
STRING THEORY I

Lecture 13



Strings in background fields

5. 1 Background held expansion and the West anomalyi

5.2 Including other massless modes \

5.3 Spacetime effective actions
5.4 The dilators revisited

5. 5 Energy scales



Last lecture :
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5 is hard to analyse because couplings Command E) depend on ✗

⇒We analysed the actions in terms of the background
field expansion
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This gives a pwtwbah.be
"

expansion of the NL0N
in powers of the fluctuations .

Crucially we demanded that the resulting
dim QFT be Weyl invariant at the quantum
level

.

This requirement leads to the computation of
the f-functional .

The preservation of
the Weyl symmetry at the quantum level , ie
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them imposes aomitraints on the spacetime
fields 0

,
B & É Which are interpreted

as F- 0M for these fields ( eg to first order in at
Rmv = 0

, etc )



Recall :(lecture 12]
An involved amputation of the f- functional
extending the one-bop computation for S" gives

'

for the full 8-model action S
"-15%5" :

-

,
= ✗ ' (Rnu - f- Hmxrlto" -12 DmDuÉ ) H=dB

FÉÉ FÉÉ Have =3 8[mBvp]

f.% = ✗ If - £D☒Hxmv + D"É How) Dm = avaunt
derivative ontÉÉ space time

☒
= f- ID -261 + ✗

' ((Dm E) (DME ) - f- DZÉ - 1- HµpH
""

)
FÉ☐ TIE +uoi→p"÷

references : Friedan's thesis ; Callan KThorlaa.us
"

higma models & string theory";
Tsytlin " conformal anomaly in a 2dim f-model "



I space-time effective action

we want to interpret the vanishing of the p - function
as spacetime equations of motion .

Indeed
,
one can show that they arise as the Euler-Lagrange

equations for the effective action

sia-o.iq/diiv-Te-*/R-I-a1Hi+4IDET)
[ " string frame

" action 1GB , I in 5% are the
fields that appear in the remodel action)

Ko related to Newton's constant : see next



For space-time computations one often uses the
"

Einstein frame " :

t.IT
let É - E- ⑦• ,

É = E G

s =L
an f di FE ( E- * e-

"ÉIHI'- f- IDÉP )
i [K=koe%

✓
indices raised and
lowered with [

Einstein - Hilbert turns takes
the canonical bum with

gravitational coupling
K = 18h GN )

1h



Ms = I / ✓*

The spacetime action should capture the danica limit
when F- <<Ms .

The stringyarrection, to this can
be seen from the avreÑ functions

f. =p
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+ Np
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+1×11
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th
harder --

(For example ~ ✗
' Ruv + Rmuxr Rv "'t .-1

The corrected P- functional gets interpreted as
Euler-Lagrange equations for an d-corrected action

sea = si? + ✗ ' si! + * is!' + - .
I \\ 1- 4-derivative 6-derivative

EFT (expansion MP Twm, terms
with cutoff scale Ms]

↳ effective action obtained after integrating out massive modes



15.4J Thedilatonrevioited
Recall

S$=u¥Sd4ÑR'" IN ÉCX )

Previously we had ignored this term for

① = constant because then the integrand is
a total derivative

.
This however is not the

right way to look at this term in an
interacting theory in a band with
É=É=oonstan÷



TIM (differential topology) : Gauss - Bonnet theorem

let E be a 2-dim surface .
Then

If I -2g is a Riemann surface with no boundaries and genus oflcormpait
# of

→
% ¥ I ,gdA R

'"
= ① (Eg)

--2 -2g handles

Iz

If I = Egm is a Riemann surface with gmusg and h boundaries

eg ☐
disk

g- ° ,h⇒ ¥ /
[
g.
ndA R'
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+ £ fdsk = 412g ,n) = 2-2g-h
annulus 4--1

2 Egik [ extrinsic curvature
① 4=0

g- 0,4=2 ④ 4=1
g-oh=3

µ
ie independent of 8

D= Enter characteristic / topological invariant)
for a surface -2 with g boundaries



This means that in a background ¥=$
5€ = ☒ok gih

where ✗
g.his determined by this theorem and

depends on g and h .

Clearly this term in the total action

S = 5
"'t s ' + Ste

adds to the amplitude> a factor
of e-

¥ to some power determined by 4 .



Te strings amplitudes :

g-- 2 ,
4=2

⇒~° ← -

topologically 0€[ the same

4--2 -2g - h

irusmminy & outgoing
states introduce extra boundaries

each boy gets a factor e-
⇒°

each e.IE cloud string gets a factor e-
%



☒ string amplitudes

' "

☒ →
"

in

" >

each 0pm string bp= gets a factor e-
*

[ adds a boundary = → o=

each external open string gets a factor e-
%"

is
= 20pm string

⇒ II. Vop,



These factors match powers of the gym string(g)
& chard string Cgo ) hunting oomstants consider

shifting the dilator ⑦ by § → ☒ + [
where C is an arbitrary constant , corresponds

'

to a

resealing of these saplings
e-
*

→ e-
*
e-
"

go → g, e-
C

go → go e-
%

so the value of gc for go] can be absorbed into a

shift in the expectation value of & .

This means that the string bursting
constants are not parameters of the theory ,and
are given in terms of the expectation value § of § )
( in fact they are dynamic-F

°

⑤ 1×1--81%+013=4-1 -.



Recall that from the computation of
the annulus amplitude we had got- go

lecture#12 butin
lecture #11 ofnotes )

+
,

×
, - g! asingle

ng? ) ( ~ gnmehio
with two

µ
% interpretations

.

one loop 0AM string
tree level closed string amplitude

amplitude

bnniihncyn.ge - g?

One can compute the precise harmonization factor

g? =z
"
IT""(✗ '

Fgc (Polchinski exercise 7.9]



These considerations illustrate the fact that in

string theory there are no continuous parameters
.

Parameters appear then as expectation values
of dynamical spacetime fields .



F-nevgyscales.lu
Observations about the energy scales involved
in the space-time effective action obtained by
requiring that its EOM are the same as
the vanishing of the feta gumtins .

\



For the one- loop Peta function we obtained the
effective action to leading order in ✗ 1

.
We found

in the Thing frame

si? = * fd"xfT e-
*
( R -£14144114T)

ItsdB

while in the Einstein frame

s
= of SD4V-5YE - *ÉÉIHF :-( ☐ÉI ')

when Eµ= e£É Gmo
,
ÉT=É- I.

,
K=Koe°%

(and indices are raised & towered with E)



The Einstein frame is constructnoted such
that the Einstein-Hilbert turns takes the

canonical form with

g.ru#tiondosuphinyK--l8iTGnl"'

• The gravitationally

K = Koe
*
⇒ ( 81T an ]

the
~ (Mpe )

-£ "☐→

controls Elm quantum effects



• we also have the string scale
d
'
n M;

(Recall that we obtained an effective theory from the
NL0M large radius expansion with cutoff Ms )

The string scale controls stringy arrecti on,
cwIEt quantum corrections )

.



• The gravitational hupling K and

string scale &
'

are related by the expectation
value of the dilation (e# )

we have a dimensionless ratio
-

FIG - e# &.
e.
①•
→ o gives a classical limit in space time

so we have the effective action for energies F- << Ms

in the limit 1¥, → o I suppress space time quantum
effects)



Next : compactification>

↳ illustrate . R
""

✗ St
• T - duality


