Covariant derivatives and notation

The notation V,X” means the (a, b) component of the (1,1)
tensor (field) VX. Annoyingly, we might sometimes want to take a
derivative of the scalar field X? (the a-th component of X with
respect to some chosen coordinate system), and this is, in general,
not the same thing. The only good notation for this is 9,X?. For
example,

VxY = X3V, (Ybdy)
= X3(9,YP)dp + X?YE(V,0p)
= X?(8,YP)0p + X?YPré, 0.
e (aayb + FSCYC> B
= X2(V,YP)o,



On the other hand, in the following derivation we are expanding
Vn using the Leibniz rule for V, and so when we write V1, we
mean (as always) the (a, b) component of the (0,2) tensor (field)
Vn, not the operator V, applied to the b-th component of n! (If
we had meant this, we would have simply written 0,7p).

(0amp)X® + 1(92X") = da(npX®)
= va(77bXb)
= (Van) X? + 1p(VaX")
= (Vanp)X® + np(0.XP + T5.X).



An alternative way to keep everything clear would be to write
(VX),? for the (a, b)-th component of VX, and to write V,X? to
mean the a-th component of VX? (where, since we have picked
coordinates, X® is simply a scalar function for each choice of b).

Unfortunately this is not the standard notation!



2021 Question 1 b)

A satellite orbits the Earth in a circular orbit at a radius rs (in
Schwarzschild coordinates), and Alice stands on the surface of the
Earth, which has radius r4. No external forces act on the satellite.
Each time the satellite passes directly above Alice, it emits a radial
light ray, which is then received by Alice.

Let the proper time along the worldline of the satellite be 75, and
let the proper time along Alice’s worldline be 74. At the moment
when the satellite first emits a light ray, its clock reads 7¢ = 0, and
when Alice first receives the light ray, her clock reads 74 = 0.
Subsequent signals are emitted by the satellite when its clock reads
7s = T(s,n) (for n € N), and received by Alice when her clock
reads 74 = T(a,n).-

(i) For fixed n > 1, find T(A,n) as a function of T(_g,,,), rs and ra,
justifying all of your calculations.



Solution:

We will calculate 75 and 74 as functions of the Schwarzschild time
coordinate t. Then, let the Schwarzschild time for a radial light ray
to go from rs to ra be ty (in the end we won't have to calculate
this constant).

First we calculate 7s(t). The worldline of the satellite, written in
Schwarzschild coordinates, is (t(7s), r(7s),0(7s), ¢(7s)). This
worldline extremises the Lagrangian

2M . 2M\ ! : :
L:_(l_r)t2+<1_r> F + r20% + r?sin2 092,

where ‘dots’ are derivatives with respect to 7s.



First we note that, without loss of generality, we can take the
worldline of the satellite to lie in the equatorial plane § = 7. This
is because the Euler-Lagrange equation for 6 is

r?0 + 2rff — r?sin 0 cos 9(;5 =0,
and 0 = g is a solution to this ODE. Hence, if the initial
conditions are 0 = 7, 0 = 0, then this is the (unique) solution, and
these initial conditions can be obtained by using the isometries
associated with spherical symmetry.



Next we note that, since the Lagrangian is independent of t, E is

constant, where
10L 2MY .
E=——=(1—— )¢t
20t < r )

Similarly, since the Lagrangian is independent of ¢, € is constant,
where
L 204,
—— =/r?sin
2 D
Finally, since 75 is the proper time along the worldline of the
satellite, L = —1.



Putting this together, we find that

oM\ ! 2M
) e ()
r r

1, M Q MQ2 1,,
SP-—t s ———=Z(F*-1
R R v R )

-1
,;2 + r—ZQ2

so the motion corresponds to the motion of a particle in one

. . . . 2 2
dimension, with potential V/(r) = —¥ + 577 - Mrgl and energy

S(E?—1).




