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Second order semi-linear PDEs

4.1

4.2

4.3

4.4

Show that the equation
YUgy + (T 4 Y)Uyy + Ty, =0

is hyperbolic everywhere except on the line y = z. Find the characteristic
variables, reduce the equation to canonical form, and show that the general
solution is

1 2 2
u—y_xf(y x”) +9(y — ).
Consider the partial differential equation

2
eV Uy + Uy = Uyy.

Write down the differential equation satisfied by its characteristic curves and
show that ¢ = x +e¥ and ¢ = & — e¥ are characteristic variables for the partial
differential equation.

Reduce the equation to canonical form and find the solution of the equation for
which v = z and u, = 1 on the line y =0, 0 <z < 1.

Sketch the characteristic curves v 4+e¥ =1, x4+e¥ =2, x —e¥Y = -1, x —e¥ = 0.

In what region of the x,y-plane is your solution uniquely determined by the
initial data? Show this region on your diagram.

Determine the type of the PDE
y2um +x2uyy =0,z>0,y>0
and transform it into normal form.

Recall from Prelims that the solution of the initial-value problem

2
C Ugz = Uty

u(z,0) = f(z), uz,0)=g(x), —oo<uz< o0,

where f and g are prescribed functions is given by d’Alembert’s formula. Use
the formula to show that if | f(z)| < 0 and |g(z)| < 0 for —oo < 2 < oo then

lu(z,t)] < (14+T)dfor —co <z <00, 0<t<T. (1)

Formulate a definition of what it means for the solution u of this initial-value
problem to depend continuously on the on the data f and g on any strip {(z,?) :
—00o < x < oo, 0<t<T} Use(l)above to show that your definition is
satisfied.



4.5

(a)

(b)

Let D be the region bounded by the linest = 0,¢t =7 > 0 and x = 0
and z = a > 0. Suppose further that the twice continuously differentiable
function u(x,t) satisfies

ou  0%u

— - — = 1), 2
in D, where f is continuous and f < 0, in D. Prove that u attains its
maximum value on x =0, x =a or t = 0.

(i) Hence show that, if it exists, the solution of (2) is unique if we take as
boundary data

u(0,t) = g(t) 0<t<r,
u(a,t) = h(t) 0<t<r,
u(z,0) = k(r) 0<zx<a,

where g, h and k are all continuously differentiable.
(ii) Show also that there is continuous dependence on the initial data.

(iii) Consider now the problem where the PDE and all the boundary con-
ditions are satisfied for x between 0 and a and all positive t. Deduce that
the solution of this problem is unique, if it exists.

(iv) Find all the non-negative solutions of

2
Ou 0w _ o

ot 02 ’
with boundary data
u(0,¢) = 0 0<t<rm,
u(a,t) = 0 0<t<r,
u(z,0) = 0 0<uz<a,

Now use the result in part (a) to show that the solution of (2) is also
unique if we take as boundary data:

u(0,t) = g(t) 0<t<rm,

O Ly = ht) whemz—a,0<t<r,
Oz

uw(0,z) = k(r) 0<zx<a,

where g, h and k are all continuously differentiable. [Hint: if ¢ = uj — ua,
where uy and uy are two solutions, show that ¢ can achieve neither a
positive mazximum nor a negative minimum on r = a.|

4.6 Suppose that u(x,t) > 0 solves

ou_ 0 (owy
ot Oz u@a: Y

2



in a region D bounded by the lines t = 0 and ¢ = 7 and two non-intersecting
smooth curves Cy and Cy. Prove that if a solution exists then u(x,t) attains its
minimum value on ¢ = 0 or on one of the curves C; and Cs.

[Note: This shows that the maximum/minimum principal can apply to non-
linear problems. |



