwtlTabd&f-as--/rasTab---T
8
"
Tab -- o follows without the urn of EOM for +

i
iff dis o

which is the can for Sp [✗ ] .



Returningto the f-model expansion :

Sr [✗I = -4£, / IT /Go IX.) aaa
" Psi kinetictwm

I -"÷:¥¥÷É¥É"""
interacting QFT with an infiniti out of nurslings

We are now ready to read off Feynman rules for
diagrams and do perturbation theory . Moreover we can
compute one loop divergences that contribute

to renormalization

of couplings .



Exercise in QFT ! use dimensional regularization : 2T£ dimensions

one loop logarithmic
divergences in 2T£ dims hunterterms

(read off Feynman rules from Sr) term> that need to be
subtracted from the action
to obtain a finite theory

six
- 1- iRµvl✗doX"didkinetic \ ×

term

"

Rm*ff÷÷*fÉ ae
yx

"

aax
" Ricci tensor

tadpole

✗
✗

\ ✗

Interaction i-gRnxuo.RI.is ,£⇒¥, -1%1127*1<0×3×44
"

vertex

g,

*
ox



remrma .These divergences land them from higher hops !) / citation ,
can be absorbed by ( int entirely easy computation)

→ awave function renormalization of the fields x

x
"
→ ✗

"
+ % R1 It OC2E )

together with

• a functional renormalization of the nursling

Gmu→ Gmv -£ Rnu
This gives the one -bop f-functional

.
[ obtaniend from £ poles

f.much = - Rno



The ambition for conformal invariance to leadingorder in a '
is

p.nu =o so Rmv =0

9
target space must be Ricci -flat ?
( space -time eq of motion ]

that is
,

the string moves in a background
space time which satisfies vacuum Einsteins eqs
We have recovered spacetime dynamics from a
world sheet consistency ambition

Higher orders in a
'
: one gets stringy corrections

to Einsteins
cqs

Dmv + ¥ Rmkxi Rv
""
=o to 01×1

'

)

FF1-5ET, specific small
auctions to Einstein's in D=26 at large radius .



Remove
Thus far we have been discussing a perturbative
two dimensional QFT on the world sheet.
Notice however that we can see an exact version

developing :

abstract
""

✗ MI- """

a
→ 112"n
""

m
✗ (CFT
"
I

P I

[
Ricci-flat

non - perturbative in ✗ '(to leading string thing goes beyond target spacesorder) (hmiclalhcalghom)

free boronic cmahinwgcarries.NLstring
6=2 to abstract aft

(no ghost thrown , vertex operator formalism ,etc
requires deeper study of CFTS



15.21 Including other massless modes

Apart from the graviton , we identified other
massless fields in the assed string boronic spectrum :

• The Ramond -kaebantfnetro.co field
Bnv dxm d×°

One can add to the Polyakov action the terns
power minting 5431 [✗] = -u£g , f IT c-

ab
Bw (✗121"JsÑrenormahitabh !

which is rap ourannihilation and Went invariant

Moreover under space-time gang transformations

B → B -1dm
,
n a 1-form

the action S
""
changes by a total derivative (exercise)



• The dilator background we add

s
'& ]
[ ✗ it ] = ÉµfdT V8 ⑤IX1R

"
ma '

[We had previously ignored this term for § = anstart
as in this case the integrand is a total derivative .]

The - integrand not a total derivative if § f- constant

This term however is at Weyl invariant :

y → e'
""
j ⇒ ☐

'"
→ e-

2W (R
'"-20
'
w)

one can show however that a classical Wage variation
of 5€ can be cancelled by an Old't variation of 5445 "" !

S - s
'
+ s
'B)
+ s

#-)



An involved amputation of the f- functional
extending the one-bop computation for S" gives

'

for the full 8-model action S
"-15%5" :

-

,
= ✗ ' (Rnu - f- Hmxrlto" -12 DmDuÉ ) H=dB

FÉÉ FÉÉ Have =3 8[mBvp]

pÉ= ✗ I / - £D☒Hxmv + D"É How) Dm = osuarromt
derivative ontÉÉ space time

f.
☒
= f- ID -261 + ✗

' ((Dm E) ID4E ) - f- DZÉ -☒ Hmp H
""

)
FÉ☐ two loop GTBFEE
-

references : Friedan's thesis ; Callan & Thor lacks
"

higma models & string theory";
Tsytlin " conformal anomaly in a 2dim f-model "



Next: strings in background fields continued .

Space-time effective action