For a circular orbit we must have r = ¥ = 0, meaning that we must
be at a local extremum of the potential energy (since ¥ = —V'(r)).
Since the satellite orbits at a radius rg, the extrema of V are at rg,
where

Mré — Q%rs +3MQ? = 0.
Hence the angular momentum of the satellite is given by

2 _ Mré
rs —3M’

Next, since F = 0 the energy of the orbit is given by

2M _ (rs —2M)?
2 _ . 2092\ _
E _<1 r5>(1+r5 Q%) ro(re —3M)’



) -1
Finally, recall that t = ( — M) E > 0. Hence

rs

da _ J s
d7'5_ r5—3/\/l'
[rs —3M

T5:C5+ @Tt7

for some constant Cs.

Hence we have



Next we compute the proper time along the worldline of Alice.
Along Alice’s worldline, all of the spatial coordinates are constant,
and so we have

dx? dxP oMY\ /[ dt \?
=g =— (1= ) (] .
dTAdTA ra dTA

Hence we have
[ra—2M
74 = Cap+ Lt,
ra

for some constant Cp.
Now, since the coordinate time for a radial light ray to reach Alice
from Bob is ty, which is a constant independent of n, we find that

B rs(ra —2M)
Tean = ra(rs —3M) T(s.n):



2020 Question 1. c)

A satellite moves in an ingoing radial direction along a geodesic in
the r > 2M region of Schwarzschild spacetime. An observer, Alice,
moves along a worldline where r = R, for some large constant

R > 2M. The angular coordinates along Alice's worldline also take
constant values, which are the same as those along the satellite's
geodesic.

The proper time along the satellite’s worldline is 75, while the
proper time along Alice’s worldline is 74.

(i) Assuming that 74 = 0 when t = 0, show that the proper time
along Alice's worldline is given by

TA:t—FO(I\I__\/)I).



Solution

Alice's worldline is given by

(t,r,0,¢) = (t(7a), R, b0, ¢0)
where 6y and ¢ are constants. Hence the tangent to Alice’s worldline is X,

where d
x_ dt

T dra
Since T4 is the proper time along Alice's worldline, we must have

g(X,X) = —1. Hence
2
g (1_2M)(dt
R dra

Ot.

Integrating this, and using the fact that 74 = 0 when t = 0, we obtain

t:TA+O(%).



(ii) The satellite emits a (radial) light signal when 75 = 7.
Suppose that, at this proper time, the satellite is at the point
t = ty, r = rg (where ry > 2M). Show that this signal reaches
Alice when 74 = 71, where

R M



Solution

Along a radial null geodesic with affine parameter \ we can use the
conserved quantity E (due to the fact that the Lagrangian is
independent of t) to find

dt oM\ !
S oE(1-22)
dA ( r)

But also, since this is an outgoing radial null geodesic, we have

dr
— =E.
dA
Putting these two together, we have
dr 1 2M
dt r

2M
=11 .
= dt ( +r—2/\/l>dr



Integrating from r = ry (when t = t) to r = R (when t = t;) we obtain

R—2M
t1—t0=R—f0+2M|Og<r 2/\/’)
0 —

Now, since the proper time measured by Alice matches the coordinate

time to leading order in 47, we have

R —-2M M
71:t0+R—r0+2/Vl|og<)+O()
(o}

=t+R—rn+2Mlog

(5o ) 2
—t0+Rro+2/\/llog<r R )+2M|Og(1lli\’/l)+o<l\’g)
(o) o (7).

=ty+R—r+2Mlog



d) (i) The satellite emits a second light signal when

Ts = 70 + ATs. This signal is received by Alice when

Ta = 71 + ATa. Neglecting terms of order (A7s)? and terms of
order M /R, show that, if the energy of the geodesic on which the
satellite moves is E, then

Ero n— 2M
ATp = 1 1-E2 A
A n— 2M ( + \/ < n >> s

+0((A1s)*) + O (’;’) .




Solution

The satellite emits the second signal at t = t(7p + ATs),

r = r(1p + ATs), where these are the points along the worldline of
the satellite, parametrised by its proper time 7s.

