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Preface

These lecture notes are designed to accompany the first year course “Fourier Series and

Partial Differential Equations” and are taken largely from notes originally written by Dr

Yves Capdeboscq, Dr Alan Day and Dr Janet Dyson.

The first part of this course of lectures introduces Fourier series, concentrating on their

practical application rather than proofs of convergence. We will then discuss how the heat

equation, wave equation and Laplace’s equation arise in physical models. In each case we

will explore basic techniques for solving the equations in several independent variables,

and elementary uniqueness theorems.

Reading material

Fourier series.

D. W. Jordan and P. Smith, Mathematical Techniques (Oxford University Press, 3rd
Edition, 2003), Chapter 26.

E. Kreyszig, Advanced Engineering Mathematics (Wiley, 8th Edition, 1999), Chap-
ter 10.

W. A. Strauss, Partial Differential Equations: An Introduction (Wiley, 1st Edition,
1992), Chapter 5.

Heat equation.

G. F. Carrier and C. E. Pearson, Partial Differential Equations: Theory and Tech-
nique (Academic Press, 2nd Edition, 1998), Chapter 1.

W. A. Strauss, Partial Differential Equations: An Introduction (Wiley, 1st Edition,
1992), Chapters 1-4.

E. Kreyszig, Advanced Engineering Mathematics (Wiley, 8th Edition, 1999), Chap-
ter 12.

Wave equation.

G. F. Carrier and C. E. Pearson, Partial Differential Equations: Theory and Tech-
nique (Academic Press, 2nd Edition, 1998), Chapter 3.

W. A. Strauss, Partial Differential Equations: An Introduction (Wiley, 1st Edition,
1992), Chapters 1-4.
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e E. Kreyszig, Advanced Engineering Mathematics (Wiley, 8th Edition, 1999), Chap-
ter 12.

Laplace’s equation.

e G. F. Carrier and C. E. Pearson, Partial Differential Equations: Theory and Tech-
nique (Academic Press, 2nd Edition, 1998), Chapter 4.

e W. A. Strauss, Partial Differential Equations: An Introduction (Wiley, 1st Edition,
1992), Chapter 6.



Chapter 1

Introduction

In this chapter we introduce the concept of initial and boundary value problems, and the

equations that we shall study throughout this course.

1.1 Initial and boundary value problems

Consider a second-order ordinary differential equation (ODE)

y// = f(x7y7y/)7 (11)

where 4 = dy/dz and y” = d?y/dz?. The problem is to find y(x), subject to appropriate
additional information.

1.1.1 Initial-value problem (IVP)

Suppose that y(a) = p and y/'(a) = q are prescribed.
Figure 1

y=p+q(x—a).

1.1.2 Boundary-value problem (BVP)

Suppose that y(z) is defined on an interval [a, b] and y(a) = A and y(b) = B are prescribed.

Figure 2

1.1.3 Existence and uniqueness

Recall that solutions may not exist, or if they exist they may not be unique.
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IVP: " = 6ys3, y(0) = 0, ¥/(0) = 0 has solutions y(x) = 0, y(z) = x> (non-uniqueness);
BVP1: " +y=0,y(0) =1, y(27) = 0 has no solution (non-existence);

BVP2: " +y =0, y(0) = 0, y(2r) = 0 has infinitely many solutions, y(z) = csinx,
where ¢ is an arbitrary constant (non-uniqueness).

1.2 Some preliminaries

We state, but do not prove, two preliminary results.

Theorem 1.1 (Leibniz’s Integral Rule) Let F(x,t) and 0F/0t be continuous in both x
and ¢ in some region of the (x,t) plane including (¢,2) € [to,t1] X [a(t),b(t)], and the
functions a(t) and b(t) and their derivatives be continuous for t € [tg,t1]. Then

b(t) b(t)
Gty =5 [ Pt de = VOFO().1) - (0O F(ale).0) + | @0 4, (19)
dt a(t) a(t) ot
As a result, if a(t) and b(t) are constants with
b
G(t) = / F(z,t)dz, (1.3)
then \
dG OF (z,t)
— = —F—=dx. 1.4
a ) o W (14)
Lemma 1.2 If f(z) is continuous then
1 a+h
E/ f(z)dz — f(a) as h — 0.
Note that ,
G(t—|—h})L—G(t) _ / F(a:,t—|—h})L—F(a:,t)dm7 (1.5)

and the integrand tends to 0F(x,t)/0t as h — 0.

1.3 The equations we shall study

It is proposed to study three linear second-order partial differential equations (PDEs) that
have applications throughout the physical sciences.

1.3.1 The heat equation

Also known as the diffusion equation, we will find T'(z,t) such that

oT o*T

E = :‘iw, (16)

where, for example, T'(z,t) is a temperature at position z and time ¢, and & is a positive
constant—the thermal diffusivity.
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1.3.2 The wave equation
Here, we will look at finding y(z,t) such that

Oy 0%

o = ¢ g (L7)

where, for example, y(z,t) is the transverse displacement of a stretched string at position
x and time ¢, and ¢ is a positive constant—the wave speed.

1.3.3 Laplace’s equation

In this case the problem is to find T'(z,y) such that

T 9T
a2z o 0, (1.8)

where, for example, T'(x,y) may be a temperature and = and y are Cartesian coordinates
in the plane. In this case, Laplace’s equation models a two-dimensional system at steady
state in time: in three space-dimensions the temperature T'(x,y, z,t) satisfies the heat
equation

T 2T 2T 2T
0 :ﬁ(a OT 9 ). (L9)

ot Ox? * Oy? + 022
Note that equation (1.9) reduces to (3.8) if 7" is independent of y and z. If the temperature

field is static, T is independent of time, ¢, and is a solution of Laplace’s equation in R3,

O°T N 0T N O’T
ox2 = oy? 022

0, (1.10)

and, in the special case in which T is also independent of z, of Laplace’s equation in R?,

o’T  9*T
W + 3—312 =0. (1.11)



Chapter 2

Fourier series

In the following chapters, we will look at methods for solving the PDEs described in
Chapter 1. In order to incorporate general initial or boundary conditions into our solutions,
it will be necessary to have some understanding of Fourier series.

For example, we can see that the series

y(z,t) = ism <?> {An cos <n20t> + By sin (nzd)] , (2.1)

is a solution of the wave equation

Py 0%

W—C @, QTG[O,L], tZO, (22)
which satisfies the boundary conditions
y(0,1) = 0 =y(L,1). (2.3)

We may view y(z,t) as the solution of the problem which models a vibrating string of
length L pinned at both ends, e.g. a guitar string.

Y
a
0 [
We would like to find a solution with initial conditions
T dy
,0) = asi (—) %Y (2.0) =0, 2.4
ye0) = asin (55), S (0 (24)

and we do this by calculating A,, and B,, as follows: from equation (2.1) we have
> nmwx
y(x,0) = ZlAn sin <T> , (2.5)
n—=

9
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and

0= 3 ()i (52). =

n=1

Hence, we want A,,, B,, such that

win(F) = X wsin (U52). 0= 3 m (M) (). @

By inspection we see that A1 = a, A, = 0 for n # 1 and B, = 0 Vn. Thus, for these
initial conditions, the solution is

y(z,t) = asin <%x> cos (%) . (2.8)

If we would like to take more general initial conditions

y(m,O) = f(x)’ a (:C, 0) = g(x), (2'9)

we need to find {A,, B,,} such that

o o
. /nTx nwe\ . (nTT
f(z) = ;An sin <T> , g(x) = Z:: B, <T) sin (T) . (2.10)
These are known the Fourier sine series of the functions f and g.
2.1 Periodic, even and odd functions
Definition f is a periodic function if there is an a > 0 such that
flx+a) = f(x), Vx € R. (2.11)

If this is the case a is called a period for f. Note that the period is not unique, but if there
is a smallest such a, it is called the prime period of f.
Notes.

1. Observe that this means that f(x) = ¢ for ¢ constant does not have a prime period.

2. Examples of periodic functions are sin x with prime period 27 and cos(27z/a) with
prime period a. Examples of non-periodic functions are z and z2.

3. Observe that if f is defined on the half-open interval (a, a + a] we can extend it to
be a periodic function by demanding it is periodic with period a. This is called a
periodic extension.

YIS ININ,

|
a—a (6] a+a xr
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Definition Formally, we define the periodic extension, F', of f as follows: given z € R
there exists a unique integer m such that x — ma € (o, + a]. If we then set F(x) =

f(z —ma), we can see that F' is periodic with period a.

2.1.1 Properties of periodic functions

If f, g are periodic functions with period a, then:

1. f, g are also periodic functions with period na for any n € N;
2. for any a, 8 € R, af + [g is periodic with period a;
3. fg is periodic with period a;
4. for any A > 0, f(Ax) is periodic with period a/A\,

fA(x+a/N) = f(Ax+a) = f(Ax); (2.12)
5. for any o € R,

a a+a
/ flx)dx = / f(z)dez, (2.13)
0 «
since

/a @) do = / " f(eyda + / e e (2.14)

2.1.2 0Odd and even functions
Definition A function f: R — R is said to be odd if

f(z) = —f(—=z), Vz € R. (2.15)
For example, sin(Az) for A € R and 22" for n € N are both odd functions.

Y

/N /

Definition A function g : R — R is said to be even if
g(z) = g(—x), Vz e R. (2.16)

Examples of even functions are cos(\z) for A € R and %" for n € N.
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Notes. If f, fi are odd functions and g, g; are even functions then:

1. f(0) =0 because f(0) = —f(—0) = —f(0);
2. for any o € R,

/a f(x)dx =0; (2.17)

3. for any o € R,

‘/QMMdm:ZAaﬂmdm (2.18)

4. the functions h(xz) = f(z)g(z), hi(x) = f(z)fi(z) and ha(z) = g(x)g1(x) are odd,

even and even, respectively.

2.2 Fourier series for functions of period 27

Let f be a function of period 2w. We would like to get an expansion for f of the form

1

f(z) = Ja0+ Z [ay, cos (nz) 4 by, sin (nx)], (2.19)

n=1

where the a,, and b,, are constants. Remember that sin(nz) and cos(nz) are periodic with
period 2m. We have two questions to answer.

