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Do not lecture this example.

lnk@rz&w«\ m"‘%i o)

( dx inkcgrat o)
i e
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= g\ £ ¢ du e ZE%(H"{/&) 2 Zi\n.
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5.1

§. ﬂw\‘dxu/( f%&«jypl—o\'\c_ Ex()ms'\ms

El Sinﬁukox ?&Maﬁ%»

‘é"_“_/‘_“_(’_(z Zj” + j/ “+ jz @) o< < nfo\za, 3(1)--5‘

E..f.? d"\’ 4= 0. Hence W= AQ"C) which Cannch Sox\—\‘ge\-‘ et
'.bownob\ri condiions ggm o)
This is & stnquloy f\aerM\:o.\—fm Proden

More. W Suppese D& IS a di%‘ff\h’&k opador that depPrAds on

o S (aafovme,\-t( £, e.q. D& =£d2/dxz +dé\><+“

Tron o oifferenhial evah’m By=0 WSt 'EW conditiong s o
Si'\%m @Q{W’Dcx)ﬁlm “}?Q)Is(% LC


Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle


$S.2
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[Sincs Ao sduten of Doy canck saksfy BCs (n geracak |

S\AP\:OSZ L = 82‘__'( + lower odler dedvatives.

Ao

¥ Over most of ‘f‘k&mr\%) E‘Olkj is small anel &3&413(1&: D,‘j-:o
Ax<

to 3300\ 0\?9"0)(!' manon.

¥ |In soma rca\ms, ﬂ(? 7C0J/h1 neos boundaries Edkj is not Smadl
~ dxk
ond 4 odjusts o sakisfy BCs.

(/M/ ug(,m/( Pr’OCQJM(& ﬁr ﬁhp(mj a Sdwhen h a S/hju(a/ ot problesr 5.


Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle
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(2‘) %\’Q{M\’f\ﬁ. M SC&\A‘/\% n % 'bck.\.no\ou'j (CLKM 63.

A ) A
XL TEX er x=&2 C

(¥) Find The ast\rw\:\chc expansions inthe bcundéu‘j (Q-je-rs (“inner " sdution )
ond owrside the Abaw\o\.&fi \cua,us ( “outer “ sdutons > ‘

) Fix dne constants of infeqrahon in These solutins by
— demancling e inner scuations .swl-zrfv 4 BCs

- “matehing” - ensunng tre expansion ¢ The inner and outer solusrrons
a.jree, in an wer/alp rej/m Aa‘wecﬂ‘fham

Thes is the mefrod o Hatchue Aeymplshe Expansions

Revios Dampe ej“ + ‘j{ +y=0 o<x< !, o) =a, yiN=b,
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|loft Hand ‘Bm«\mi\ Sealing S.4

| -2 -
dﬁ/dx_é‘:d,_ and ETE AN 4 &7y +YL=0
ax d‘iz_ dIL
Dominant bBlonce |- 2e¢ = =X .. o=\, Hence ’bc:wndwn laapx has widha q}cm\@_)'
Riaht Hond Boundocy Louer © Foceads smi(a.rj with o€ = [+ C‘ng , YxI=Yr(xg)
J < Q ‘
One —Fndf @:: [

Develop fohv o |
() Ao \o,m WMW (ovd-cr "eaxon), exPovncl 3(:;) ~ jowb,o"”'*'sﬂmt,:(")*'"

as £ 0% with X, - = ord (1)

(2) keft Hand Edmdwj et X =€X_ and promo(

GOEY = Y (XY & Yoo (XY + EYL (L) 40 a5 ES0T witn 3 =ond()
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(3) R\Sm hand bowndary. ek = HEXg and xpaad $S

Yo = Yr (X)) ~ Yro(Xe) + £4R,1 () +- X £-50% with ~Xgaord (1)

Left hand boundany oy

e 4 dy. +EY =0  LLZFO .