Since we are neglecting terms of order (A7s)?, we have

dt
t(To + ATs) =ty + 1

Ats + O ((ATS)Z)

Ts

d
r(To—{—AT_g) =rn+ drAT5+O((AT5)2).

Ts

Furthermore, we have
1 + ATl = 7'1(7'0 + ATo)

d
= Am = d%mo +0((Aars)?),

where we are writing 71 = 71 (ro(70), to(70))-



Differentiating the formula obtained in the previous part, we find

(df dr __2M d’)Ars+O((ATs)2)+O<A;> @

de dT_g r0—2/\/lde

where the various terms are evaluated at r = ry, t = tp.
Along the worldline of the satellite, the conserved energy gives us

so at r = ny,

dt rn
—=FE . 2
drs <r0—2M) (2)

Next, since the satellite moves along an ingoing radial timelike geodesic
parametrised by proper time 75, we have

-1 2
1= (1_ ZM) <—E2+ (dr) >
r de
:>dr_E\/1—E—2 (r_2M>.
dTS r




Evaluating this at r = ry and substituting the result, along with equation
(2) into equation (1), we obtain

- Efo o r0—2/\/l 2 M




(ii) What happens to the satellite when rp = 2M? What happens
to the signals received by Alice when this occurs?



Solution

- Ero o r0—2/\/l 2 M
ATA_r0—2M <1+\/1—E ( o ))AT5+O((AT5) )+O<R .

When ry = M the satellite reaches the event horizon of the black hole.
At this point, ATa4 — 00, so the frequency of the signals received by
Alice tends to infinity — they are infinitely redshifted.



2014 Question 1

Consider a timelike geodesic in the following two-dimensional

spacetime:
ds? = e%6¢(—dn? + de?)

where g > 0.
(a) Show that
E = %%

is conserved along the geodesic, where 7 denotes the derivative of
1 with respect to proper time. Show that

52 — ef4g§(E2 _ e2g£).



Affinely parametrised geodesics extremise the action associated
with the Lagrangian

L= (P + £2).

Since OL/On = 0, the quantity OL/0n is constant, i.e. e?85) = E
is constant.

Then, since 7 is the proper time (or since L is independent of 7)
we have L = —1, i.e.

1= —e 28EE2 4 2642
o €2 = o4et <E2 _ ezg§>



(b) Use your results in part (a) to obtain an equation for (d¢/dn)?
and explain why an observer following a timelike geodesic who
initially moves in the 4-¢ direction will eventually turn around and
approach £ = —o0.



d¢ _dédr _ d¢ ¢
dn — drdp w@) -

We also have
i) = Ee 2&¢

2
(d5> 1 E2e%
dn

and we see that, if £ is initially increasing with 7, then eventually &
will become sufficiently large that we will have E—2¢%8¢ =1, at
which point % will have decreased to zero. After this, & will

hence

become negative (since £ is smooth).



(c) Consider an observer following a timelike geodesic with £ = 1.
Find the trajectory &(n) which corresponds to the observer coming
in from £ = —o0o, turning around when 1 = 0, and going back out
to £ = —o0.

[The integral

2
/\/1_XW = - tanh™! /1 — e®x + constant

may be useful.]



Recall

de\? 2 2t
(dTZ> =1— E “e“®s.

Set E = 1. While the geodesic is heading inward we have > 0, so we take
the positive root:
€ _ 1— e8¢,

dn
Integrating this

dn =
/77 /\/17623'
1 _
n:—gtanh V1 — e28€ .

We are told that d¢/dn = 0 when n =0, so £ = 0 when n = 0. Hence 1o = 0.
We can invert the relationship above to find

and using the hint

§=—§bﬂw%@m)

Same formula holds for n > 0 by symmetry.