Question 1: if equation (2.19) is true, can we find the a, and b, in terms of f7

Question 2: with these a,, b,, when, if ever, is equation (2.19) true?

2.2.1 Question 1

Suppose equation (2.19) is true and that we can integrate it term by term, i.e.

f(z)dz = %ao/ dx—i-z [an/ cos(nx)dﬂc+bn/
- n=1 -T

—Tr —Tr

s

snmnx)dm]. (2.20)

Since

/ dz = 2m, / cos(nz)dz =0, / sin(nz)dz =0, (2.21)

—T —T —T
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we must have

ag = — _ﬂ f(x)de. (2.22)

Thus if equation (2.19) is true, then we know ag.

Note that due to the properties of periodic functions, we could use fozﬂ f(x)dz instead
of ffﬂ f(x)dz in the preceding. More generally, we could integrate over any interval of
length 27.

Lemma 2.1 Let n,m € N\ 0. We then have the following equalities:

/ sin(mx) cos(nx) dzx = 0, (2.23)
/ sin(ma) sin(nx) dz = monm, (2.24)
/ cos(mx) cos(nx) dx = Tpum, (2.25)

where 0y, is the Kronecker delta defined by

Opm = {O n#m (2.26)

1 n=m.

Proof. Equation (2.23) is trivial as sin(mz) cos(nz) is odd. For equation (2.24) we com-
pute, for n # m,

/ —cos{(m +n)z} + cos{(m — n)x}] dz,
[—sm{ m+n)x} N sin{(m — n)az}]7r 7

m-+n m-—n

/ " sin(ma) sin(nz)de =

—T

S NI~ N

If n = m we have

/: sin(nz) sin(mx) de = /: [1_%5(2”33)} dr = % [gg - M} ﬂw =71 (2.28)

Similar computations yield equation (2.25). O

Thus, to find a, and b,, we assume equation (2.19) is true. Multiplying both sides by

cos(mz) and integrating term-wise gives

™ 1 K
f(x)cos(mz)dx = a0 / cos(mzx) dx
+Zan/ cos(nx) cos(mx) dz

+ Z by, / sin(nz) cos(mx) dz. (2.29)



CHAPTER 2. FOURIER SERIES 14

The first term on the right-hand side is trivially zero for m # 0. Using Lemma 2.1 for the
remaining terms gives

f(z) cos(mz) dzx = Z AnTOpm = T, (2.30)
- n=1
and hence e
Ay, = — f(x) cos(mzx) dx. (2.31)
m —T

Note that this also holds for m = 0 (which is the reason for the factor of 1/2).
Multiplying equation (2.19) by sin(mz) and integrating term-wise, we similarly obtain

by, = % ’ f(z)sin(mz) dz. (2.32)

Definition Suppose f is such that

1 (" 1 ("
an = —/ f(z) cos(nz)dz, by, = —/ f(z) sin(nz) dz, (2.33)
L ™ J—m
exist. Then we shall write
1 - .
fx) ~ 340 + Zl [a,, cos(nz) + by, sin(nx)], (2.34)

and call the series on the right-hand side the Fourier series for f, whether or not it
converges to f. The constants a,, and b,, are called the Fourier coefficients of f.

Example 2.1 Find the Fourier series of the function f which is periodic with period 2w
and such that
f@)=lz|, =€ (-m 7] (2.35)

Y

To find ay,,, b, first notice that f is even, so f(z)sin(nz) is odd and

by, = — ’ f(z)sin(nz)dz = 0, (2.36)
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for every n. Also, f(z)cos(nz) is even, so
an =

/ﬂ f(z)cos(nz)dz,
/O7T f(z) cos(nz)dz,

(=), [ )
o <[cosnx]2

w_ (2.37)

00 A0 N[0 =

Note that this is not valid for n = 0. In fact, ag = 7. If n is even, n = 2m say, we have

aom = 2((;2—:3;1) =0. (2.38)

If n is odd, n = 2m + 1 say, we obtain

Co2(-1-1) -4 (2.30)
Gl = T(2m+1)2  7(2m +1)%’ '

2.2.2 Sine and cosine series

Let f be 2m-periodic. If f is odd then
x) ~ Z by, sin(nz), (2.40)
n=1

where

by, = L[ f(s)sin(ns) / f(s)sin(ns) (2.41)

i.e. f has a Fourier sine series. In this case a, = 0 because f(z)cos(nz) is odd. This is
also true if f(x) = —f(—x) for  # nmw, n € Z, i.e. fis odd apart from the end points and

Z€r0.
If f is even then
1 o0
fz) ~ S0+ Zl an cos(nx), (2.42)
where o
= —/ f(s)cos(ns)ds, (2.43)
T Jo

i.e. f has a Fourier cosine series.
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2.2.3 Question 2

Recall Question 2: with these a,, b,, when, if ever, is equation (2.19) true? Consider what

happens in the following example.
Example 2.2 Consider the Fourier series of the function f which is periodic with period

27 and such that
1 0<zx<m,
fa) = { (2.44)

-1 —7m<z<0.

Y
o— 1 o o—— o
| |
I I
o— o o— ¢ o—
—1

Note that f is odd, so we can conclude that f(x)cos(nx) is odd, giving a,, = 0 without
computation. On the other hand, f(z)sin(nx) is even, so

1 [T : 2 [7 2[(=1)" — 1]
= f(z)sin(nz) dx - /0 sin(nz) dz - (2.45)
i.e. 4
boy, = 0, bomi1 = ———, 2.46
2 2m+1 em+ )n (2.46)
and hence
4 o
— Z 5111 [(2m 4+ 1)x]. (2.47)
s 2m
=0
Consider Question 2 for this case: when is
1 = :
f(z) = 340 + Z:l [an, cos(nz) + by, sin(nz)]? (2.48)
Recall that -
™= 2m +1 '
means lim,,_,~ S, () where
4 s sinf(2m + 1))
n = — _ 2.50
sn(@) m it amt 1 (2.50)

The question is therefore, does s, (x) converge for each x? If it does, is the limit f(x)?
Some partial sums, s,, are plotted in Figure 2.1.
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(a) so

(e) s10 (f) ss0
Figure 2.1: Convergence of the Fourier series for the function of Section 2.2.3.

2.3 Convergence of Fourier series

For the previous example it does appear that except at points of discontinuity the partial
sums do converge to f(x). At points of discontinuity they converge to zero. A similar
result is true also for most functions which appear in applications. To present this result
we first need to discuss one-sided limits.

Definition We say that the right-hand limit of f at ¢ is
Fles) = lim flc+ ), (2.51)
h—0
h>0

if this exists. Similarly, the left-hand limit of f at c is

f(eo) = lim f(c—h), (2.52)
h>0

if this exists.

The existence part is important since, for example, f(z) = sin(1/z) does not have these
limits at zero.

Definition The function f is piecewise continuous on an interval (a,b) if we can divide
(a,b) into a finite number of sub-intervals, on each of which f is defined and continuous,
and the left- and right-hand limits at the endpoints of each sub-interval exist.
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Theorem 2.2 (Convergence theorem) Let f be a periodic function with period 27, with
f and f’ piecewise continuous on (—, 7). Then the Fourier series of f at x converges to

the value 1[f(z4) + f(2_)], i.e.

[flzy)+ f(z2))] = %ao + Z [a,, cos(nx) + by, sin(nz)] . (2.53)
n=0

DO | —

Note that if f is continuous at x, then f(z;) = f(x—) = f(z) so the Fourier series

converges to f(x).

Note that if a function is defined on an interval of length 27, we can find the Fourier
series of its periodic extension and equation (2.53) will then hold on the original interval.
But we have to be careful at the end points of the interval: e.g. if f is defined on (—m, 7]

then at £7 the Fourier Series of f converges to 3 [f(m_) + f((—m)4)].

% > ! sin[(2m + 1)z], (2.54)

N | =
—
~—
S
=
+
=
8
L
I

41 Em+1)r] 4K (—)™
722m+1sm[ 2 2 T (2.55)
m=0 m=0
and hence -
T (=)™
— = . 2.56
4 Z 2m +1 ( )
m=0
Y
1 :
| —
-7 T x
2
—1




CHAPTER 2. FOURIER SERIES 19

2.3.1 Rate of convergence

When using Fourier series in practical situations, we often need to truncate the series at
some finite value of n. In this case, we would be interested in questions such as how good
is the convergence? Also, what about the speed of the convergence? In general, the more
derivatives f has, the faster the convergence. We can roughly say that if the discontinuity
is in the p'" derivative, then a,,b, decay like n=P~1

Lemma 2.3 Assume that F is continuous on [—m, 7], and F’ = f is piecewise continuous
on (—m, ). Let ay, b, be the Fourier coefficients of f and A,,, B,, be the Fourier coefficients
of F. Then, A,, = —b,/n and B, = a,/n.

Proof. The proof is an integration by parts, and is not shown here. O

In fact, this is best seen using complex Fourier coefficients, ¢, := a,, + ib,. Then the
lemma says that

cn(f) = —inc,(f). (2.57)

This can be iterated and used to solve ODEs. For example, if f is a 27 periodic function,
with Fourier coefficients ¢, (f), and y is the solution of the differential equation

y (@) + agy™ (@) + azy® (@) + a2y (2) + a1y (@) +aoy(e) = f(z),  (258)
then the Fourier coefficients of y, ¢,(y), n > 0, are given by

[(—mf +ag (—in)* + as (—in)? + ag (—in)? + a1 (—in) + ao] caly) = enl(f).  (259)

2.3.2 Gibbs Phenomenon

As can be seen in Figure 2.1, at a point of discontinuity, the partial sums always overshoot
the limiting values. This overshoot does not tend to zero as more terms are taken, but
the width of the overshooting region does tend to zero. This is known as the Gibbs
Phenomenon.