[

a2 oL
2 |
O(E") d 3,_,0 o dju.o =0 >, >0, ol ) d?j;.,. + Ol&l_,c +‘j =0, X, >0,
e e 4 — —= L0
ax* 4, dx dot,

e 4 -2
T ?:7—" 31—;‘ - ALJ ‘\.?Ltle- 1|—-l— (BL,QI«LQ e
ﬂl—(o = ALIO + L,O “AL‘GIL

BC Yo (0 =2, A, (0) = O ALotBLo =25 ALitBL, =0,
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Right hand W layos S-€

2
d 'JR + C‘-BK + Q_\:&R = xe <0
d=g dxXr

~XR

hs win ot hand lager  YrolXe) = Bro Bro “ .
4R (xXe) = Agy+Bg e R+ (BroXre  —Ag 35&)

woith @rR.O'\'%e,o =b s A@‘ *B“‘ =0

(xe< 0)

Quler regen
2
ed Hout 4 Afﬁff’\' - dm\.=o o< < |
dx* o
O(£°) yeut,o0 + Your,0 =0 o(e')  dyuu, s 1 ==t o
o> g 'i‘ﬁ‘
Sdve = A . - ¢
SN 30»;*',0 = Aot,c€ 30\&\-,\ "-'-'Aow\‘,\e— "'Aou.\-,azce'

lnstend of applyng BCs o =01, we need o makch with e 4 and et
bowndory LOW\U shutions
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dea: “There is an overlap, or intemadiale, reqion where babn 2xpansions \s+

— had MO\W%& are eo\:sa.\.

Henee  Inhodmee an intermedinte SCD..L&/Lg, :C=—87§— wihh 0<X¥< 1, Then

with >0, X =crd (1)

<~ =€e%% 50, ==& =& as £->07

A\
Ma{'dr\(ms \’CC\/\N\'(QQ _¥Pansions e = -ecu«odk as €50t wh §c>o/=c==rdf')

A
e 4 (ET'R ) v e le¥R) as Esct i
A A
x)o/:C‘a:ord(!)
We have . o S
| 31.(8\‘"36} = AL +Bs € + O(e)
w-\-"
exp:%hqlbj
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S ¥
S&'mﬁ -Q)‘PMSfOﬂ.S AL_'Q ‘-"-Acw\')o e jL,o (oo )= 50\\'\-,0 (0>

Hatehing omter and, nqk’r hand bowndary oy o
o 0<y< |, As £-0T, with x<O

andl :/C\=OfOL(()
let €= \+€3x

Ye (DCR_EX- gc> Aro+ BroC

—(l+€-1“:c:}
3&% (I l"'ZYDC> = Acu\-o + 0 (E}

= Moo (1—e¥x +o(22”)> +o(e)
e

Sovene Q%PMSLMS‘ N Bg‘o = O) 'Aow\-,o =€A2,o

F{L,o +BL.,O =a; AR‘O"'gR,O =b E {AL,O =€_l:> ) Aow",o = e,k g
: Ao = Aouk,0 ; Bro =0, Aati0 el Beo=a-eb ,; Ago =b; Bro=0

-, _ = _
Y (L) S (aeb)E feke(X1= €08 dRolTe) =5,
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Evact Sahim s y(x) = A —Ae Lfor 08X s

w(‘h« A-j' = aeAt—E 4:‘2 = —|=x /|_.¢+£
AE

/

g->0"
Using &xpamsions Ay = —1+0(8) A =~lg + |l+o(e) @S
o Show) x, ) +0(g) as g=o07 i '351_70,351.:0“"’((‘)

j(éx,_) = Yol N
+ i 0gX <) Wi
(j(x) = ‘jowhc:(x) + ofe) os €07 o)

Y(HE%e) = Ygo(za) +OCE) as £30T  wlin Xe<O xq=odk (1)
Higher order Tatehing

U\s.m&’\’w., U.oo\.wi ordar scnm,

-
31-' (3&_\ = - Qb >, + (Q—Q\OBILQ “ 4 AL/‘ - ’EL" e
’ xR

Y2 Fm% A,«g/\er orcler sduhion 1s j/’r/ex\ /:2('

""xL
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Recall BCS \j]_‘\ (0) =0 ﬂg‘( (cﬂ=0 AL,l +EL,I ':Aﬁ" ‘("Ble‘, =0 S0

Mo\k)\mg latt hand bcwnokaui Lo»d-e.r oncl onkrr c-eS\m

Where X = ¥ o< ¥ <I

/

hs 8-90+ wl”% :C>o 'JC—-cro(Ct)

X&) + aﬁ._ (€% 2Y +o0(&%)

Y (. = E’:kx) —jz.o( o
¥ _ A -

(e!c+( -eh)e ’C) + E’_(—QJ::E’,X 2 +(a-eb)E® 2
+ AL +Bie _87’&)

+0(e?)

