Groups and Group Actions, Sheet 1, HT18

Binary Operations. The Group Axioms. Examples.

1. For each of the following sets S and binary operations % on S, state whether (a) x is associative,
(b) * is commutative, (¢) an identity exists, (d) inverses exist.

(i) S =N, m*n = max{m,n}.

(i) S=Z, mxn=m+n+ 1.

(iii) S = M,(R) where n > 2 and A* B = 1(AB + BA).

(iv) S={f:R—=>R}, fxg=fog.

2. There are 56 different Latin squares of size 5 x 5 whose first row and first column are both
(e,a,b,c,d). Construct one such square which is a group table, justifying your reasons for it repre-
senting a group, and one such square that does not represent a group, again saying why.

3. Let A and B be complex n x n matrices. If A = (a;;) then we define its complex conjugate as
A = (@;;) . Show that

A+B=A+B, AB=AB.
Show that U(n) is a group. Show further that U(1) is Abelian and that U(n) is non-Abelian for
n = 2.

4. An affine transformation of R? is one of the form

(3)~a(y)

where A is an invertible 2 x 2 matrix and b is a 2 x 1 column vector. Let g; and g be affine
transformations of R?. Show that their composition g, o g; is an affine transformation. Show further
that the affine transformations of R? form a group AGL(2,R) under composition.

5. The following Cayley table describes a group G. (You are not asked to prove this.)

x|elal|blc|d|flgl|lh
elelalblc|d|flgl|lh
alalel|h|g|f|d|c]|b
blblc|d|flg|h|el|a
clc|blale|lh|g|fld
did|flg|lh|le|la|b]|c
flfldlclblale|h|g
glglhlelalb|c|d]|f
hih|lgl|fld|c|b|la]e

(i) Find the inverse of each element of G.

(ii) Are there any elements of GG, other than e, which commute with every element of G7
(ili) Determine the order of each element of G.

(iv) Show that G = {e,b,b? b3, a, ba, b?a, ba} and that ab = b3a.

(v) In all, G has ten subgroups, of orders 1,2,2,2,2,2 4,4, 4 8. List the subgroups of G.

6. (i) Let G, H be groups. Show that G x H is Abelian if and only if G, H are both Abelian.
(ii) Show that the map
¢:C" = (0,00) x S givenby  ¢(2) = (2], 2/]2])

is an isomorphism.
(iii) Show that S! is isomorphic to SO(2) but that S* x {#1} is not isomorphic to O(2).