2.4 Functions of any period

Consider a function f of period 2L (L > 0). We want a series in cos(nmz/L) and
sin(nmz/L). To do this we make the transformation X = 7 /L.
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Formally, we define g(X) = f(z) = f(LX/7) so that

L(X +2 LX LX
g(X +2m) = f (u) —f <— + 2L> —f (—) = (X)), (2.60)
T T T
and ¢ is 2m-periodic. Hence the previous theory holds for g, i.e. if we can write
1 o0
9(X) = 500 + [ay, cos(nX) + b, sin(nX)], (2.61)
n=1
then
1 ™
ap, = —/ g(X) cos(nX)dX,
m —T
1 [F T nwT\ T
= o (F)eos("T) T
1 L
= E/L f(z) cos <?> dz, (2.62)
and
1 [" .
b, = —/ g9(X)sin(nX)dX,
m —T
_ 1/L (T sin (7Y T
- o)) ) T
1 L
— Z/_Lf(:rz) sin (n_zx) dax. (2.63)
So if we can write
1 = nwx . [/NTX
f(z) = %0 + 2 {an cos (T) + by, sin <T>} , (2.64)

then (2.61) holds, so

an = %/_];f(x) cos (n_zx) dz, by, = %/_LL f(z)sin <?> dz. (2.65)

The series in equation (2.64) is called the Fourier series for f and a, and b, are the
Fourier coefficients of f. Again, we use ~ if we do not know whether or not it converges.
By Theorem 2.2, under suitable conditions the series in equation (2.61) converges to

9(X4) +g(X-)

. , (2.66)

so we obtain

Theorem 2.4 Let f be a periodic function of period 2L which is sufficiently well-behaved.

Then the Fourier series of f at x converges to

flxy) + fz-)

; : (2.67)

so equation (2.64) holds at any point where f is continuous.
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Example 2.3 Find the Fourier series of the 2L-periodic extension of

z xz € (0,L],
f) = (2.68)
0 ze(—L,0].
Hence show that
~_ i ! (2.69)
8 A= (2m+1)¥ ‘
y T
1 1 1 %
—L 2L x
We have
1 [t nwx 1 [r nwr L[(-1)™ —1]
ap, = E/Lf(x)cos <T> dz = f/o x cos (T) dz = — a3 n # 0,
(2.70)
as in Example 2.1. So we have ag,, = 0 for m > 0 and
R (2.71)
A2m+1 = (2m T 1)27{'2. .
For ag we calculate
I I L
aozz/Lf(x)dx:Z/O xdx:§, (2.72)
and for b,
1 /L
b, = E/_Lf(x)sin <?> dz,
| Y o
= Z/o T sin <T> dz,
— l _E 0S (—nﬂ-x> L—i—/LiCOS <_’I’L7T£C> dx
L nmw L/, Jo nnm L ’
1 _LQ(—l)" n L? <in (mm:)
L nm n?m? L/,
L
_ -1 n+1_.
(=)™ —
So
L & —2L (2m + 1)z Kt L mmx
~Z —)mH i (2L (2
f(x) 1 +mz:0 Gm 122 Cos { 7 } +mZ:1( ) ——sin (— (2.73)
By Theorem 2.4, if x € [0, L) we obtain
L & —2L (2m + 1)7x = L . /mnx
== ; 1)t — . (274
=Y G| | e () e
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because f is continuous on [0, L). If we put z = 0 we calculate

[e.e]

L
0="2
7+

m=0

—2L
(2m + 1)272’

which proves (2.69). If we set x = L in equation (2.73) we obtain

[e.9]

SO+ FL) L 2L
=— e 2 1
5 il Z Gm 1) cos[(2m + 1)m],
m=0

giving

0+L L —2L

— =47 § : 9 + 1)2-2°

2 4 =~ (2m + 1)

which gives equation (2.69) again.

2.4.1 Sine and cosine series

(2.75)

(2.76)

(2.77)

Given a function f defined on [0, L] we require an expansion with only cosine terms or

only sine terms. This will be done by extending f to be even (for only cosine terms) or

odd (for only sine terms) on (—L, L] and then extending to a 2L-period function. The

series obtained will then be valid on (0, L).

Definition If f is defined on [0, L], the even extension for f, denoted by fe, is the periodic

extension of

[ fx) zeloL],
Jd )_{f(—:v) z € (~L,0),

so that we have f.(x) = fe(—z) for all . Thus:
0 L N0 s (T2
fe(z) ~ 3 —i—nz:lancos< 7 > ,

where

ap, = %/LL fe(x) cos (n_zx) dz = %/OLf(CU) Cos (%ﬂ) dz,

is called the Fourier cosine series of f.

Definition The odd extension for f, denoted by f,, is the periodic extension of

(f@) e,
ol )_{—f(—w) z € (~L,0),

so that f,(x) = — fo(—x) for all x # nL. Similarly,

folx) ~ i by, sin <n_7lrjx> )
n=1

by, = %/OLf(m) sin (n_zx) dz,

is called the Fourier sine series for f.

where

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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Note. For f, to really be odd we must have f,(0) = 0 and also f,(L) = —f,(—L) =
—fo(L) (the last equality follows from periodicity) giving f,(L) = 0 and therefore f,(nL) =
0 for all n € Z. However, the value at of f at these isolated points does not affect the

Fourier series.

Example 2.4 Find the Fourier sine and cosine expansions of f(z) =z for x € [0, L].

Sine expansion The odd extension is defined by

In this case

2 L . /NI 2L
b, = Z/o x sin (T) dz = (—1)"+1E,

as in Example 2.3. For = € [0, L) we therefore obtain
o0
2L nmwe
p= (=) i (M),
Z( ) —sin (—
n=1
Cosine expansion The even extension is given by

{x z € [0,L],

fel@) = —x x€[-L,0).

Now,

and

2 [k nwx 0 n = 2m even,
an:—/ T CoS (—) dax = AL
0 L — n =2m + 1 odd.

L (2m+1)272
Thus for z € [0, L] we get

(2m + 1)z

I & 4L,
x_§+z_(2m—i—1)2w2cos[ L

m=0

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)
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Recall that (2.74) is the Fourier series of

_Jx xe0,L],
h(z) = {0 v € (=L.0) (2.90)
y T
—!L ‘ [!, T

Looking at the results from the previous example this indicates that the Fourier series of
f(x) + g(z) equals the Fourier series of f(x) plus the Fourier series of g(x).



Chapter 3

The heat equation

In this chapter we shall look at the heat equation in one space dimension, learning a
method for its derivation, and some techniques for solving.
3.1 Derivation in one space dimension

A straight rigid metal rod lies along the z-axis. The lateral surface is insulated to prevent

heat loss.
Figure 3

Let p be the mass density per unit length, ¢ be the specific heat, T'(z, t) be the temperature
and:

e +q(x,t) be the heat flux from — to +;
e —q(z,t) be the heat flux from + to —.

Consider any interval [a,a + h:
a+h
internal energy = / pcT (z,t) dx; (3.1)
net heat flux out of [a,a+h] = q(a+ h,t) —q(a,t). (3.2)

By conservation of energy, for every interval [a,a + h,

rate of change of internal energy + net heat flux out = 0. (3.3)
i.e.
d a+h
% pcT (z,t)dx + [g(a + h,t) — q(a,t)] = 0. (3.4)
a
Hence, by Leibniz,
1 [foth ar qla+h,t) —q(a,t)
— —(z,t)d : : =0 3.5
h/a pcat(x,)x—i- Y , (3.5)

25
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and on letting h — 0 we get the equation
pc——+ —=0. (3.6)

In order to close the system, we need to describe how the heat flux varies as a function of
x,tand T.

3.1.1 Fourier’s law

In one space dimension, the law of heat conduction, also known as Fourier’s law, states
that the time rate of heat transfer through a material is proportional to the negative

gradient in the temperature:
aT
t) = —k— 3.7
q(x7 ) 8.%" ( )

where k is the thermal conductivity. The negative sign reflects the fact that heat flows

from high temperatures to low temperatures.

On substituting from equation (3.7) into (3.6) we arrive at the heat equation in one space
dimension: )

or o°T

— =k, (3.8)
ot ox?

where k = k/pc is the thermal diffusivity.

3.2 Units and nondimensionalisation

Consider the units of the variables (z, ¢t and T') and parameter (k) associated with the
heat equation. We will use the following notation to denote the dimensions of a variable
or parameter:

[p] = dimensions of p. (3.9)
In SI units we have
[*] = m (metres), [t] =s (seconds), [T]=K (Kelvin). (3.10)
For the heat equation, ,
%%zﬁ%%, (3.11)

we see that the left-hand side has units Ks~!. The term 9*T /922 has units Km~2. Hence
for the units of the right-hand side to balance those of the left-hand side, the units of x
must be [k] = m?s~1.

We can non-dimensionalise the heat equation by scaling our variables and parameters.
For example, let

r=1%, t=1i, T=TT, (3.12)
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where [, 7 and Tj are a typical lengthscale, timescale and temperature, respectively, for
the problem under consideration. Then

0 dt o 10
Z - =2 -2 3.13
ot dtot 1ot (3.13)
0 dz 0 10
- = == _ 3.14
Ox de or 103’ (3.14)
0? di 0 (10 1 92
A e = _ 3.15
Oz? dz 0% (l 633) 12032’ (8.15)
and substituting into the heat equation we have
TO 8T liTo 32T
P DR FOR (3.16)
Rearranging gives
ol kT &*T
Considering the problem on a timescale where 7 = 12 /k gives
o 9T
Notice that now
=1, []=1, [1]=1, (3.19)
since
l2
[]=m, [r]= [;} =s, [l =K. (3.20)

This means that we can compare heat problems on different scales: for example, two
systems with different [ and s will exhibit comparable behaviour on the same time scales
if 12 /k is the same in each problem.