N
=eh — Q.\:DE,Y:C +eALn + 0(€%)

oo (€¥5) + By (E72) +0(E)

ebe'gwx + £< ebexvc(\ e¥= +o(e" \>
Q- evis 0leT)) + Aokt (I- a\(i+o(ezv)>) +O(e*)

Youk (x=£YD/Z) =
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_ ebe¥L + Shai, +O(EWT,EZY EY) S|
N\ 2 -
LWYN/.J_ fo _nSuse
2y le \ l
Sﬁme exf simd AL,\ = Acut, 1 &C:m od . N
pec b 0Ce) tem

— QEZU;C\ onses :Q—un 3%\',0 Q.v-en"hﬁcush s
harar ordas onrd anses fom Yo inthe

RxponS (o0 C*—’h«.Q LLH inner

: Sut(:c=a“:/€\ = eb

Noe  gome Yeams jm‘;oro(ﬁ—r .

[‘_‘lg\_‘\_‘__cﬁ,mi Qt‘awr hanol bow«\d@ﬁ _l__aa,e.r omd ot
+ ks 2307 with Qc<o 5 5\c=oro(fl), 7c,g=£"’"-£
Ye (e =¥ &) = Yrio (e¥'%) +eyg, (e7'%) +o(e?)
=b + E(—b&: X4 Ar,i +ER“€:E?—[£> +0(e")

=B, € +o - gjb% + € Ae, + O(E7)

vah‘qu
ading l-oni\
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5.2
A A
As £-0 with 5\c<o, o =orc (1), >x = l+£%

A 2
ﬂoul’ (x:\—!—a\‘;\c} = Yeuto (1 ixé) +Edu\.‘,(l+£:7:c) -;—Y?Ce )
c ~(1+
= Q\::Q:(HSYI) +g€eb(l+€7£>€(‘ :c)+
+Q(e*)

= b(1—e¥x +o (™))

Aa.\ e: ( (~ €Y£>>
b

v i(-—\o(l-ez\’-;c\ )(\-g*a? +0(£7%))+ Aok, (\-e¥= +—oce“)>)

=
+0(&%)

2% o TY ot
-::E —QYED/E "‘Elb +€Am¥,\/6+0(€ 18 'e)

As afere  YOIL

gowne, QXPM%[DI\S 1 } AR‘\ = Aou.\-,\/é’b ) ER'\ = OJ

Hence 8 Ay+ B = Aru+Bri =0

E ‘ {AR.FBR.FO
obnig Aot = ooty Bri =0 Aru=Aubnjp — Aot =A== Br

=eb


Eamonn
Rectangle

Eamonn
Rectangle


S Youk 130) Scxh‘s{lz‘s BC o& x

Hewever lim - A
=g ncb&'( ) #

31-,! (x) = "e—\oil_ -+ Ca..e,bkx,_e."z‘- +-€b((-€ —3"") 5.2
Yeut,1 (X) = -ebx e ™ +ebe™ ™
3R,l (I—) - - \:.Xe'
Yoty = lim ( ebe X + geb(i-x )€ +o(e?)) = b+ o(e?)
xX=>1 x> |
: o [ = lm -2C _ -4 2 =
Jim g B = (ebe™* 4+ geb(i-x)e ™ +0(e?) = @o+ 0(€)

=1, ot Uast fo O(€?) 2 Boundany lowger not rﬂtfw'fed af x=1,
: Bowndary Lmau ot X =0 re(\/uifed.

Van Pyke's H&‘rc\r\xr\& Rk
. Using e intermediate vouriable ) yields lon3 cal ealatins

- Vo Dake's ma\'dm'r\% rule is %m‘c\(e( ond uSuauLi wecks ¢

m temsg innes [(n terms Ou\-er)] =n fems outer [(m terms (nn,o/)]
- —

— )

e —
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5.4 n tTerms in tThe outer xPawsion, M tems in the nner expansia
wnhen in +eams o@-h«e inner vewable = wrten in +eems o e outer

amd expondad to m?hordec ia the Yoviable and xpanded to
inngr vortololl Nt order in the entor vaabl

Example At e left hand Boundacy . Yy (2, ) = ALet (a-—A..,,)e-:x" + o(€)
‘dov.(—{:c) = A‘,“\L.o Q,°x+0(83 , =€,
LHS 4 dermader = Aoutoe T
Acd,0 @ Tt

Aeut,o (14 O(EXLY)

i

i)

