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QR Factorization

Definition

A square real matrix @ is orthogonal if QT = QL.

Q is orthogonal if, and only if, QTQ =T = QQ".

Example: the permutation matrices P in LU factorization with partial
pivoting are orthogonal.
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The product of orthogonal matrices is an orthogonal matrix.




Proposition
The product of orthogonal matrices is an orthogonal matrix.

Proof. Note that (ST)T = TTST. Further, as S and T' are orthogonal

matrices,

(STYY(ST) =TTSTST =TT (STS)T =TTT = I



Definition
The scalar (dot) (inner) product of two vectors

Z1 Y1

€2 Y2
= _ and y =

Tn Yn

in R™ is
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Ty=yTz =) iy €R

u=ll




Definition
The scalar (dot) (inner) product of two vectors

T Y1
Z2 Y2
B = ) and y =
Tn Yn
in R™ is
n
Ty=yTz =) iy €R
i=1
Definition

Two vectors , y € R™ are orthogonal (perpendicular) if zTy = 0.
A set of vectors {uy,us,...,u,} is an orthogonal set if uzTu

for all 4,5 € {1,2,...,7} such that i # j.




Lemma
The columns of an n X n orthogonal matrix () form an orthogonal set,
which is moreover an orthogonal basis for R™.




Lemma
The columns of an n X n orthogonal matrix () form an orthogonal set,

which is moreover an orthogonal basis for R"™.

Proof. Suppose that @ = [gq1 ¢2 : ¢y), i.e., g; is the jth column of Q.
Then

ar 0
a5 0

[(h q2 ; qn] =



Lemma
The columns of an n X n orthogonal matrix () form an orthogonal set,
which is moreover an orthogonal basis for R"™.

Proof. Suppose that @ = [gq1 ¢2 : ¢y), i.e., g; is the jth column of Q.
Then

qT 10 - 0

T _ 01 --- 0
QQ=I=|" |l ¢ = :

I 0 0 1

Comparing the (i, j)th entries yields

T _ )0 i#]
WLV =g



Note that the columns of an orthogonal matrix are of length 1 as qiTqi =1,
so they form an orthonormal set = they are linearly independent (check!)
— they form an orthonormal basis for R™ as there are n of them. O



Lemma
Ifu e R, Q is an n x n orthogonal matrix and v = Qu, then uTu = vTv. J

Proof. See problem sheet. O



Definition
The outer product of two vectors x and y € R" is

T1Yyr L1y - T1Yn

T T2Yyr X2Yy2 - X2Yn
ry = . . . s

TnYl TpYy2 - Tpln

an n by n matrix (notation: zy* € R"*™). More usefully, if z € R, then

(zy")z = ay'z = 2(y"2) (Zyzzz)




Definition
For w € R™, w # 0, the Householder matrix H(w) € R™*" is the matrix

2 T

Hw)=1- ww" .

wTw




Definition
For w € R™, w # 0, the Householder

matrix H(w) € R™ " is the matrix

2
T ww?.
wHw

Proposition

H(w) is an orthogonal matrix.




Definition
For w € R"™, w # 0, the Householder matrix H(w) € R™ ™ is the matrix

2
ww?.

wTw

Proposition

H(w) is an orthogonal matrix.

Proof.

H(w)H(w)" = (I — wiwwa> (1 - wiwwa)




Lemma
Given u € R", there exists a w € R" such that

=
g
g
]
I
<

say, where a = =V uTu.
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Proof. Take w = y(u — v), where v # 0.
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Proof. Take w = v(u — v), where v # 0. Recall that since H(w) is

orthogonal, uTu = vTv.
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Proof. Take w = «(u — v), where v # 0. Recall that since H(w) is
orthogonal, uTu = vTv. Then

whw = y?(u—0)T(u—v) =y?wTu — 2uMv +vTv)
= (uTu —2uTv +uTu) = 29uT (y(u — v))
= 2ywTu.
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Proof. Take w = «(u — v), where v # 0. Recall that since H(w) is
orthogonal, uTu = vTv. Then

whw = y?(u—0)T(u—v) =y?wTu — 2uMv +vTv)
YV (uTu — 2uTv + uTu) = 2yuT (y(u — v))
= 2ywTu.

11 / 18



Now if u is the first column of the n by n matrix A,

X “ .. ><

a
0
H(w)A = , where x = general entry.