3.3 Heat conduction in a finite rod

Let the rod occupy the interval [0, L]. If we look for solutions of the heat equation

or  o0°T
which are separable, T'(z,t) = F(z)G(t), we find that
K L
— = —G(t 3.22
@ = e (322)
independent of ¢ independent of x

and hence both sides are constant (independent of both = and ¢). If the constant is —kA2,
F(z) satisfies the ODE
F'(z) = =\?F(z), (3.23)

the solution of which is
F(z) = Asin(A\x) + B cos(A\z). (3.24)



CHAPTER 3. THE HEAT EQUATION 28

If the ends are held at zero temperature then F(0) = F'(L) = 0. The boundary condition
at z = 0 gives B = 0 and the boundary condition at x = L gives

Asin(AL) = 0. (3.25)

Since we want A # 0 to avoid a non-trivial solution, it must be that sin(AL) = 0 i.e. A
must be such that AL = nw where n is a positive integer. Hence \ must be one of the

numbers
nm
{f.n:1,2,3,...}. (3.26)
Moreover G(t) satisfies the ODE
2.2
G'(t) = —kN2G(t) = —%G(f), (3.27)

and, therefore, G(t) e~*m*wt/L* Hence we have the separable solution

T, (z,t) = ay,sin <?> eI/ (3.28)
which satisfies the heat equation (3.8) and the boundary conditions
T(0,t) =0 and T(L,t) =0 for t > 0. (3.29)
The general solution can therefore be written as a linear combination of the T}, so that
o0
nmwx 2.2 472
T(z,t) = i (—) —nnint/L? 3.30
(x,t) nZ:l ansin (—— ) e (3.30)

3.4 Initial and boundary value problem (IBVP)

We now consider finding the solution of the heat equation

%:K%, O<z<L,t>0, (3.31)
subject to the initial condition
T(x,0) = f(z), 0<z<L, (3.32)
and the boundary conditions
T(0,t) =0 and T'(L,t) = 0 for ¢ > 0. (3.33)

In view of our preceding discussion we look for a solution as an infinite sum

o0
T(x,t) = Z an sin (n_zx) et/ L2 (3.34)
n=1

Example 3.1 Solve the IBVP for the case

1 2
T(z,0) = sin (”—”U) tosin ([ 22) = f(z), 0<z<L. (3.35)
L 2 L
From equation (3.34) we see that
o
T(z,0) = Zl p Sin ("Lﬂ) . (3.36)
n=

Comparing terms we see that a; =1, ag = 1/2 and a,, = 0 (n > 3) so that the solution is

1 2
T(x,t) = sin (ﬂ—;> e~ TR 3 sin <%m> et/ L2, (3.37)
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3.4.1 Application of Fourier series

To solve for more general initial conditions, we can use Fourier series to determine the

constants a:

o0
T(z,0) =Y aysin (”—f) 0<z<L. (3.38)

The question is now, given f(x), can it be expanded as a Fourier sine series
> nww
flz) = Zlan sin (T) . 0<z<L? (3.39)
n—=

From the lectures on Fourier series, we know that such an expansion exists if e.g. f is
piecewise continuously differentiable on [0, L]. The coefficients a,, are determined by the

orthogonality relations:

L
. (mTx\ . /N7 0, m#n,
/0 sin <T) sin (T) dz = { 1L, m=n. (3.40)
Thus I
2
ap = Z/o f(x)sin (?) dz. (3.41)
Example 3.2 Find the solution of the IBVP when

f <zx<L dLy<z<L
f(x):{o or0<zx<Ljand Ly <x <L, (3.42)

1 for L1 < x < Lo.

Here f(z) has the Fourier sine expansion

2 1 L L
;; - |:COS (m; 1> — cos (mrL 2>} sin (n_zx) , (3.43)

and the solution of IBVP is

o0

B 2 1 nmwly nmLo (ML 22
T(x,t) = - Z - [cos < 7 ) — cos ( T )] sin <T> e . (3.44)

n=1

3.5 Uniqueness

We have constructed a solution of our IBVP, and found a formula for it as the sum of an
infinite series, but is it the only solution?

Theorem 3.1 The IBVP has only one solution.
Proof. Let U be a solution of the same IBVP, i.e.

v o
ot _ﬂaaﬂ’

subject to the initial condition

0O<z<L,t>0, (3.45)

U(z,0) = f(z), 0<xz<L, (3.46)
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and the boundary conditions
U(0,t) =0 and U(L,t) =0 for t > 0. (3.47)

Now consider the difference W := U — T. Then W satisfies the IBVP

ow 0*W
W(z,0)=0, 0<z<L, (3.49)
and the boundary conditions
W(0,t) =0 and W(L,t) =0 for t > 0. (3.50)
Let
I 5
I(t) == B (W (x,t)] d. (3.51)
0
Evidently I(t) > 0 and I1(0) = 0. By Leibniz’s rule,
L
ow
I't)y = / W —dux, (3.52)
0 ot
PWw

L
ST () ()] e 58

On carrying out the integration and using the boundary conditions at x = 0 and « = L

') = —K/OL (%—Zf)Qdm <o, (3.55)

and, therefore, I cannot increase. Hence

we see that

0<I(t)<I(0)=0, (3.56)

and I(t) = 0 for every ¢ > 0. Thus

/L[W(x,t)]Qdm =0, (3.57)
0

for every t > 0 and so W = 0 and U =T, which proves the theorem. O

3.6 Non-zero steady state

It may be that the temperatures of the ends x = 0 and # = L are prescribed and constant
but not equal to zero.

Example 3.3 Solve the IBVP

oT 9T

— =k—7, O L.t>0 3.58
iy <x<L,t>0, (3.58)
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subject to the initial condition
T(x,0)=0, 0<z<L, (3.59)
and the boundary conditions
T(0,t) =Ty and T(L,t) =T for t > 0. (3.60)

We cannot use separation of variables and Fourier series right at the outset. However, we
conjecture that, as t — oo, T'(z,t) — U(x), where

d*U
k—s =0, U(0)=Tyand U(L) =11, (3.61)
dz
1.e.
x T
U(z) = Tp (1 - Z) wy <E> . (3.62)
If we now put S(x,t) := T(z,t) — U(z), we find that S is a solution of the IBVP
a8 029
P _ 22 Lt .
5 = a2 O<ax<L,t>0, (3.63)
with
S(0,t) =0 and S(L,t) =0 for t > 0, (3.64)
and
x x
S(z,0) = Ty (1 - Z) - <Z> . (3.65)

In view of the form of the boundary conditions, this IBVP can be solved by our previous

methods. The solution is

B 21 n . NTL\  _p2r24/12
S(x,t)—ﬂnz:ln[ Ty + (—1) Tﬂsm( =z >e , (3.66)
and so
x T 21 . (MTTN 2.2,
T(w,t) =Ty (1- E) + T <E> += 3~ [Ty + (—1)"Tsin (T) eI mRt/L2 (3 67)
n=1

3.7 Other boundary conditions

Other boundary conditions are possible, e.¢g. at an end which is thermally insulated the
heat flux is zero. Thus —kT, = 0 there and, therefore, T,, = 0. If both ends are thermally
insulated we look for separable solutions of the heat equation of the form

T(x,t) = F(z)G(?), (3.68)

where F/(0) = F'(L) = 0. We find that F” = —\?F, G' = —\?kG, and F = acos(\z),
where sin(AL) = 0 and so L is one of the numbers {n7/L : n = 0,1,2,3,...}. The
separable solutions in these circumstances are

ap and a,, cos (n_zx) e TRt/ L2 (n=1,2,3,...). (3.69)
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Thus if we consider the IBVP

oT 9T

— =hz, 0<z<L,t>0
ot ~ "oz e '

with boundary conditions

g—z((),t) =0 and (Z_Z(L’t) =0 for t >0,

and initial condition
T(x,0) = f(x) for 0 <z < L,

we look for a solution

1 o
T(x,t) = 500+ Zan cos <?> eI/
n=1

where the prescribed f(z) has the Fourier cosine expansion
[ee]

1
f($)=§ao+;ancos(n—?), 0<z<L.

The required coefficients are

9 L
an:z/o f(x)cos(n—zx) dz (n=0,1,2,3,...).

Note that, as t — oo,

L
T(x,t) — %ao = %/0 f(s)ds,

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

the extreme right-hand side being the mean initial temperature. The uniqueness of T'(z, t),

for a given f(x), can be established much as before.



Chapter 4

The wave equation

In this chapter we look at the wave equation, concentrating on applications to waves on

strings. We discuss methods for solution and also uniqueness of solutions.

4.1 Derivation in one space dimension

Consider a flexible string stretched to a tension T', with mass density p, undergoing small
transverse vibrations. First suppose the string to be at rest along the z-axis in the (z,y)-
plane. A point initially at xt is displaced to r(x,t) = zi + y(z,t)j, where y(z,t) is the
transverse displacement and ¢ and j are the usual unit vectors along the coordinate axes.

We will assume that |0y/0z| < 1 and ignore gravity and air-resistance.

Figure 4
The vector 5 5
T . Y .
== — 4.1
is a tangent vector to the string and, since
Qy 2 1 /0y 21 dy 4

=4/1 =) =14+=(=Z) —=(= 4.2
o * <6m> T3 <6m 8 \ oz L (42)

it is approximately a unit tangent. Thus, in the figure:
e +7T'1 = force exerted by + on —;
e —T'T = force exerted by — on +.

The velocity and acceleration vectors are

_or 9y, _Pr 9%y
—a—a.ﬁ G_W_WJ’ (4-3)

v

respectively.
Consider the piece of string which occupies the interval [a,a + h], where, at a later
stage in the argument, h — 0:

33
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Figure 5

net force = TT(a+ h,t) —T71(a,t); (4.4)

a+h
momentum = / pv(z,t)dx. (4.5)
a

By Newton’s Second Law, for every interval [a,a + h],

net force = rate of change of momentum, (4.6)
d a+h
= T7(a+h,t)—TT1(a,t) = T pv(z,t)dz. (4.7)

On using Leibniz’s rule, and dividing through by h, we see that

, <T<a+h,2 _T<a,t>) _ % /a“hpg_ztf (o.1) da. (48)

and, on letting h — 0, that
or ov

T—(a,t) = p—(a,t 4.9
T (a,1) = 5 (1) (19)
for every a. Thus, if we substitute for 7 and v in terms of the displacement ¥y, we have
0%y 0%y
——3=T—573 4.10
popd =T537; (4.10)
and, hence, the wave equation
0%y 0%y
—= =T—= 4.11
p ot? 0x?’ ( )
or o2 o2
) 207Y
—- =c"— 4.12
o2 = 922 (4.12)

where ¢ = /T'/p is the wave speed.