RHS 1 4eom ianer ALo *+ (d-AL,o)Q“xL

= ALpo +(a—AL,o)e—_x/£ = ALo * Q"P“"“*‘"\\H

Small

Ackto = | +eem inn@[(l*ﬁmm&r\]= l+4mad-€rgl+ﬂmfnwﬂ=/‘n.‘o

AL,Q = Acw\-,o = Qb
T usma'BC ot X =), nohas ‘ere (s

g bowr\dN\} lcu%,o.r Tere.
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Necke  Tlhus qives lim Your o (x) = hm Y L(>¢.) as Fre,vrcu\s(;j observed m{

>0 x’__; 0

Exomple 2”0( order mod-d»vma

LHS, 2 teem outer = Acut,a e"x = E(Ac‘d’:‘ e~ "A““"'laxe-x)

. € )

€X —ex
L+ e(Aad1e F-cbexe

]

be

ek —gebx; + €had 1 +0(e?)

RHS Qe wnse = Ao+ (a-ALede t +E(ALi—AL€ oA,
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-2C
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Small term g |
NOhAﬁ AL =2, we have AL,\ = Aowl',t = el
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‘ 3 v () = e,be'x + EQ‘:(I—DC)Q -
o ow ] i 2
Yo (XL) = eb + (a-eb)e L + € (e.b(\—e. ) -2l + (a-eb)x,e )
+...

Execcase rﬁ?‘“‘* {-‘0( 1 {emn 1anee [(2 Mso«!-er)-] = 2 +exms ounrer [(l term fnm)z

WOL(M'\& Teealt Lo&ari‘hﬂmlt terms as AQ(1) in Von Dyke's ma-}-chms cule duwe ke 'h"-e.«'r
Site relahve o powess,

Co-npos{He Exponsion

Aen o combine inner and ouker expansins fo cbtein a Mm'-ﬁsmfu, valid, expngiom
(fr plothng etc)

Momposite = (p +erms outer) + (ptems inner) — ptemsinnes [( prerms ou’rer)] pelN
.

e S

R )

P termg ewker [( p teans t’nner)]
by VaaRyke. .
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Ywice n fhe overlap reqion.

EKamp(Q
P=1 ‘j@apos{l-e = Yeut,o (x) + L0 (1/83 — 4 term ianer [(“ﬂma«kﬂ—l
= ebe ™ 4ol + (q-eb)eﬁ-x/g - eb
o= Qb.g-:c -+ (Q—Qb)e.-x/e
P=2  Yeomposde = Yao(%) + €k, (2) + Yuo (%) + €Y, (X )

= 2 term inner [(24-&,,.%,)]

—y _x
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- -.I/
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- - -,
= ebe ™ +(a-eb)(Hx)e e _geb(1-%)e T —eebe €
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b left hand bowndaxi e, ‘oeﬂom with scabnj x= EZ“DC,_) qx) =Y,

T L e gy =0

Obch dx)
(i ‘X
oA=0 Ralance
X<
O< Dcmi:ou\'l:

1 i\
o =1 Ralance

/[\
ol >l Deminank

Qubktr Schuhen

Overlap reqion

'nn-e.r' Sd/w\'\‘oh

Sub- inner

’l/ke inner and outer sduhons cam be matdud as 'l‘h-e«d shacre a commen {em

what 1S dominant (n the o\/erla(J reatbv\
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“Thece afe huo dominant balances

ol = O(outeer) onol = | (inner)

These correspend fo O\fsﬁnﬂuﬁS\\Qd ks i which x =ord (1) and x=ord(€)
FQS‘J-QOHVQ%,
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decons on approadnag te ouker reqion. &

/
ST VCV\G\A&\“
W\’\W\Qeme\Q
- New exovm\;m
83" +'{>(DC)3/+C\/(=C)3—-G 0<X < |
O<EK |

3(0):,5\ &(O =%
Smodh’\/ rp(x\> Q

g
Rt bowno\cm,\ \aﬂff ng\\%&g&
09 o
lot <= \-\-SI 3(5:3 j JC-) RS
1= ‘jg +p( (4 8%) —‘jﬁ .;-o\'\-\-cg:c) Yo =
52" () +olf)
P(ﬁ-&-o(é’) &

Only balance witn yi 18 bebesn 17&2hems [e=9]
jn'e' -{P(D 4 E‘gp’(ﬂ-\--qgé +g[o\_m+ ax({(m... ]3‘2 =0

Wit Yo (%)~ Ye,o0t B4, +

o(g°) ‘i;.o*‘ ij{z‘a = O
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(1H X