(e B
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Now if u is the first column of the n by n matrix A,

X “ .. ><

a
0

H(w)A = _ , where x = general entry.
0

Similarly for B, we can find @ € R™! such that

B ‘x X%
. 0
H(w)B = : o
0
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Thus,
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Thus,

@ X X -ee X
1 0 ---0 0 B X X
0 Hw)A 0 0
A w -
L H@W) 00 o
0 :
0 0
Note that

1 0 0
<0 H (i) ) = H(wsy), where wy = < o )

13 / 18



Thus if we continue in this manner for the n — 1 steps, we obtain

a X - 0X
) HlwHu @) A~ | 0 7772 (N).
Qt 00 - o
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Thus if we continue in this manner for the n — 1 steps, we obtain

o X - X
Hwn )-- Hlws)H(w)Hw) 4= | © 777 | Z(N).
Q" 0 0 ot

The matrix QT is orthogonal as it is the product of orthogonal
(Householder) matrices.

14 / 18



Thus if we continue in this manner for the n — 1 steps, we obtain

o X - X
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The matrix QT is orthogonal as it is the product of orthogonal
(Householder) matrices.
So we have constructively proved the following result.
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Thus if we continue in this manner for the n — 1 steps, we obtain

a X - 0X
Hw, ) Hw) Hu)H@) a= | © 777 | (N,
Q" 0 0 5

The matrix QT is orthogonal as it is the product of orthogonal
(Householder) matrices.
So we have constructively proved the following result.

Theorem

Given any square matrix A, there exists an orthogonal matrix Q and an
upper triangular matrix R such that

A=QR
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Notes:

Hao



Notes:

@ This could also be established using the Gram—Schmidt Process.
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Notes:

@ This could also be established using the Gram—Schmidt Process.
@ If u is already of the form (a, 0, ---, 0)T, we just take H = I.

© It is not necessary that A is square: if A € R™*™, then we need the
product of (a) m — 1 Householder matrices if m < n —

(LD =a=qr=(LNH(\D)

or (b) n Householder matrices if m > n =

(L)=a=er=(1)(N)

15 / 18



Another useful family of orthogonal matrices are the Givens’ rotation

matrices:
1
c S <~ 4th row
J(i,7,0) = —s c < jth row
1
1
(A

where ¢ = cosf and s = sin 6.
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Exercise: Prove that J(i, j,0).J (i, §,0)T = I— obvious though, since the
columns form an orthonormal basis.
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Exercise: Prove that J(i, j,0).J (i, §,0)T = I— obvious though, since the

columns form an orthonormal basis.

Note that if z = (21, =2, ...,z,)" and y = J(i,j,0)x, then
yp = wg fork#4,j
Yi = CTj+ STj
Y; = —sx;+cxy

and so we can ensure that y; = 0 by choosing x;sin) = x; cos 9, i.e.,

tanf = = or equivalently s = J and ¢c=
ZT; 2 2
x; —|—£L'j ;

T

x2—|—x2

(6.1)
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Thus, unlike the Householder matrices, which introduce lots of zeros by
pre-multiplication, the Givens' matrices introduce a single zero in a chosen
position by pre-multiplication.
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Thus, unlike the Householder matrices, which introduce lots of zeros by
pre-multiplication, the Givens' matrices introduce a single zero in a chosen
position by pre-multiplication.

Since (6.1) can always be satisfied, we only ever think of Givens' matrices
J(1,7) for a specific vector or column with the angle chosen to make a zero
in the jth position, e.g., J(1,2)z tacitly implies that we choose

0 = tan~! x9/11

so that the second entry of J(1,2)z is zero.



Thus, unlike the Householder matrices, which introduce lots of zeros by
pre-multiplication, the Givens' matrices introduce a single zero in a chosen
position by pre-multiplication.

Since (6.1) can always be satisfied, we only ever think of Givens' matrices
J(1,7) for a specific vector or column with the angle chosen to make a zero
in the jth position, e.g., J(1,2)z tacitly implies that we choose

0 = tan~! x9/11

so that the second entry of J(1,2)z is zero.

Similarly, for a matrix A € R™*™, J(i,j)A := J(i,j,0)A, where
0 = tan~! aji/ai;,

i.e., it is the 7th column of A, which is used to define 6 so that



Thus, unlike the Householder matrices, which introduce lots of zeros by
pre-multiplication, the Givens' matrices introduce a single zero in a chosen
position by pre-multiplication.

Since (6.1) can always be satisfied, we only ever think of Givens' matrices
J(1,7) for a specific vector or column with the angle chosen to make a zero
in the jth position, e.g., J(1,2)z tacitly implies that we choose

0 = tan~! x9/11

so that the second entry of J(1,2)z is zero.

Similarly, for a matrix A € R™*™, J(i,j)A := J(i,j,0)A, where
0 = tan~! aji/ai;,

i.e., it is the ith column of A, which is used to define 6 so that
(J(i,7)A)ji = 0. We shall return to these in a later lecture.
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