4.2 Units and nondimensionalisation

Consider the units of the variables (z, ¢ and y) and parameter (c¢) associated with the

wave equation. For the wave equation,

Oy 0%

we see that the left-hand side has units ms™2. The term 9?y/dz? has units m~!. Hence
for the units of the right-hand side to balance those of the left-hand side, the units of ¢

1, as we expect.

must be [¢] = ms™
As before, can non-dimensionalise the wave equation by scaling our variables and

parameters. For example, let

r=I1z, t=rt, y=Iy, (4.14)
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where [, and 7 are a typical lengthscale and timescale, respectively, for the problem under

consideration. Then

0 dt 0 10
- = —Z - 4.1
ot dtot 7ot (4.15)
0 _ dio (10N _ 19 (4.16)
o2 dtoi \Toi) T20i% '
0 dz 0 10
g _ 22 _2Y 4.17
Ox drz oz 103’ (4.17)
d? dz 0 (10 1 6?
A e S 4.18
Ox? dx 0% <l 8@) 12012’ ( )
and substituting into the wave equation we have
1 0% 21o%)
o T T 9 (419)
Rearranging gives
an 627'2 an
Considering the problem on a timescale where 7 = [/c gives
0%y 0%y
502 = 952 (4.21)
Notice that now
Z]=1, [{l=1 [g=1, (4.22)
since l
l — m7 T = — = S. 423
c

This gives a relationship between problems with different lengthscales and wave speeds.

4.3 Normal modes of vibration for a finite string

A string is stretched between x = 0 and z = L and the ends are held fixed. If the string
is plucked, what notes do we hear? The question suggests that we want a solution which
is periodic in time, with a period to be determined.

The displacement y(x,t) satisfies the wave equation

Py _ 50%
— == 4.24
o2~ 922 (4.24)
with boundary conditions
y(0,t) = 0 and y(L,t) = 0 for t > 0. (4.25)

We use the separation of variables technique i.e. we attempt to find some (not all) solutions
of equations (4.24) and (4.25) in the separable form

y(z,t) = F(z)G(t). (4.26)



CHAPTER 4. THE WAVE EQUATION 36

Substituting from (4.26) into (4.24) gives

2F”(m) o 1 1t
c Flo) G(t)G (t) . (4.27)

independent of ¢ independent of z

Hence both sides are constant, independent of both x and ¢, and we take this constant to
be equal to —w? to get

F'(z) = _j—jp(x), G"(t) = —w?G. (4.28)

The ODE for F(z) is to be solved subject to the boundary conditions

F(0)=F(L) =0. (4.29)
We have
F(x) = Asin <%> + B cos (w_x) , (4.30)
c c
where the boundary condition at © = 0 gives B = 0, and the boundary condition at x = L
gives
L
Agn<f—>:0. (4.31)
c

Since we want A # 0, otherwise F' = 0 and y = 0, it must be that sin (wL/c) =0, i.e. w
must be such that wlL/c = nm, where n is a positive integer, and w must be one of the
numbers

nmwe
{7T.n:LZ&”}. (4.32)
The ODE for G(t) has the solution

G(t) = acos (wt) + bsin (wt), (4.33)

and so equations (4.24) and (4.25) have solutions of the form

t t
Yn(x,t) = sin (n_zx) [an Cos <n7£c > + by, sin <n7£c >} , (4.34)

where n =1,2,3, ..., and a, and b,, are arbitrary constants. Such a solution is known as

a normal mode.
A normal mode is periodic in t,

y(xz, t+p) =y(x,t), (4.35)
with period
2 2L
p="T - (4.36)
w  nc

and frequency (pitch)

1 w ne

I 4.37

p 2w 2L ( )
The case n = 1 corresponds to the fundamental frequency c¢/(2L), and all other normal
frequencies are integer multiples of the fundamental frequency.

Note the graphs of the functions sin (nmwa/L):
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Figure 6
Figure 7
Figure 8

The general solution can be written as a super-position of normal modes:

S t t
y(x,t) = nzlsin (n_zx) [an cos <n7£c > + by, sin (mlrlc ﬂ , (4.38)

and satisfies (4.24) and (4.25).

4.4 Initial-and-boundary value problems for finite strings

Consider the following IBVP: find y(z,t) such that

@:8@ for0<z<Landt>0 (4.39)
ot? ox?’ ' )
and y satisfies the initial conditions
dy
y(x,0) = f(x) and E(m,O) =g(x)for0 <z <L, (4.40)
and the boundary conditions
y(0,t) =0 and y(L,t) =0 for t > 0, (4.41)

where f(x) and g(z) are known functions. According to (4.40), the initial transverse
displacement and the initial transverse velocity are prescribed. If e.g.

~J 2hx/L 0<z<L/2,
4 )_{ 2n(L —z)/L L/2<z<L, (4.42)

and g(x) =0, 0 <z < L, the mid-point of the string is pulled aside a distance h and the
string is released from rest.

Figure 9

We know that the general solution can be written as in equation (4.38), and hence the
boundary conditions must satisfy

y(x,0) = gan sin <?> , %(m,O) = i <%) by, sin <?> . (4.43)

n=1
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Example 4.1 Solve the IBVP for the case

f(z) = Asin <%) + Bsin <%) cos <%) . g(z)=0. (4.44)
Since . )
. (TX . T
f(x) = Asin (T) + §B sin <T> , (4.45)
the solution is obtained by taking a1 = A, as = B/2, a,, = 0 for n > 3 and b,, = 0 Vn to
give
t 1 2 2mct
y(x,t) = Asin (ﬂ—;> cos (%) + §B sin (%) cos <7TTC> . (4.46)
Example 4.2 Solve the IBVP for the case
f(z) =0, g(x)=sin® <%) . (4.47)
Since 5 ) 5
. T . T
g(x) = 750 (T) — 3 8in (T) , (4.48)
we take a,, = 0 Vn and identify
mc 3 2mc 3me 1
g . - = - =_- =0 f >4 4.4
(F)en =1 <L>b2 0, <L>b3 7 ba=0forn >4, (4.49)
to arrive at
3L T mct L 3rx 3mct
T I W L in (22 g . 4,
y(x,t) 1o Sin < T ) sm( 7 > oo sm( T )sm( 7 ) (4.50)

4.4.1 Application of Fourier series

To solve for more general initial conditions, we again look for a solution as a superposition
of normal modes:

- t t
y(x,t) = nz:lsin (n_zx) [an cos <n7£c ) + by, sin <n7£c )} , (4.51)

so that we arrive at the problem: given f(x) and g(z) can they be expanded as Fourier

sine series

flz) = ni::lan sin (nLﬂ) , 0<zx<L, (4.52)
g(x) = i <%> by, sin (n_zx) , 0<z<L? (4.53)

From the lectures on Fourier Series we know that such an expansion as (4.52) exists if e.g.
f and g are piecewise continuously differentiable on [0, L]. The coefficients are determined
by the orthogonality relations:
L mnx nwx m#£n
/ sin (—) sin <—> dr = ’
0 L L

4.54
L m=n. ( )

= O
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Thus
2 [k . /nTx
an, = E/o f(z)sin (T) dz, (4.55)
2 L nwx
by = — in {— ) dax. 4.56
nwe Jo 9(x) sm( L ) v ( )

Example 4.3 (Guitar or lute) For the special case (4.42),

L
2 2h [2 2 2h [F
= T 02 Zsin <?> dz + T . (L — x)sin (n_zx) dz, (4.57)
8h . /nw
= W Sin (7) y (458)
and .
2 . nwT
= | O.sin <T> dz = 0. (4.59)
Hence the solution is
8h=~1 . /nm\ . /nwx nmct
y(z,t) = = 2 —38in (7) sin <T) cos ( 7 > , (4.60)

B 8h |1 . <7Tx) [ et 1. 3rx [ 3met
= S5 sin 7 cos T 22 sin 7 cos 7
1 5 Smet
+ ) sin (%) cos ( 7;6 > — .. } . (4.61)

Example 4.4 (Piano) The initial transverse displacement is zero and the section [I, l2]

is given an initial transverse velocity v. Here f(z) =0 for 0 < x < L, and

0 for0<z<Lljand Ly<z<L,
g(z) = { (4.62)

v for L1 <x < L.

Thus a, = 0 and

2 Ly opnx 20L nmwlq nmlLy
by, = — . vsin <T> dz = o |:COS< T ) - cos( 7 )} . (4.63)

The transverse displacement is

WL o= 1 nmwly nmLo Y ¢ AN nmwct
y(x,t) = P nz — [cos < 7 ) — cos ( T sin <T> sin | —— |- (4.64)

=1

4.5 Normal modes for a weighted string

A string of length 2L has fixed ends and a mass m is attached to the mid-point; find the
normal frequencies of vibration.

Figure 10
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Let the string occupy the interval [—L, L], the mass being attached at x = 0. Let y~ (z, )
and y T (z,t) be the transverse displacements for —L <z < 0 and 0 < x < L, respectively.
Then y~ and y™ must satisfy the wave equations
0%y~ Dy~ Pyt 0%yt
y2 — 02 y2 ’ y2 — 02 y2 ’ (465)
ot ox ot ox

and the boundary conditions

vy (—=L,t) =0and y"(L,t) =0 for t > 0. (4.66)
What conditions hold at the mass m? There are two: firstly,
y~(0,t) =y (0,t) for t > 0; (4.67)

and, secondly, the mass m is subject to Newton’s Second Law,

Figure 11

%y . .oyt . Oy,

— =T — -T — 4.
M (0,t)g <z—i— o J> <z—i— o J), (4.68)

i.€. o2 Bt 5
Yy Y Yy

— =T |— - — f . 4.

Mo (0,1) [ . (0,t) o (O,t)} ort>0 (4.69)

If we apply separation of variables arguments to (4.65) and (4.66) we see that y—, ¥y must
be of the form

y (x,t) = Asin (%(L + x)) cos(wt + €), (4.70)
yT(z,t) = Bsin <%(L - x)) cos(wt + €), (4.71)

where A, B, € are constants and w/(27) is the, as yet unknown, normal frequency. Sub-
stitution into the boundary conditions (4.67) and (4.69) gives

o (2) - (1), .
—mw?Asin (%) —T [—B (%) cos (%) A (%) cos (%)} , (4.73)
A [(m}"c> sin (%) — cos <%>} = Bcos (%) . (4.74)

If the linear homogeneous equations (4.72) and (4.74) are to have non-trivial solutions (A

and

i.e.

and B not both zero) then the determinant must equal zero:

sin (%) cos (%) = sin <%> {(m;c) sin <%> — cos <%> } . (4.75)
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Thus either

wlL wL mwe
sin | — | =0 tl— | = . 4.76
51n< p > or co ( . > o7 (4.76)

The first equality in equation (4.76) implies

wlL w ne c

o e, — = =2 4,

c MM 9 Taop T Maar (4.77)
These correspond to the normal frequencies of a string of length 2L for which z = 0 is
a node. There is no simple formula for the solutions of the other equality. If we put
0 = wL/c then w = /L, where

mc2 m

t0=——0=—0 4.

