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Recap on Gaussian Quadrature

Theorem
Let xg < x1 < --+ < x,, be the roots of the n + 1-st degree orthogonal
polynomial ¢, 11 with respect to the inner product

b
(g, h) = / w(z)g(z)h(z) dz,

then the quadrature formula

b n
/ w(e)f@)do ~ 3w () (14.1)
a =0

with weights w; = f;w(m)Ln](a}) dz is exact whenever f € Tlg,4;.
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Gaussian quadrature seems to be much more accurate than Newton-Cotes
quadrature with the same number of nodes, not just for polynomials!



Theorem (Error of Gaussian Quadrature)

Let f € C?""2(a,b), and let x; and w; be as defined above. Then,

b (2n+2) n
/a dx—zw]f IJ f2n+2( /a H

Jj=0

for some n € (a,b).




Recall from Lecture 2: Given data f; = f(x;) and g; = f'(z;) at n+ 1
distinct points

o<1 << Ty,
there exists a unique polynomial p € Ilg, 1 such that p(z;) = f; and
p'(x;) = g; for i = 0,1,...,n, the Hermite interpolating polynomial

n

Pons1(®) =Y [feHn k(@) + gp K k()]
k=0

which can be constructed as follows,

L mw) (- ape) (@ — ) (@ )
(T — 20) -+~ (T — Tp—1)(Tk — Tp1) -+ (Tk — @)

Hyy o (2) = [Loo(2))2(1 = 2(x — x) L, g, (1))

K o(#) = [Lng(2)]* (2 — ).
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the Hermite Interpolating Polynomial Ha, 41 to f at xg,x1,...,%n.
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Proof of Theorem (Error of Gaussian Quadrature). The proof is based on
the Hermite Interpolating Polynomial Ha, 41 to f at xg,x1,...,%n.

The error in Hermite interpolation is (see Lecture 2)

1 . -
f(z) = Hopy1 () = mf@+2 Jl;[ox_l’y

for some n(z) € (a,b). Now Hapiq € Top41, SO

b
/ w(z)Hopt1(z) do = Z’LU]_HQTL+1 xj) Zw]f zj),

7=0

the first identity because Gaussian Quadrature is exact for polynomials of
this degree and the second by interpolation.






Thus
b n
/w(a;)f(m)dx—zwjf(wj)
a 7=0
b
:/ w(z)[f(z) — Hopy1(v)] do

and hence the required result follows from the Integral Mean Value
Theorem as w(x) [Tj_o(z — ;) > 0,



Thus
b n
/w(a;)f(m)da:—zwjf(wj)
a 7=0
b
:/ w(z)[f(z) — Hopy1(v)] do

and hence the required result follows from the Integral Mean Value
Theorem as w(x) [Tj_o(z — ;) > 0,

_ 1)

b n
/a dx—Zw]f =t /a l_lox—x] i
j=



Remark: the “direct” approach of finding Gaussian Quadrature formulae
sometimes works for small n, but is usually hard.



Remark: the “direct” approach of finding Gaussian Quadrature formulae
sometimes works for small n, but is usually hard.

Example. To find the two-point Gauss—Legendre rule wo f(zq) + w1 f(z1)
on (—1,1) with weight function w(z) = 1, we need to be able to integrate
any cubic polynomial exactly, so

1
-1
1
0:/ rdr = woxo+ wizy (14.3)
-1
1
§:/ ?dr = word +wia? (14.4)
-1
1
0:/ dr = werd +wad. (14.5)
-1



Solution: These are four nonlinear equations in four unknowns wg, wy, Zg
and z.
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Tz — :1:11'3 =0

which implies that

for wy, wq # 0, i.e.,

Tox1 (a;l - .CC[))(.CCl + IL’()) =0.
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If 29 = 0, this implies w1 = 0 or 1 = 0 by (14.3), either of which
contradicts (14.4).
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) ()= (5)

Tz — :171:63 =0

which implies that

for wy, we # 0, i.e.,
Tox1 (a;l - .CC[))(.CCl + :L’()) =0.
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contradicts (14.4). Thus zg # 0, and similarly 1 # 0. If 21 =z, (14.3)
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Solution: These are four nonlinear equations in four unknowns wg, wy, Zg
and z;. Equations (14.3) and (14.5) give

) ()= (5)

which implies that
Tz — :171:6% =0

for wy, we # 0, i.e.,

Tox1 (a;l - .CC[))(.CCl + :L’()) =0.

If 29 = 0, this implies w1 = 0 or 1 = 0 by (14.3), either of which
contradicts (14.4). Thus zg # 0, and similarly 1 # 0. If 21 =z, (14.3)
implies w1 = —wp, which contradicts (14.2). So x; = —xg, and hence
(14.3) implies w; = wg. Then (14.2) yields wp = w; = 1 and (14.4) gives

ro=—-L and T

— 1
v =

which are the roots of the Legendre polynomial 22 — i



Piecewise Polynomial Interpolation: Splines

Sometimes a ‘global’ approximation like Lagrange Interpolation is not
appropriate, e.g., for 'rough’ data.
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Piecewise Polynomial Interpolation: Splines

Sometimes a ‘global’ approximation like Lagrange Interpolation is not
appropriate, e.g., for 'rough’ data.