" YR () = TI+Ke

Ha\-e)\u‘»\% Mg o (-82) with ke imphas K=0, as we have

a@ww Blows up.
\iﬁ‘o(;c,\) = A and ne rw?wl vanohmnm  w ’ocw«icwé ld.d&c
L No boundamy loyer «ec\,w’ce.d‘

A
._:FCOD a

A
j(x]-"ﬂl-(;“\); x=£X, 3‘-'°=M+NQ

Resible b makthe oder sdadicn withad N=0, as Yu,e(10)
.F:‘{te, e Com have ’ccwmdov\g lag,u) ‘:l\MS\\o..H,Lﬂ ooove Shtemunt

Exompe
e " 42£ (-£%) =0 i<l Q(x1)=21]

v Owter sduhion OY\.Q..OQ, ‘F):O)‘, -1,

. Neoar LW bmo\% J@:—-\ oK; S\M»(\A:Li ‘C"‘""‘“‘f

RH bounday
M\W n M%‘ﬁn'if

lok x=xteX £(x1=F ()

F" 4+ 2F(-F*) =0 X € (-00,09)
F = %I as X=> T 20
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Sehon  F (%) = fanh (X— Xx)
L— constomt,

_ D) as ban saksfy OPE.
By symmery (%) £

-F(OW'-'-—-Q@) o o= X = O
‘F = o K’C/a) Aﬂreszs woith exack admiion

a@w\‘\dc\,\% congie Yo SCe,

Rsihon & honsdnen \eses
asyTn CQ \ \XL WKET mod) b &ﬂmo( Sc_ar\;ﬁ.

CQ\/'\ oo aw\c\_i,\dwk sl
c)‘f oWV &

5.3 Bondany Lowass & TOES
2
Exoenple  (2D) _u_pV'r = E’.VZT L r=X2-'=12>|
. ! wih T=1 on =l ark TD0 a8 (oo
= ueTe, (k) werxes

Oder T T+Elx © 1+ oS g 50" with reod(1),

o(£°) WYT, =0, T,>0 as r>oo, > (Oues)
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G 0()  hak §me i

A\

A N
T=Te+e Tl +-

A /N A
ZQCOSQ ‘_3_:_\_0 ~2s5n839T = 6_1:5 |

a9 3?7.
A A
rC e on e-—r-'G wih T, >0 ase-%w to
maken onker,
(Lsmc:b q ocker  Oudwe lmb ofinmee €
faa Wrnvkeleder 20 )

Sep_ TN : /::' = (8)
/\k Si \c'm‘-ﬂ i\\mhcn A ferm :— £l 4 £3
oL = qf e = g% " 2T = ¢g'p"

s S

39 6?2 NS
chcsej(@-? ' =2sin@ eq'(e) £ te 32(6)-F :

) ) fexercise: Show this i§
i ( F 3(9>>P [2‘:"59 - 25n0q10) | = | nmosy

d firmi
Sz (@) 32 constant and con |rm;r:g
' the same result for |g
' = is found
< -Vve enltont ( iﬁ nek —ve 3C waill Blews wi>
given g>0

% (D e &O) WLOG
Sez’r CC?KLSW‘" =~ '

oo 3
o  Slve 2@593(63 —2sin9q (8) ==q%®) \‘5“‘“}‘“‘“@
-Pmcf\:?:wwoh

i | . ' = s weld
het q = eh will convert tis o a \near BOE | el

Rad g(o) = 1sin® | 2 sukabe
J+ wse) Y2 davhin.

While J is the constant of integration ... <1 means blow up ... > 1 means
T=1 for theta = Pi ... makes no sense ... upstream heated ... hence choose J= 1.
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While J is the constant of integration ... < 1 means blow up ... > 1 means 
T=1 for theta = Pi ... makes no sense ... upstream heated  ... hence choose J= 1.
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indeed WLOG by solving 
for a general negative 
constant and confirming 

the same result for 
is found 
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x>, 3(\')-‘:0,3(00): |

0< ek

WL%&( at (4\.(1.,\;.\_.! l03$

() +ex 4y =°

‘—\‘;3 3 2 ﬂo (e \ i § ‘i?-(x) 4 - :V;?WIEZ'Z i)r(;)?:smn is incorrect a posteriori (hence the y2) ... to see
0(80) (x?gol)'=o . = \_ '/x uS\(\ﬁ bmmmwha\vs'

<y = =1+
= Alr=") ~ I -tn_:_
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1 el ) !
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a e con Ot \' -%run 3

->0, X =erd (1)
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Ty 2= Yoy =1+ EEN(0) it 6,6

d (x*dY ) +eb X+ e Xl 2o
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X’ dx R TR
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Know this expansion is incorrect a posteriori (hence the y2) ... to see why, let's try it 
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= o

yrv L= €% feroder . Lk =€, B=
p &
|+&,Y ~ \"Ef —eh(e

N

xX

cl-g% 4 (1—)Elnl- elns

} ) e
eyt berm "~ dven scaky wita€
sealas with Kl’ln'/C

L We shodd have wrllen Y ~ Yol Felnl Yu(x) +eqa(x) +-

for the outer ...

