Linear Algebra II Problem Sheet 4, HT 2019

. Let V =R3 and
up = (17071)7 U2 = (27372)7 uz = (_13437)-

Compute a basis v1, vg, v3 for R? which is orthonormal with respect to the dot product
such that Sp{uy,---,u;} = Sp{vy,---,v;} for each 1 <7 < 3.

. Let A € M,,(R) be a symmetric matrix. Show that if A\, u € R are distinct eigenvalues
of A with v and w associated eigenvectors, then v and w are orthogonal; that is,

vTw = 0.

. Find a real orthogonal matrix P such that PT AP is diagonal when A is each of the
following matrices
1 11 101
( g (2) > , (1 1 1], 010
1 11 100
T

. Verify that if P is an orthogonal matrix and z = Py then yTy = 2T z.

Let A be a real symmetric n x n matrix. Then we know that there exists a real
orthogonal matrix P such that PTAP is diagonal. By using the transformation
x = Py, or otherwise, prove that for every z € R"

malr < 2T Ax < MxTa;,

where m and M are the smallest and greatest eigenvalues of A respectively. For
which 2 is it true that 27 Az = MaT2?
5 1 V2

Let A = 1 5 +/2 | . Find the maximum and minimum values of Tz for

V2 V26
those = for which 27 Az = 1. Giving no heed to orientation, sketch the surface S
with equation #7 Az = 1, and indicate on it those vectors  at which 27z attains its
maximum and minimum values on S.

. Show that for any real n x n matrix 4, AT A is symmetric.

Suppose that
1

10
A= 11 0
01 —1
By considering AT A, or otherwise, calculate the maximum and minimum value of
||[Az|| on the sphere {z € R? : ||z|| = 1}.



