FOURIER SERIES AND PDES PROBLEM SHEET 1

1. (a) Let f be a periodic function of period 27. By making the substitution s = 27 + ¢ in one of
the integrals in the identity

[ swas= [Creass [T s

show that, for any real «,
a2 ™
/ f(s)ds = f(s)ds.
« —T

(b) Let g be an even function with derivative ¢’ and suppose that the function G is defined by

(i) Use the chain rule to show that ¢’ is an odd function.
(ii) By making the substitution s = —t, show that G is an odd function.
(iii) Deduce that, for any real a,

/_O;g(s) ds = 2/0ag(3) ds.

(c¢) Show that if h is an odd function then, for any real «,

/_O;h(s)ds:o.

2. (a) Establish the orthogonality relations given by

/ cos (mz)cos (nx) de = 7womn,

/ sin (mz) cos (nx) de = 0,

/ sin (mz)sin (nx) de = 7Tomn,

—T
where m and n are positive integers and d,,, is Kronecker’s delta.
[You may find it helpful to use the identities cos(A + B) = cos A cos B F sin Asin B.]

(b) Let f be a continuous periodic function of period 27. Suppose that f may be expressed in
the form of the Fourier series

f(z) = % + Z (an cos (nx) + by sin (nz) ).

n=1
Assuming that the orders of summation and integration may be interchanged, derive

(i) integral expressions over [—m, 7| for the Fourier coefficients a,, and by;
(ii) Parseval’s identity in the form

1 [ 1 >
- g f(a:)2d:c = 2a%+; (a%—i—bi).

[For (ii) you may find it helpful to integrate the product of f and the Fourier series for f.]



3. The periodic function f of period 27 is defined by
f(x) = zsin(px) for —m <z <,
where p is a positive integer.

(a) Is f even or odd? Use integration by parts to show that if m is a non-zero integer then

77.(_1)m+1

m

/ xsin(ma) dz =
0

Hence, or otherwise, show that the Fourier series for f is given by

Pt cos(pr) | o 2p(=1)"FP
f(@)~ 0 T2

[You may find it helpful to use the identity 2sin A cos B = sin(A + B) + sin(A — B) ]

(b) Given that the Fourier series converges to f(x) for x = 0 and z = 7, deduce that

oo o0

(- 1 1 25
Z n2 -1 4 an Z n2 —4 48
n=2 n=3

(c) Given that Parseval’s identity holds for f, evaluate the sum

Please send comments and corrections to oliver@maths.ox.ac.uk