Now we Can malch....

(:xzth/ =0 xd,(:c)-_- C_(‘;- Vx3 usins (=0

5% l C‘(A \n )
lr\ [.‘(‘JC)} . A m\'cmadmk’,

for the outer ...
R RS elni}[c g _] .
i 3
can now match

leading order

| ~d = C—o( Mol C

Y ~ (:-— ) +eml(i-1) +0Ce)
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In! g%lnly aﬁn'/ )’2 er....
E)(PM%(O'V\ Segvencl- ‘) Ené‘) 8) () cl, 7/

Van ’Dnl‘«z._ ke works  only (- (Inlg ) 4reoded ac a(),

but we've used In(1/epsilon)>>1 in the expansions, so not self-consistent, and thus not
satisfactory.
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but we've used ln(1/epsilon)>>1 in the expansions, so not self-consistent, and thus not 
satisfactory. 
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VG Secmdar  Condinong
o with

Howewer o suppress resemomde W et expon

2
o slow-slow twmescake T, = o

To see this, simpler example (do not lecture)

Y+ 2ex +x =0
L = Ae:ebCOS(,!\—g’ I'b +'B§
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3 29 alsove
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of the Van der Pol oscillator
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X
, i %
de j\ U.._,:_Cis‘: gordCD quz—f»d.lx (15 =od(X) asX>x
o

(o]

 Fer uy(x,X) h be bounded, we must have

O\\ac, *"P(-"C)
d 2 | [ %)
£ (e ) =0 [
' l X
S
oD(X,S)

W) =2, u.() =b

-

¥ g o " \norvm%,ea'\%ed" aDE
_'\{.B l@ D(Y,S) is 'Feﬂbouc, 5% ob'('b\ @Ao& ﬂ) ’Dﬂ Smpb.{«_u
by taling X N . o [ : ] ‘

(5
X80

In igher dimensiond. pobloms, geaadicdy ctken has fs ke ascurmed
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7 WKR Mefhod . |

. Also knoan as WKR]
Ater Wedzel, Ko, Beillowi (19208) J nhere T s e Telfetes.
Ficsh vged bA(—-‘w\vi\‘-e

mporka ok 10 seri-clossicok analysis of %mm mmcgm ~ (3

E)(MAPQ

concls

2, M i
N

O<Ef k)

o§ 5 y= Reos[¥pt0) ;KON

H\s\,\ GQ‘V'M% oscllakons. Wit if .Qecc.em.j of oscillahiin dlepeads

on the Sl scolke ...

Exampe "
XA X C'Lt&_f%x).i:o cL(:t\>O
0c¢ce « |
Ty ewdbiphe scalas xeX - dy a\/(e X)i = Q
TN dx?—
heak =, X as indepeadevd
dy _ 1
= M, We Y = [O S
= 4+ 3 (éx-&— 8&»‘-&

M X W w
2 Y F28Y.x + £%Yaee T9(X)4 =0

M ‘d‘:\iobcﬂd +£’3!(X/x) e
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1.2

‘jo)()(‘\"‘/(x)agr:o y ESo:’R(xSCOS(Jc'_pc—)'X+Q(x)\

" ordar \jqxx **‘\gx):\\ = ”Z‘ioac)(
= “2‘32(1’.)( J{(E X +6('17qu

=+ ‘:@ R(x)sn (@X-& 6(1\\1 .

[@P R(:c]sm [ Xtgko)+2 ?({FX+e(x3) 1%

os{ =) X+ €11

B terms o RS are reson R,
' =0 = (q'R 2 ([ X+8lx
Seculac cndiins ;3 (fgERed)=0 = [{R S (e

. . el s
CL?O . BEdeer R(¢) =0 (4ol sdubim obovious and us 3

o 3 o) =0 e 2 ([FT)X+6k)=0
24

)

(e X = "'9/5() %‘@th’ﬂﬁﬂ
%:):C(J—_'5 Counmetr tee

=1

viad '}”ﬂk

"\QPP?MS whanexer P-cvuw.os cg/ -exs'(- asallakion dr\%('s JQ’ "“?"

on o sleoscada .