O orL” T oL (4.78)
and we see there are infinitely many roots 61, 69, 03, ... and these determine infinitely many
normal frequencies in addition to those given by (4.77).

Figure 12
4.6 Uniqueness of an IBVP for a finite string
We consider the wave equation
0? 0?
a—tg:cZa—xg, for 0 <z < L and t > 0, (4.79)

and prove a uniqueness theorem based on energy considerations. The kinetic energy of

1 [t ray\?
5/0 p(B_Zt/> dz. (4.80)

The stress energy is the product of the tension and the extension, where the extension is

/OL,/H(%)zdx—L /OL 1+%<%>2+...
! /0 ’ %)2 dz. (4.82)
E(t) ::%/OL [p <%>2+T<%>1 dr, (4.83)

is the energy of the string. The energy appears to depend upon the time but in important

the string is

dz — L, (4.81)

Thus

cases it is actually constant.

Lemma 4.1 If y(z,t) is a solution of the wave equation (4.79) and satisfies the boundary
conditions
y(0,t) =0 and y(L,t) =0 for t > 0, (4.84)

then E(t) is constant for ¢ > 0.
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Proof. Leibniz’s rule applied to equation (4.83) gives

Ll oyoPy |0y 9%y
/
E'(t) _/O [p T t] da, (4.85)

and, on substituting for p 9%y /0t? from the wave equation (4.79), we find that

LTo*yoy oy 9%y
Ew = 17/ &4 A d 4.
®) /0 [aﬂ 3t+3x3x8t] % (4.86)
Lo [oydy
= T —_— —_— 4.
/0 Oz <8x m) dz, (487)
Oyay}L
T[—— , (4.88)
dz ot |,

hence E'(t) = 0 since the boundary conditions (4.84) tell us that dy/0t(0,t) = 0 and
Qy/ot(L,t) =0 for t > 0. Thus E(t) is constant. O

Theorem 4.2 (Uniqueness) For each pair of functions f and g, the IBVP

%y 0%
P —T@, forO0 <x < Landt >0, (4.89)
Iy
y(x,0) = f(x) and E(m,O) =g(x)for0 <z <L, (4.90)
y(0,t) =0 and y(L,t) =0 for t > 0, (4.91)

has at most one solution. [That a solution exists we know since we have constructed a
solution with the aid of separation of variables and Fourier series.]

Proof. Let y(z,t) and u(z,t) both be solutions of the IBVP. Consider the difference w :=
y — u and the associated energy

E(t) = %/OL [p (%‘;)2 4T <%>2] da. (4.92)

Note that £ > 0. Now w(z,t) is a solution of the IBVP

0*w 0*w
pﬁ = TW’ forO<ax< Landt> O, (493)
ow
w(x,0) =0, E(x,O) =0 (0<z<1L) (4.94)
w(0,t) =0 and w(L,t) =0 (¢t > 0). (4.95)

By Lemma 4.1 and the boundary conditions (4.95), E(t) = constant, and, in view of the
initial conditions (4.94), E(0) = 0. Hence E(t) = 0 for every t > 0. Thus dw/0z = 0,
Ow/ot = 0 and w(x,t) is independent of both z and ¢. Using (4.95) again tells us that
w(z,t) = 0. Thus y = u and the solution is unique. O
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4.7 The general solution of the wave equation

The wave equation is untypical among PDEs in that it is possible to write down all the
solutions. Note that if F': R — R is any (twice differentiable) function, and

y(z,t) :== F(z — ct), (4.96)
then ) 52
L=Fla—d), 5 =F'—), (4.97)
and 5 92
S —cFla—cl), 5 = EF (@), (4.98)

and so (4.96) is a solution of the wave equation. Equation (4.96) represents a wave of
constant shape propagating in the positive z-direction with speed c.

Figure 13

Similarly, if G : R — R is any (twice differentiable) function and
y(x,t) := G(x + ct), (4.99)

then y(z,t) is a solution of the wave equation. Equation (4.99) represents a wave of
constant shape propagating in the negative x-direction with speed c.

Figure 14

Again, the sum
y(z,t) == F(x — ct) + G(x + ct), (4.100)

is a solution of the wave equation. It will now be shown that every solution of the wave
equation must be of the form (4.100).
To verify this introduce new independent variables

E:=x—ct, n:=x+ct, (4.101)
and seek a solution y(z,t) =Y (£,n). Then

y oy oy Py Y Y &Y

= 4= 7 _ 2 4.102
or ~ ¢ T on o220 Cacon T o (4.102)
Jy oy 9y Py  ,0°Y 5 %Y 0%V
ey L2 9 -— 4.1
ot~ ‘e T e TS ee " acon T o (4.103)
and substitution into the wave equation gives
2 2 2 2 2 2
0°Y 0°Y BY:8Y_23Y 0°Y (4.104)

oez " ogon T~ oer  “ocon ot
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Hence in the new variables the wave equation transforms to the equation

9*Y
Seor =0 (4.105)
i.e. 5 /oy
— (= =0. 4.1
5 (5r) ¢ (100
Thus dY/dn is independent of £ and is a function of 1 only, say G'(n), i.e.
)% ,
- = 4.1
5 =G0, (4.107
and so 9
— Y -G =0. 4.108
SV = Gl (4.108)
Thus Y — G(n) is a function of £ only, say F'(§), and therefore
Y — G() = F(€), (4.109)
and
Y(En)=FE+Gn) = ylt)=Fl-—cd)+Ga+ca) (4.110)

Further use of this conclusion will be made later.

Example 4.5 A string occupies —o0o < & < 0 and is fixed at x = 0. A wave y(x,t) =
F(z — ct) is incident from = < 0. Find the reflected wave.

Figure 15

The solution of the wave equation is

y=F(x—ct)+G(z+ct), (4.111)

incident reflected

where G is to be found. The condition y(0,t) = 0 is to be satisfied for all . Hence
F(—ct) + G(ct) =0, for all ¢, and so G(0#) = —F(—0) for all §. Thus

y(z,t) = F(x —ct) — F(—z — ct) . (4.112)

incident reflected

4.8 Waves on infinite strings: D’Alembert’s formula

When the string occupies the interval (—oo, 00) the fact that the solution has the form
(4.100),
y(x,t) = F(x — ct) + G(z + ct), (4.113)

is especially useful since we cannot now use separation of variables and Fourier series.
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Consider the following IVP: find y(z,t) if

Y
ﬁ—C@, for—oo<:6<ooandt>0, (4114)
Iy
y(z,0) = f(x) and E(w,O) = g(z) for — o0 < x < 00, (4.115)

where f and g are prescribed functions.
To solve this we attempt to choose F' and G in (4.113) so as to satisfy the initial
conditions (4.115):

F(z) 4+ G(x) = f(z), —cF'(z)+ G (z)=g(x). (4.116)

The second integrates to give

F() +C) = - /0 " g(s)ds + a, (4.117)
where a is a constant. Hence
Flz) = % [f(x) - % /Omg(s) ds — a} , (4.118)
Gla) = [f(a:) +: /Oxg(s) ds + a} , (4.119)
and so
y(x,t) = % [f(x —ct) — %/Omdg(s) ds — a} + % [f(x + ct) + % /OHCtg(s) ds —i—a} .
(4.120)

Thus we arrive at D’Alembert’s Formula

1 r+ct
y(z,t) = §[f(3: —ct)+ f(z+ct)] + — / g(s)ds. (4.121)

2c

The argument shows that, for given f and g, the IVP has one and only one solution (i.e.
existence and uniqueness).

Next let us ask how the solution at a point (xg,t9) = P, in the upper half of the
(z,t)-plane, depends upon the data f and g. We have

1 xo-+cto
y(xo,to) = §[f(xo — cto) + f(xo + cto)] + 2—0/ » g(x)dz, (4.122)

and this equation is usefully interpreted in terms of the following diagram.

Figure 16
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4.8.1 Characteristic diagram

Through P draw the characteristic lines © — ¢t = xg — cto, * + ct = x¢ + ctg to intersect
the z-axis at () and R, as shown. Then

R
u(P) = 57(Q + SR+ 5 [ gla)da. (1123)

2c
Hence:
e y(P) depends on f only through the values taken by f at @ and R;
e y(P) depends on g only through the values taken by g on the interval QR.

The interval QR is the domain of dependence of P. This means that arbitrary alterations
to f and g outside the interval QR have no effect on y(P). The D’Alembert formula
provides an explicit formula for y but care is required if f and ¢ have different analytic
behaviours in different stretches.

Example 4.6 Find the solution of the wave equation for which

y(z,0) =0, —oo <z < o0, (4.124)
0 x < —l,
Iy
E(CC,O) = vz)l —l<z<lI, (4.125)
0 x> 1.

In this case g(z) = dy/0t(x,0) changes its analytic behaviour at the points (—[,0) and
(1,0). We construct the characteristics through these points and thus divide up the upper-
half of the (z,t)-plane into six regions Ry, ..., Rg, as shown (R; is below z + ¢t = —I, Ry
is above z + ¢t = —[ and above = — ¢t = —I[, R3 is below = — ¢t = —[ and below z 4 ¢t = [,
R4 is above = 4 ¢t = [ and above x — ¢t = —I[, Ry is above x + ¢t = [ and above z — ct =]
and Rg is below x — ct =1).

