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Problem Sheet 1

1. Let (M,d) be a metric space.

i) Let (x,) be sequence in M such that x,, - = € M and z,, — 2’ € M. Show that x = ’.
1) Using the definition of continuity in terms of open sets, show that if f: R — S and g: S — T
are continuous then g o f is continuous.
i7) Show that the function ds given by

b 1/2
do(fi, f) = ( / (h —m?)

is not a metric on the space of Riemann integrable functions on [a, b].
iv) If (M, d) is a finite metric space, show that any subset of M is open.

2. Let (M, d) be a metric space. A non-empty subset S C M is said to be bounded if {d(s1,s2) : s1, 52 €
S} is bounded above in R, and we define its diameter as

diam(S) = sup{d(si1,sz2) : 1,52 € S}.
Let A, B be non-empty bounded subsets of M with AN B # (). Show that AU B is bounded and that
diam(A U B) < diam(A) 4 diam(B). Show also that if A C B then diam(A) < diam(B).
3.

i) Which of the following subsets of R are open, which open and which neither? (No proofs
required.)

(=5,1) U (0, 00); (—00,2}; {0}; (072]9 R, Q Z; 0.
i1) Which of the following subsets of R? are open, which closed, and which neither? (No proofs
required.)
0,11 x {0} (0,1) x {0} {(z,y):1 <42 +y* <4}; {(z,y):ay=1} ZxR;
{(z,9):x€Zand y > 0}; {(z,9) :exp(z® +9y*) =1+ (v° — 23 (" +y")}

4. Let Cla, b] be the metric space of continuous functions on [a, b] equipped with the supremum metric.
Let C'[a,b] denote the metric space of continuously differentiable functions also equipped with the
supremum metric.

i) Is C'la,b] a closed subset of Cla,b]?
i1) Is differentiation f +— % a continuous function from C1[a,b] to Cla, b]?
iii) Is integration f — f; f a continuous function from Cfa,b] to itself?
5. Let S C R™ be a subset of R™. Write S’ for the set of limit points of S in R™.
i) Determine S’ for each of the following subsets of R.

0,1; {0} R Q@ Z 0.
1) Show that (S”)’ C S’. Can the containment be strict?

6. Let (M, dys) and (N,dy) be metric spaces.

i) Show that d: (M x N)? — R given by d((m1,n1), (ma,n2)) = dar(m1, ma) + dy(n1,na) defines
a metric on M x N.
1) Show that if U C M and V C N are open sets in M and N respectively, then U x V is open in
(M x N,d). Deduce that if F C M and G C N are closed, then F' x G is closed in M x N.
i7i) Suppose that A C M and B C N. Show that the closure of A x B in M x N is A x B.

7. Let S = {(z,y) € R? : zy > 0}. Which of the following sets are open in S and which are closed in S?
S; {(z,y)eS:x>1}; {(z,y)€S:z>0}

{1+1/n,1):neN}  {(1/n,1):n € N}.
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8. i) Let a € R be an irrational number. Show that the function f: Q — Q is continuous, where
f is given by
x, z <
f@) ={ z+1, z>a.
14) Show that there is no invertible continuous function g: R — R such that g(—1) = 0,¢(0) =

191) Show that there is a invertible continuous function h: Q — @ such that h(—1) = 0,h(0) =

1,h(1) = —1.
9. (Optional) Let P(R™) be the set of lines (through the origin) in R”™ and let d: P(R"™) x P(R"™) — Rx>¢
be given by
(v, w)*
 olPllw]?

where v € Ly and w € Ly are nonzero vectors. Show that d is a metric on P(R™).

d(Ly, Ls) =