Tn:\ o WK _APOASIEN 3:@9(*&?@7 A('x,i')
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§'= ePe[vany, A #3

nn: Q(QIQ(:%'(L~Q|A/€+A,) e (‘Q'Aé'('A’)']

?e_"celi { ¢ '2 A " 7-LCP'A ‘H-CP"A -l-A ].Hﬁf%A A
g= 5

e A" 4 ?21’8&9'&?-\- {_?'z +HEQ" + %:%A =0

ok A=A+ A
o(£°) S-q'?4qA, =0 = F Ao, =g

) 2K, +E'A + ETH4TA =0
o
A+ @' =
Pro @'

oy | = oL el
\°3A°°€-Gr\s¥ s A (Wz

O(g**") A'r’)_‘ i Zu‘cp'A:\ +;C€“An e

"

(@ Vaa )= - Al

21 ( )"7.

L

o = An—- (S)
e )" 7% T 5 ds
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2.4

AX \-Qoxo\m&oro(af T
yo s el |+ S orlifme]
(qun ™ (400]"™
In PWVLQ, msohijcrdﬁ.ﬂ a(_‘, GC

GSA/\C}C&&v \&g kacion .

Hetnod breaks doun near q9 =0, as MMF\.\"MO‘Q Blows “p.

1'\" Frx o M/\«} ev\b
CDnS\d.lchd
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p7.5 removed ... not lectured. ; ‘6
p 7.6, 7.7 do not lecture in 2019

Example
Find eigenuaiugs wth Am| for prx) & posihire funchon and

3" -\-’Xp(‘x)j-'—‘- 0<:C<\ 5(o)=o am-:o
lat A=k, , O<EK). Then

2 .1 £

ey P2y =0 9

\Ple L o' < e"Anlx)

WKE bt y=e TEAGE) ~ e S

o 1= , b it R Zif P(S)AHJ
o) gt=p ¢ EERE - g

I ° A Cmsfﬁ
0(€)  2@/A +r@"A =0
Two \(f\ . \f\dﬂ—ﬁéﬂdﬂ‘v\’r Sd/w"LOV\S

e Ao@,@le e e

Generl sdubion, of \oading |
=\ sin | (%)
\j Ly olAabﬂeos(ce(I)/a\ i gA’( = kce/£>
w,@ef’R.

l
Sm. A.“ “CJ\& '

. o =0

3(0):0 E‘M " uadmsm ou(j ,é‘ ﬁAe(,)sm(‘fg))___},Oy

3(" =0 sohs

. .
We have AO(\\ 750, (3>O ga o ron—trviah Thaduan
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EX&M?(Q_ Serui- Classicol &uMM,Tumxgﬂ%\/\ .

The ron-dimensionol s#caol\ej shate Schrodinge” einah‘cn for the even wave-
e -al | ' ’
fumchons ¢ The simple. harmonk oscillater is given by

u_le% =_E,}L
A el X =260, %l/") =0.

Fd fhe lame, E>1, ey eiqeavahias.
'Tke/n, deP'hﬂ ba“(s/

Lok \d:,"‘, x—.—i/\lz—. wibh E.='/E~
ezgn_‘_(‘_xz\ﬂ = 0

n(w')':_o /3’(0) =0, Oegxkl!,

>0
ot y= e YE AluE) ~ e ¥t S eAn(x)

WKB o(¢°) @' = £fi-x? o(e') Ao= _const
e (1—x2)4
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4.2

H-enCQ )
For 0< X< | g d P Mo ‘-/g f J1-5* ds N Nc e.. Ye L /'..51' ol
(1-= ')'/"‘ (1-x2) "%

v B cosf [V ds ) iy glo=c

(1-x®)'M
%
For o> ~ Co e—’/e.r‘ JS2—1 ds

Laal) "4

usthﬂ j(aa).—..o

However, Thase 'breakdoan neasr oczxl as =20

Resolve  Wsing matehed osswph\'\lﬂ
= N

Innec veqon amwnd %= et ¢ = |+ §(@X Y (X) = Gle) ylx)

e &, (1—-(\+26,><+ &)Y =0

Domiaant balince  when 26"3= €% . ket d;= _8:_/:'" §, undeferswiad as 4ot
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3.3