N TN

On the left the Lagrange Interpolant p; ‘wiggles’ through the points, while
on the right a piecewise linear interpolant (‘join the dots’), or linear spline
interpolant, s appears to represent the data better.
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Remark: for any given data s clearly exists and is unique.
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interval [z;_1,x;] for i =1,...,n and continuous on [a, b].
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Remark: for any given data s clearly exists and is unique.

Suppose that a = 29 < x1 < --- < x, = b. Then, s is linear on each

interval [z;_1,x;] for i =1,...,n and continuous on [a, b].
The z;,i=0,1,...,n, are called the knots of the linear spline.
Notation: f € C¥[a,b] if f,f’,..., f* exist and are continuous on [a, b].
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Theorem

Let s be the linear spline interpolation of a function f € C?[a,b] at nodes
ro < a1 < -+ < Tp. Then,

1
1f = slloo < G221 lloo

here h = oz 1) and || f"||a = "(z)].
where glgggl(wl wi—1) and || f"]|o ;g@f;}\f (z)]

12 / 16



Proof. For z € [x;_1,x;], the error from linear interpolation is

£(&) = s() = 31" () - i) (e 1)

where n(z) € (x;-1,x;), by the error formula of the Lagrange interpolating
polynomial p; that interpolates f at x;_; and z; (see Lecture 1).
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where n(z) € (x;-1,x;), by the error formula of the Lagrange interpolating
polynomial p; that interpolates f at x;_; and z; (see Lecture 1).

However,
|(x —2io1) (@ —25)| = (2 — 1) (25 — 2) = =2 +2(w 1 +2;) — 28124,
which has its maximum value when 2x = x; + z;_1, i.e., when

r—Tj—1 =2; — T = %(l’z 7(51‘_1).
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Proof. For z € [x;_1,x;], the error from linear interpolation is

£(&) = s() = 31" () - i) (e 1)

where n(z) € (x;-1,x;), by the error formula of the Lagrange interpolating
polynomial p; that interpolates f at x;_; and z; (see Lecture 1).

However,
|(x —2io1) (@ —25)| = (2 — 1) (25 — 2) = =2 +2(w 1 +2;) — 28124,
which has its maximum value when 2x = x; + z;_1, i.e., when
T—Ti 1 =T; — X = %(:1:z —Ti_1).

Thus for any = € [x;—1, %), i =1,2,...,n,

1 1
(@) =s@)] < Sl e max (2 —zio1)(z —zi)] < §h2||f"|\oo- =

r€[Ti—1,T4]

13 / 16



Note that s may have discontinuous derivatives, but it is a locally defined
approximation, since changing the value of one data point affects the
approximation in only two intervals.
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approximation in only two intervals.

To get greater smoothness but retain some ‘locality’, we can define cubic
splines s € C2[a, b]. For a given ‘partition’,

a=x9g<x1 < - <xp=">,

there are (generally different!) cubic polynomials in each interval (z;_1,z;),
1 =1,...,n, which are 'joined’ at each knot to have continuity and
continuity of s’ and s”.



Note that s may have discontinuous derivatives, but it is a locally defined
approximation, since changing the value of one data point affects the
approximation in only two intervals.

To get greater smoothness but retain some ‘locality’, we can define cubic
splines s € C2[a, b]. For a given ‘partition’,

a=x9g<x1 < - <xp=">,

there are (generally different!) cubic polynomials in each interval (z;_1,z;),
1 =1,...,n, which are 'joined’ at each knot to have continuity and
continuity of s’ and s”.

Interpolating cubic splines also satisfy s(z;) = f; for given data f;,
1=0,1,...,n.



Remark: if there are n intervals, there are 4n free coefficients (four for each
cubic ‘piece’), but 2n interpolation conditions (one each at the ends of each
interval), n — 1 derivative continuity conditions (at 1,...,2,—1) and n — 1
second derivative continuity conditions (at the same points), giving a total
of 4n — 2 conditions (which are linear in the free coefficients).
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Remark: if there are n intervals, there are 4n free coefficients (four for each
cubic ‘piece’), but 2n interpolation conditions (one each at the ends of each
interval), n — 1 derivative continuity conditions (at 1,...,2,—1) and n — 1
second derivative continuity conditions (at the same points), giving a total
of 4n — 2 conditions (which are linear in the free coefficients).

Thus the spline is not unique.

So we need to add two extra conditions to generate a spline that might be
unique.

15 / 16



There are three common ways of doings this:
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(a) specify s'(xz0) = f'(z0) and §'(xy,) = f'(z4); or

16 / 16



There are three common ways of doings this:

() specify s'(z0) = /() and /() = /(z); or
(b) specify s”(xg) =0 = s"(x,) — this gives a natural cubic spline; or
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There are three common ways of doings this:

() specify s'(z0) = /() and /() = /(z); or
(b) specify s”(xg) =0 = s"(x,) — this gives a natural cubic spline; or

(c) enforce continuity of s

at x1 and x,_; (which implies that the first
two pieces are the same cubic spline, i.e., on [zg, z2], and similarly for
the last two pieces, i.e., on [x,_2,x,], from which it follows that x;
and x,,_1 are not knots! — this is usually described as the ‘not a knot’

end-conditions).

16 / 16
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