FOURIER SERIES AND PDES PROBLEM SHEET 2

1. Let f be a continuous periodic function of period 2L. For positive integers N, denote by

Sn(z) = % + i (an cos (?) + by, sin <Lzac)>
n=1

the partial sums of the Fourier series for f, and let T be the sum defined by

Tn(z) = % + ZN: (An cos (nLﬂ) + B, sin (ﬂLx)) ,
n=1

where A,, and B,, are arbitrary real constants.

(a) State integral expressions over [—L, L] for the Fourier coefficients a,, and b,,.

(b) Show that
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7 /_L f(2)Tn(x)de = 5+ ; (anAy + bnBy).
Hence write down similar expressions for
1 L ) 1 L 1 L )
- Tn(x)*dez, = f(z)Sn(x)dx and = Sy (x)* dz.
L) L) L)

[You may find it helpful to note that (i) if f = Tn then a, = A, and b, = By, forn < N
and (i) if Ty = Sy then A, = a, and B,, = b, forn < N.]

(c) Deduce that

_ _M = 2 12
E(Tn) = E(Sw) = “2 55 4+ 37 ((An = an)? + (B~ bu)?)),

n=1
where the mean-squared error in the approximation of f by Tx is defined by
1 [t 2
E(Ty) = /). (Tn(z) — f(z))” da.

Hence write down the values of the constants A, and B,, for which £(T) is minimized for
each positive integer V.

2. The periodic function f of period 2L is defined by

l+z/L  for —L<xz<0,
fz) =
0 for 0 <x < L.

(a) Sketch the graph of f(z) for x € (—2L,2L], indicating any point x at which the Fourier
series for f does not converge to f(x) and showing the values to which the Fourier series
does converge at these points.

(b) Show that the Fourier series for f is given by

fa)~ g +mijl <(2m_21)27r2 cos ((2m —Ll)mc> I (m;x>> |

(c) By considering the value of the series at * = L/2 and at = 0, deduce that
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3. (a) The function f is defined by
f(x) =exp(z/L) for 0 <z < L.

(i) Evaluate the Fourier cosine and sine series for f on [0, L].
(ii) For each series sketch the graph of the function to which it converges on (—2L,2L].
(iii) Describe three ways in which the truncated cosine series for f is a better approximation
of f on [0, L] than the truncated sine series for f.

(b) Give, with justification, an example of a polynomial that is better approximated on [0, L]
by its truncated sine series than its truncated cosine series.

[You may find helpful the MATLAB file FS_PDE_Sheet2_Q3.m on the course website.)

Please send comments and corrections to oliver@maths.ox.ac.uk