Figure 17
In Rl,
1 x+ct
y(z,t) = —/ 0ds = 0. (4.126)
2c r—ct
In R27
1 —1 1 z+ct Vs v
1) = — 0ds + — —ds = — )% —12]. 4.127
y(a,t) QC/gc_ct S+20 1 [T [(x+c) ] ( )
In Rg,
1 (o<t s v vt
t)=— —ds=— t)? — (v —ct)?)] = == 4.128
vat) =g [ Fas= g l@rap - @-ap) = (1128)
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In Ry,
1 —1 1 l vS 1 z+ct
t) = — 0d — —d — 0ds = 0. 4.129
y(@1) QC/mct S+2c/ll S+20/l s ( )
In Rg),
1 l VS 1 x+-ct v
t) = — —ds+ — 0ds = — [I2 — (z — ct)?]. 4.130
vat) =g [ Faseg [ 0ds= [ -] (4.130)
In RG,
x+ct
y(x,t) = —/ 0ds =0. (4.131)
CJr—ct

From this information we can find the shape of the string. We illustrate this for a time
t>1/c

e for x < —I — ct the point (x,t) € Ry and y(z,t) = 0;

o for -l —ct <x<l—ct, (x,t) € Ry and y(x,t) = % [(:U—i—ct)2—l2];
c

o forl —ct<ax<—l+ct, (z,t) € Ry and y(z,t) = 0;

o for —l+ct <x<l+ct, (x,t) € Ry and y(x,t) = % [ZQ—(x—ct)Q];
c

for x > 1+ ct, (z,t) € Rg and y(z,t) = 0.

Figure 18

As t increases we see two packets of displacement, one moving to the left with speed ¢ and
the other to the right with speed c. Between them the displacement is zero.



Chapter 5

Laplace’s equation in the plane

Steady two-dimensional heat flow is governed by Laplace’s equation:

o*T 9T
— + == =0. 5.1
Ox? + 0y? (5.1)

If » and 0 are the usual plane polar coordinates,
x=rcosf, y=rsinb, (5.2)

Laplace’s equation becomes
82T+ 16T+ 1 9°T
or2  ror  r200?

For rectangles, discs, the exteriors of discs, and annuli, we can use separation of variables

= 0. (5.3)

and Fourier series to construct solutions of (5.1) and (5.3).

5.1 BYVP in cartesian coordinates

Consider the following BVP: find the solution of Laplace’s equation (5.1) which is defined
on the rectangle {(z,y) : 0 <z < a, 0 <y < b} and satisfies the boundary conditions

T0,y) =T(a,y) =0, 0<y<b, (5.4)

T(x,0) =0 and T(z,b) = f(z), 0<z<a. (5.5)

Figure 19

To begin we look for special solutions of Laplace’s equation of the separable form T'(z,y) =
F(z)G(y). Substituting into (5.1) and dividing through by F(x)G(y) gives

1 17 1 17
F (z)+ —=G = 0. 5.6
@+ 5 W (5.
Hence there is a constant A such that
F'(z) = -AF(z), G (y)=AG(y). (5.7)

48



CHAPTER 5. LAPLACE’S EQUATION IN THE PLANE 49

The choices A = n?r%/a?, F(x) = sin (nmz/a) (n = 1,2,3...) give the solutions

nmnx

T(z,y) = sin <T> G(y), (5.8)

which satisfy the boundary conditions (5.3). Furthermore G(y) is a solution of the ODE

n2u2
G'(y) = —5-G(y). (5.9)
and so
G(y) = Acosh (%) + Bsinh <%) , (5.10)

in which hyperbolic functions, rather than trigonometric functions, occur. The choice
A = 0 ensures that the boundary condition T'(z,0) =0 (0 < z < a) holds and thus we are
led to consider solutions of the BVP of the form

[ee)
. /nmxy nmy
T = — — . .
(z,9) Zanm< - >Slnh< " > (5.11)
n=1
On setting y = b we see that the coefficients B,, are determined by the condition that

ZBn sin <?) sinh (n_wb) = f(z), 0<z<a. (5.12)
n=1

a

Hence

a

B,, sinh <n_7rb> = %/Oaf(s) sin <?> ds, (5.13)

and the BVP has the solution

[e.e]

2 1 @ . /nTSs o A nmw
T(z,y) = " Z:l Sinh (nb/a) [/0 f(s)sin <T) ds} sin (T) sinh (Ty) . (b.14)

5.2 BYVP in polar coordinates

Next, let us consider separable solutions of Laplace’s equation of the form T'(r,0) =
F(r)G(6). Substitution into (5.3) gives

F'(1G0) + +F (NG(0) + 5 PG (6) = 0 (5.15)
Hence B ) .
r°r (2 (J;)TF ), % ((:)) —0, (5.16)
and there is a constant A such that
rF"(r) +1F (r) = AF(r), (5.17)
G (0) = —\G(6). (5.18)

The function G(0) must be periodic with period 27 so that G(6 4+ 27) = G(6), and this
is possible only if A = n?, where n is an integer. If n = 0, the only solutions of (5.18)
which are periodic are G(6) = constant. If n # 0 the periodic solutions are arbitrary linear
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combinations of cos (nf) and sin (nf). When n = 0 the solutions of (5.17) are of the form
F(r) = A+ Blogr. When n # 0, equation (5.17) is of Euler’s type and F(r) is a linear

n

combination of ™ and r~™. Thus there are separable solutions of Laplace’s equation of

the forms
T(r)=A+ Blogr, (5.19)

and
T(r,0) = (Ar™ + Br~") [C'cos (nf) + Dsin (nf)] , (5.20)

where n is a positive integer and A, B, C, D are arbitrary constants. The solutions
logr, 7" cosnf, r~"sinnf are not defined at r = 0 and so are not admissible if the origin
belongs to the domain in which T is defined.

Example 5.1 Find T so as to satisfy Laplace’s equation in the annulus a < r < b and
the boundary conditions

T=Tyonr=a, T=T onr=5o, (5.21)

where Ty and T3 are constants. By inspection, T = A + Blogr, where A and B must

satisfy
A+ Bloga=1Ty, A+ Blogb="1. (5.22)
Then Tylogh — T 1 T - T,
A=00871080 g 10 (5.23)
log (b/a) log (b/a)
and Tylogh — T} 1 T —T
T(r ) = 20082~ 21°08¢ | J1 750 4., 5.24
N RO (5:24)

Example 5.2 A conductor occupies the region » < a and the temperature satisfies the
boundary condition T'(a,#) = sin® 0. Find T(r,0) in r < a.

Note that 3 1
sin® 0 = 1 sinf — 1 sin (36) . (5.25)
Hence 3 1 5
Ty . r .
T= 1 (5) sinf — 1 <a> sin (36) . (5.26)

5.2.1 Application of Fourier series

We wish to find T so as to satisfy Laplace’s equation in the disc 0 < r < a and the
boundary condition T' = f(f) on r = a, (0 < 6 < 27), where f is a prescribed function.
Here the solution is of the form

T(r,0)=A+ i ™ [Cy, cos (nf) + Dy, sin (nd)], (5.27)

n=1

and the boundary condition gives

A+ i a" [Cy, cos (nf) + Dy sin (nf)] = f(0), 0<6 <2m. (5.28)

n=1
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Thus

1 2

A = — f(6)de, (5.29)
2m
1

C, = o ), f( ) cos (n#) do, (5.30)
1 2m

D, = e ), f(0)sin (nd) do. (5.31)

Example 5.3 Find T'(r, ) so as to satisfy Laplace’s equation in the disc r < a and the

boundary condition

T(a,0) =|sinf|, 0<6<2r. (5.32)
The solution is
A—|—Z [Cy, cos (n@) + D, sin (nh)] , (5.33)
where
2 2 2
A = —/ \sm@]d@— — [/ sin@d@—/ sin@d@] = —, (5.34)
. T
C, = — ]sm 0| cos (nf) d = 0 5 n odd, (5.35)
ma" Jo —4/(ma™(n* — 1)) n even,
2
D, = 1 | sin @] sin (n#) df = 0, (5.36)
wa" 0
and so
2 4 2n cos (2nh)
700 =2 -2 (3) Teot (5:37)

n=1

5.2.2 Poisson’s formula

Consider again the problem from Section 5.2.1: find T so as to satisfy Laplace’s equation
in the disc 0 < r < a and the boundary condition 7= f(f) on r = a, (0 < 0 < 27), where
f is a prescribed function. Poisson’s formula states that the solution to this problem can

_(a® =) T f(¢)
Tr,9) = o /0 a? 4+ r? — 2ar cos(6 — ¢) d¢- (5:38)

be written

Lemma 5.1 If A and « are real and |A| < 1 then

1 = .n 1— )\
54—2)\ cosna—2(1+)\2_2)\cosa). (5.39)
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Proof.
Z A'cosna = R, Z Ameine (5.40)
n=1 =1
= R (A", (5.41)
n=1
)\eZOé
— R |2 |, 5.42
[1 — )\ew‘} (542)
Acosa — A2
= . 4
1+ 22 —2)\cosa (543)
Hence ,
SR 1—A
z A" = . 5.44
2+Z cos e 2(1+ A2 — 2\ cos ) (5.44)
O

Proof of Poisson’s formula. Taking care over the dummy variable of integration we get

1 2w

T0.0) = 5 | fl0)do (5.15)

%i ( > [cos (n@) 2” f (@) cos (ng) do

0

2m
rsin(md) [ 7(6)sin (ng) dqzs} L (5a0)
0
1 21 1 00 -
~ 21 {5 * Zl (5) cos [n(0 — ¢)]} f(¢)de, (5.47)
and, on appealing to Lemma 5.1, with A = r/a and o = 6 — ¢, the result follows. O

Corollary 5.2 (Mean value property of solution of Laplace’s equation) The value of T'
at the centre of the disc is

2

7(0,0) = f(¢) d¢ = mean value over boundary. (5.48)

o

5.3 Uniqueness

Uniqueness is established with the aid of Green’s Theorem:

Theorem 5.3 (Green’s theorem) If R is a bounded and connected plane region whose
boundary dR is the union CjU...UC), of a finite number of simple closed curves, oriented
so that R is on the left, and if p(x,y) and ¢(z,y) are continuous and have continuous first
derivatives on R U OR, then

/Bdeerqdy_// (—q——y> dz dy. (5.49)
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Figure 20

In the figure, R is the shadowed region. It has two ‘holes’” and JR is the union of three
simple closed curves oriented as shown.