(d) Let
L 1 st
t= e sinh(gn),  x=_ef cosh(gn)

What is the metric in (t, x) coordinates? What is the trajectory
that you computed in part (c) in (t,x) coordinates?
[The identities

1 B X

cosh (tanh_l X) = ﬁ, sinh (tanh_l X) = \/ﬁ
— X — x

may be useful.|



We compute

dt = €5 sinh(gn)d¢ + €8¢ cosh(gn)dn

dx = e#¢ cosh(gn)dé + €5 sinh(gn)dn,
from which we see that

—di? 4+ dx® = e8¢ (—d»f + de) — ds?
Now recalling

= —é log (cosh(g7))

we find that, if we parametrise this curve by 7, then

1 1

t = —e 'elesh(em) ginh(gn) = = tanh(gn)
g g

X = 16_ log(cosh(gn)) COSh(g?]) — 17
g g

so the observer is at rest at x = 1/g.



(e) Explain the physical significance of proper time. What is the
proper time of the trajectory that you computed in part (c)?



Proper time along a timelike curve is the time that would be
measured by an accurate clock that travels along the curve.

The path computed in part (c), parametrised by proper time 7, is
given in (t, r) coordinates by

(¢(7), x(7)) = (¢(7), 1/8)-

Hence the tangent to this curve is (dt/d7)0;. Since 7 is proper
time this should have length —1, i.e.

2
1o (C“)
dr

so T = &t + 79, for some constant 7. Since t increases to the
future we take the positive sign. In terms of the original
coordinates,

1
T = Eegg sinh(gn) + 0.



2016 Question 1

Consider the following two-dimensional metric
ds? = —cosh?pdt? + dp?

where —o0o < t < oo and 0 < p < 0.

(a) Write down a Lagrangian for affinely parametrized geodesics.
Show that

€ = cosh? pt

and the Lagrangian itself are conserved.
(b)Using the coordinate transformation v = tanh p, show that

dv? 5 K
== —1-
(dt) Ty €2

where k = 0 for a null geodesic, and xk > 0 for a time-like geodesic.



(Skip (a)) Since v = tanh p we have dv = dp, so the metric is

cosh2
ds® = cosh? p(—dt? 4 cosh® pdv?) = — L de® + L dv?)
p p 1—v2 (1—v?)?
Note that € = ;= t. For affinely parametrised geodesics we have
1 . 1 .2 2\ 2 1 .2
K= gt (1_v2)2v =—(1-v)e +7(1_v2)2v

where k is constant (affine parameter), x = 0 for null geodesics and x > 0 for
timelike geodesics.
Now we have

— =< =c v
dt t 1—v2"’

—k=—-(1—V)+¢€ dv ’
dt

le]



(c) Explain why k =1 for a time-like geodesic parametrized by
proper time and hence show that € > 1 for such a geodesic. Find
the time-like geodesic with ¢ = 1 and hence explain the physical
meaning of the coordinate t.



For timelike geodesics parametrised by proper time, g(X, X) = —1
where X is tangent to the geodesic. But

Lpy 1
— Ve = —K.
1—v2 (1-v?)?

dv)? 5 1
== —1- =
(dt) v €2’

and since the LHS is > 0 we must have €2 > 1. Also, € > 0 since t
increases to the future, so in fact € > 1.

g(X,X) =

In this case,



If e=1,

dv? 5
— =0.
() +

Hence v =0 and % =0.

In view of € = 1, we find that t = 1, i.e. the coordinate t agrees
(up to an additive constant) with the proper time 7 along a
stationary geodesic through p = 0.



(d) Consider geodesics starting at the origin p = 0 with p > 0.
Sketch the trajectories of both null and time-like geodesics in the
(v, t)-plane. Show that a null geodesic will reach p = oo at an
infinite value of the affine parameter, whereas a time-like geodesic
will return to p = 0 after proper time 7.

[You may use without proof the definite integral

/7r dt o
0o 1—72sin?t 1-—172

which is valid for 0 <~y < 1.]
— skip (it's just two integrals).




2015 Question 1

Consider the Maxwell equations in vacuum,
VHFw =0, VpFu =0, with Fy, = Fy,.

(a) Show that, for Minkowski spacetime, these equations imply
that F,, satisfies a wave equation: (9>‘(9>\FW =0.