N ‘éW\&\“ “QL\ 1]

With Y=Y, (X) +e(1)
0o _x¥o =0 : % =RA(X) +SB(x) whee B are Aicy funchons,

AX?
A{f 'Emdﬁoxk_ﬂ ?)2
% L (s (13 dt o~ Q—%x as X -3
AL (XY = = go cos( /3+>(1‘:7 X 60
~ ("“( o Sin (?,g (-x)3/’+ﬂ7q) us X—=> = o2
w (=X
3
BL(X\ il 1-';&\ QXP(""H'/?)'PXt)dt ~ J’FIXV‘( -2.2/3)( ‘ as X =2 a0
i \[..,'( X7 C‘”(z’s ('X)z/’+7'74) TS
= (-

Maching \nnac (x-2s0) witn RF adter (x-17)

3.:0 edse Yy blows up as X— oo,
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2.4

‘ " x% Vi ke o
0n mo:f'oh(v\j e,vex{h«mi scokes wsith ;(--';4 e whetwr wing MDU

inrermadiae reqion. Nouve_Lﬂ e SQ" s«mp\: 0= 0. Twus, on m“*"”“"i
- 3
insist twe coefficiinty In front of — X% mateh,

l/4

Makeh A (intermediahe vanclola )
let =-\= 6'(3 e = dX (0<@< 1) with £ = ord (1) x>, X 00, A

(S\I-P)‘/q [_2 L 2 3/2]
Yo = R 5"1!) Z\F‘T 5t s e \5.‘—3)3/2

< 2
o 5 w &P ["/af Js*-1 'ds] $-1=(s-Nst) , 8= l::”]
E:c-\)(x-n)] g’:’cf—_—"sz_' ds = go ,71/12:/,_ r—'lH_ " 0‘47

3.
= J'Z-'.Z/g(-x_..o z4..

A3
- 2_‘!:2-‘ 6"‘3,3/7.1 /7. +
3

. x : 22" Faln g ...
- '/af‘ ,/s‘l-\ 043 = (2"38 )3,1 J
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3.5

| Y A3
' Y’-‘ 623 ~  Q 0(7_(8) AP ‘ ;\Cglz +er Re S, L P % ":"c—./zzz
2F gh g L@

% 2/ y L oY,
62'-:6‘4:(2}2"3) =2_’1:€é ond @0 = —— Ro

(x-a\').

Makehing innec (X-5-00) witn L¥ onkes
with £=orvl(\)l 21, X=>=a0, §c\< o

\et =< -l = 5,’:?. = §X  (oc¥<t)

Noo= . .E'_- ~ ’Ro (5\)_‘7 i _Z_. _ ) ™
/o ?o AL (8\\—'{5 \ﬁ?‘(_i\‘lq, Sin (3 ( AL (Jl‘-w)%- + T >

\ |
3 o R COS( ‘\T/ue e "é" gx\i \—S2 o(s> Ul‘&'tn% g;g \—-g* dS ='T/q

2% (%)™ 67"
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e -~ !
(] - — 2{-21 = /2.
B el o )
: 5=|--|1 " \A\'CSM‘ and
i “5‘,\‘3\['__';;"= /R Vy
% ‘ cos('V - 27 5?”’:. (—:2)3‘14-... ) ey
2% (___;E)’q J‘Wq 4€ 3£
|
-g I
2 ( .\-7) 35
-\ 3
5 oA
~ &Y, = Ro sm("? + 2, (=< )/,_ l
T R 7o b
AN, |
with w= 25 (-2 5y B cos[e - W 2 "
3 (5% 27 ° ( ) = sm( +N)
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For %, 70
or #" tam 4—_"5-;) *-60‘7(174) = | as £-> 0 1.5

BB
Ge E+n1\’ as N=> o, wth ne IN
En=_‘_ = |+ 4n oS n=>p0, fer A
En ) the %M'S&i \a,ve,(s
anﬁ,ms ‘ﬂclds TN\ A aw) =
o(F) - HA THO o R 2R
\ﬁ‘:\ (oMQch.cn
Jcemmlo\
- =2 (g
o
y ~ Qo &3 ’/gaS: [s%=1 " ds
" (x2-1)" el
. '/a 3/ }
2 & [_-' Q, Ac ( 2% (x~1) < & |
s"e =

2-1" G ws( f\[\——si'a(s> x< | En= ., s

() ™ ) S
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