5.3.1 Uniqueness for the Dirichlet problem

We consider uniqueness of solutions to the Dirichlet problem, working in Cartesian coor-
dinates.

Theorem 5.4 Consider the BVP

62T 0°T

) 8 —5 =0in R, T=fondR, (5.50)

where f is a prescribed function and R is a bounded and connected region as in the
statement of Green’s theorem. Then the BVP has at most one solution.
Proof. Let S also be a solution, so that

9%S LS 928
Ox? Oy?
Then the difference W :=T — S in a solution of the BVP

=0in R, S=fondR. (5.51)

0*wW 82W

2 T 7 =0in R, W =0onJR. (5.52)

Consider the identity

PW  PW oWw\?  (oWN? 9 ([ OW\ 9 [ _OW
W —=—5+—= —-— — ) == | W— — (W—). 5.53
<0$2+0y2>+<3x>+<0y> 356( 3w>+0y< 6@/) (553)
Integrate both sides over R and appeal to Laplace’s equation and Green’s theorem to find
that

FLLGEY = ) o = ] L (%) )] e

ow ow
= W—-4dx+W——d ] 5.54
/8R [ 0y Ox (5.54)

Since W = 0 on OR the line integral must vanish and so

R

This is possible only if OW/0x = 0, 0W/dy = 0 in R. Hence W is constant and since
W = 0 on OR the constant can only equal zero. Hence T = S and the solution is
unique. ]
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Example 5.4 We now consider a BVP in an unbounded region, for which our uniqueness
proof does not apply. A conductor occupies the region r» > a, i.e. that exterior to the
circle r = a, and T satisfies the boundary condition 7" = x on r = a. Find T in r > a,
given that 7" remains bounded as r — co.

In terms of polar coordinates the boundary condition is 7" = acos@ for r = a and
0 < 0 < 27. This suggests that we seek a solution of the form

= (A’I“ + E) cos 6. (5.56)
r

If T is to remain bounded as r — oo we must have A = 0, and to match the boundary

condition on r = @ we must have B = a2. Hence the solution is

2 cos
T(r,0) = L7 (5.57)
r
or, in Cartesian coordinates,
T(x,y) ' (5.58)
€T = . .

Example 5.5 (Poisson’s equation) The same argument establishes uniqueness for the
BVP:
WT+8%7
ox?  Oy?

where F' and f are prescribed functions.

=F(z,y)in R, T = f(x,y) on OR, (5.59)

5.3.2 Uniqueness for the Neumann problem
Firstly, we consider the Neumann problem in Cartesian coordinates.

Theorem 5.5 Consider the BVP

(92T T . oT
) azzF(:ﬂ,y)lnR, o

where F' and g are prescribed functions. Then the BVP has no solution unless

//RFdxdy:/aRgds. (5.61)

When a solution exists it is not unique; all solutions differ by a constant.

= g(z,y) on OR, (5.60)

Proof. For the first part we use Green’s theorem

T 9T oT oT oT
il _ = - .62
//(8:62 )dd aBaxdy 8yd aRan ds. (5.62)

For the second part, let U be a solution of the same BVP i.e.

0’U  9*U ) ou
Tz + i F(z,y) in R, o = g(x,y) on OR, (5.63)
and consider W := U — T. Then W is a solution of the problem
2 2
Ll 8W—OinR a—‘/V:OonaR. (5.64)

0x2 T 9y2 T on
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Using the identity

2w 9PW owN?  /ow\? 0 oW B, oW
W (G ) (o) () =0 (V) vy (W) 6

we find that

oW\ <6W>2 oW ow
) () | dzdy = W e+ wZlay, (566
/H(%) y Y S oz W (569
ow
_ o (5.68)
Thus 0W/0x = 0, OW /0y = 0 so that W = U — T is constant. O

Example 5.6 (Polar Neumann problem) Find 7" so as to satisfy Laplace’s equation in
the disk 0 < r < a and the boundary condition

8_T
on

where ¢ is a prescribed function.

(a,0) =g(0), 0<6<2m, (5.69)

First, we define n = cos 67 + sin 5 and note that since z = rcosf, y = rsin#,

orT oT dx 0T Oy

or 9T 9y 5.70
or oz Or + oy or’ (5.70)
= cos GZ—Z + sin GZZ (5.71)
= (cosfi+sinfyj) - (g—Zz + %j) , (5.72)
— n.VT, (5.73)
or
= _ . 4
o (5.74)
[In this case 0T'/0n is a genuine derivative.]
Let g(0) have the Fourier expansion
1 = :
g(0) = JPo+ nzl [pr, cos (n) + gy, sin (nh)] (5.75)
where
1 2
w o= = [ a©w. (5.76)
T Jo
1 2
Pn = ;/ g(0) cos (nd) db, (5.77)
0
1 2m
qn = ;/ g(0) sin (nd) db. (5.78)
0

Look for solutions in the form

=A+ Z [Cy, cos (n@) + D,, sin (nh)] . (5.79)
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We have
o = ., 4 .
5 = Z nr"” " [Cy, cos (n) + Dy, sin (nd)], (5.80)
n=1
and the boundary condition gives
Z na" "1 [C,, cos (nf) + D, sin (nf)] = g(#), 0<60<2n. (5.81)
n=1
We conclude immediately that the condition
27
/ g9(0)ded =0, (5.82)
0
s necessary for a solution to exist.
If this condition is satisfied then there are solutions
T(r,0)=A+ Z " [Cy, cos (nb) + D,, sin (nd)] , (5.83)
n=1
where
1 27
Cn = | /0 g(0) cos (nh) db, (5.84)
1 27
D, = W/o g(0) sin (nh) d6, (5.85)

and A is an arbitrary constant, i.e. solutions are non-unique, if they exist.

Example 5.7 Find T so as to satisfy Laplace’s equation in the disc 0 < r < a and the

boundary condition

g—:(a,ﬁ) =sin®0, 0<6<2n
Here
sin® @ = §simH - lsin (30)
4 4 ’
and

27
/ sin®0do = 0,
0

and the solutions are

3 . 1
T(r,@):A—i—ermH—Egsm(?ﬁ),

where A is arbitrary.

5.4 Well-posedness

(5.86)

(5.87)

(5.88)

(5.89)

PDE problems often arise from modelling a particular physical system. In this case we

could like to be able to make predictions as to the behaviour of the system based on our

analysis of the PDE under consideration.
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Definition A problem is said to be well-posed (well-set) if the following three conditions
are satisfied:

1. EXISTENCE—there is a solution;
2. UNIQUENESS—there is no more than one solution;

3. CONTINUOUS DEPENDENCE—the solution depends continuously on the data.

Example 5.8 As an illustration consider the IVP

0%y 0%y
2

ﬁ:CQaT —OO<CC<OO,t>O, (590)
Jdy
y(z,0) = f(x), E(CE,O) =g(z), —oo<z< o0, (5.91)

where f and g are the initial data. We know that there is exactly one solution, given by
D’Alembert’s formula:

1 z+ct
y(x,t) = = [f(x —ct) + f(z + ct)] + % / g(s)ds. (5.92)

N | =

Thus 1. and 2. hold.
Suppose we are interested in making predictions in the time interval 0 < ¢ < T for
some time 7T'. Consider a similar problem

2 2
%:02% —oo <z <oo,t>0, (5.93)
Jdy
y(z,0) = F(z), E(m,O) =G(x), —o0o<x <00, (5.94)

where F' and G are different initial data. Again, we know that there is exactly one solution:

Y(aw,t) = 5 [F(o— ct) + Flo+ )] + o / it G(s)ds, (5.95)

and
Y(a.t) - y(a,t) = % (Fz —ct) — flz — b)) + (F(z + o) — f(z +cb))] (5.96)
o _+tt (G(s) — g(s)] ds. (5.97)

Now let € > 0 be arbitrary and suppose that

|F(z) — f(z)] < d and |G(x) — g(x)| < 6 for — o0 < x < 0. (5.98)
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Then
Yiat) g < GIF@—ct) — fx o)

5 |F G+ t) — fla + )

1 x+ct
+— |G(s) — g(s)|ds, (5.99)
2c r—ct
1 1 1 x+ct
=0+ =0+ — od 1
< 50+ +2c/“t s, (5.100)
1 1 1
_ = z —.9 .101
25—1-25—1-20 ctd, (5.101)
= (141t)6 (5.102)
< (14T)s. (5.103)
Thus if the new data (F,G) are close to the original data (f,g) in the sense that
|F(z) — f(x)] < 1 j—T and |G(x) — g(x)| < HLT for —oo <z < o0, (5.104)

then the corresponding solutions are close together in the sense that
Y (z,t) —y(z,t)) <e for —co<z<ooand 0 <t <T. (5.105)
In this sense 3. holds and the IVP is well-posed.

Example 5.9 By contrast the corresponding IVP for Laplace’s equation is not well-posed.
If y(x,t) =0, f(z) =0, g(x) = 0 then y is a solution of the IVP

%y 0%
@—i—w:O, —co<x < oo, t>0, (5.106)
0
y(x,0) = f(x), a—gt/(x,O) =g(x), —o0o<zx<o00. (5.107)
If
_ 52 Y ginn (£ _ — v
Y (x,t) = 6° cos <5) sinh <5> , F(x) =0, G(x) =0 cos (5) , (5.108)
Then Y (z,t) is a solution of the IVP
o’y 0%V
T — 1
8x2+ 9 0, oo <z <oo, t>0, (5.109)
Y
Y (z,0) = F(x), E(m,O) =G(z), —oo<z<o0. (5.110)
Again suppose we want to make predictions in 0 < ¢t < T'. Then
1F(z) — f(z)| =0< 8, |G(z)— g(z)] =6 ‘cos (%)‘ <5, (5.111)
and . T
[V (0,t) — y(0,t)| = 6 sinh <5> < 6%sinh <§> . (5.112)
But T )
6% sinh <—> = (eT/‘S — eiT/5> —o00 as 0 —0, (5.113)
) 2
and we cannot make
Y (0,t) —y(0,t)] <e for 0<t<T, (5.114)

by making ¢ suitably small.