Working in inertial coordinates in Minkowski space, V, = 0,.
Using the antisymmetry of F, the second Maxwell equation is
equivalent to

6)\::,“, + 8qu>\ + 8VF>\N =0.

Taking a 0* derivative:
0= 0 \F + 00, F o\ + 020, Fa,
= 0 O\Fu + 0,0 Fo\ + 0,0 Fy,
N



(b) Using local inertial coordinates, show that a (0,2) tensor T,
satisfies

VHVZ/ TAp - v“vl/ TA’D = _RUAMV TO’p - Rapuy T)\O"

Using this result, show that the curved spacetime version of the
wave equation 029\ F,, = 0 from (a) is
F\* = R Faw + R, Fy, =0.

A A
VAVAFu + 2R,



With the definition of the Riemann tensor used in the course the first part of
this question is trivial, but the course at the time must have defined the
Riemann tensor in terms of derivatives of the Christoffel symbols.

Working in normal coordinates, where the Christoffel symbols (but not their
derivatives) vanish, we have

Vavb Tcd - vaa Tc - aaab Tcd - 8[;83 Tcd - aa (ric Ted + rle;d Tce)
+ ab (r:c Ted + r;d Tce)

= (83FZC)Ted + ((9arid)Tce — (abrjc) Ted — (8bF§d)Tce

= (8arlezc - 6erc) Ted + (8ar2d - 8br§d) TCE?
and, in normal coordinates,

8arte:c - 8br:c = _Recab



Following the same ideas as in Minkowski space, we have

0=V VaFu + V'V, Fr + V'V, Fap
= VAVAFW/ + [vkyvu]FuA + [VA,VU]F)\M

=V VaFu — R° Fpy — RO

o A P A
v ,\MFVP*R,\VFPM*R F/\P

nov

=V VaFu —2R?, N Fox + R.°Fup + R,PFpp.



(c) The Maxwell action is
S = 4 1 v
= d X\/—ig —ZF FNV .
Show that this action is invariant for a conformal transformation of

the metric, that is, show that S[g,.., F\p] = S[&.u, F,| for
& = Q%g,,, where Q(x) is a function.



We have \/—g = /—detg = Q*/—g. On the other hand, we

have
~—1lyv - 1 — —1\v
—g @@ PP =7 <‘4<g (e %on>’

so the action S is invariant under g +— g.



(d) Show that, in four spacetime dimensions, the Maxwell
energy-momentum tensor,

1
T;w = [L)\Fy)\ - Zg;wFApF)\pv
is traceless, that is, T", = 0. Considering the definition of T, in

terms of the action, relate this result to the invariance of the
action for conformal transformations, from (c).



We have
T, = F*Fp, — fg #FMFy, =0,
since we are in four dimensions.
The energy-momentum tensor is defined in terms of the Lagrangian density £
(where S = [d*xL) by
2 oL

TU/: )
! V=g (6g 1)

and so, varying the inverse metric

58S = /d“xM = f%/dzlxsfngW((Sg_l)“”

Now consider an infinitesimal conformal transformation, gu. — guv + 08uv
where 6g,, = wguy. In this case, 6g"” = —wg"”, and we see that the action
varies by

1
0S = 5 /d4x\/—ng“M,

but, since the action is invariant under conformal transformations, and since w
is arbitrary, we must have T#, = 0.



2015 Question 2

There is a class of metrics which admit coordinates such that

Buv = NMuv + ¢kukV»

with k,, satisfying "k, k, = 0 , where

N = N = diag(—1,1,1,1) is the Minkowski metric.

(a) Look for g"¥ of the form gl = n"¥ 4+ 0k" k", and then show
that the covector k, is null with respect to the metric g,



If we define k* = n*¥k,, then the inverse metric should satisfy
g" gy, =05, ie.

S = (" + OkMK”) (1 + dkuky)
=0h+ (¢ + 0+ p0k"k,) kMK,

=0=—¢.

Hence
gk k, = (" — pk" k" )k, k, = 0.

Note that this means we can raise or lower indices on k using
either g or ).



(b) Show that F;)Vk“k” =0 and Ffwk,\k“ = 0. Use this to show
that if k, is geodesic with respect to the Minkowski metric,
k,m“’\&\k,, =0, then it is also geodesic with respect to the curved

metric g, k"V, k, =0 .



rzu = *gAp (0u8vp + Ovgup — Opguv)

= %(nxp - ¢’k>\kp) (Ou(Pkikp) + Ou(Pkuky) — 0p(dkukv)),

SO
,_1 ’
Ch kK = 5 (0™ = 6K K) (D(Skuky) + Ou(Dkiuky) — Dp(Dkyki)) K"k

Using the fact that k*k, = 0 and that we can raise/lower using 7 (and
on = 0), we find

(0u(Skvkp) + O (Pkuko) — Op(Phik)) K"k = k" (Ouki )K" kp + k" (O ki )K" K

= k"9, (kvk”) ko =0



Similarly we have

1
rﬁ,,k;k“ = Ekpku (8u(¢’kvkp) + au(¢kukp) - 8p(¢kuku))

1 1
= SOk k! (Duko) K" — S oku k" (D k)K" =0
Next we calculate
KM ok = KM Ok, — KMT k= K 0k,

so if k is geodesic w.r.t. 1 then it is geodesic w.r.t. g.



(c) Consider the metric g, in this class for which

where r = \/x? 4 y? 4 z2. Using the result in (b), show that k,, is
geodesic. Show also that k,dx* = df + dr, where x° = £. Finally,

show that the spacetime in question is the Schwarzschild
spacetime, by putting the metric in the form

2M 2M\
ds? = — <1 — r> dt2+<1 — r) dr?+r? (d6? + sin? 0d¢?) .

[Hint: Look for a coordinate change of the type t = t + h(r).]



k. is geodesic in Minkowski space, as it is tangent to the family of geodesics
r = t, at fixed angular coordinates. Hence, by (b), it is geodesic in the curved
space.

k,dx" = df + édx + %dy + %dz = df +dr
Now, the metric is

g = —dP? + dx* + dy? + d2* + ¢ (dEf + dr)’

- (1 - @) a2 + #dfdr + (1 + @) ar? + 1 (d92 +sin? 9d¢2) ,

transitioning standard spherical polars. Now setting £ = t + h(r), we find that
the metric is

ds2:_(1—¥>dt +<4M 2h’< 2:\/I>>dtdr

+ ((1 + %> (1—(H))+ 41” > dr* + 12 (46 + sin® 0dg”)



ds? = — (1_¥> ae? + (g_zh (1_¥))dtdr

n <1+ ¥ _ <1 _ ¥> (W) 4 My, )dr + 7% (d6° +sin® 67

We can eliminate the cross term by setting h' = ¥ ( - %)71 = % i.e.
h =2MIlog(r — 2M) + C. In this case the coefficient of dr? is
14 2M 4M? N 8M>  r?—2Mr+2Mr — 4AM? + 4M?
r r(r—2M) " r(r—2M) r(r—2M)

So the metric is the Schwarzschild metric.



Showing an object is a tensor

Without assuming the connection is torsion-free, show that
T(Xv Ynu) = M(VXY - VyX — [X7 Y])

is a tensor, where X and Y are vector fields and p is a covector
field.

Need to show linearity in all three arguments. Linearity in third
argument is obvious (covectors form a vector space at each point).
Linearity in second argument will follow from linearity in the first
argument together with antisymmetry:

T(X,Y,u)=—=T(Y,X,pn).



Now we expand (for a vector field X" and scalar field a)

T(aX + X, Y, p) = p (Vaxgx' Y — Vy(aX + X') = [aX + X', Y])

= ,u(aVXY + VX/Y — Y(a)X - aVyX
— VyX' —a[X, Y]+ Y(a)X — [X, Y])

=au(VxY —VyX—[X,Y])
+u(Vx Y =VyX —[X,Y])

=aT(X,Y, )+ T(X, Y, p).



