FURTHER MATHEMATICAL BIOLOGY: SUPPLEMENTARY QUESTIONS
MiICHAELMAS TERM 2017

MORPHOGEN GRADIENTS.

Question 1.

A one-dimensional field 0 < z < X contains corn of density C(z,t). The corn undergoes logistic growth
in the absence of external factors. A corn-loving plague of locusts L(z,t) descends on the field, entering
from & = 0. The locusts migrate through the field by random motion and chemotaxis, consuming corn
in the process. We describe this situation as follows:

ocC oL 9L 1o} ocC
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with
L(O,t) = Lo, L(Xg,t) =0 fort Z 0

C(z,0) = Cp for 0 <z < Xop,
L(z,0) =0 for 0 < z < Xp.

(a) By writing
C=0Cpc, L=1Lol, v=Xoz, t="TT,

and choosing T' appropriately, show that the model equations can be rewritten in terms of ¢, I, s and 7
in the following form:
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How are A§, A} and x* defined?
(b) Determine the steady state (time-independent) solutions of the transformed equations for the cases
* * * *. s N = ? *
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(c) Comment briefly on the results from part (b). 0
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Question 2.

ey

Bacteria have a tendency to move towards sources of food. The followi as been proposed to
describe this process as it occurs in a one-dimensional region (0 < z < 1):
da 0% ab 17} da
—=——-k, —=-x=|ab— b
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where a(z,t) and b(z,t) are the nutrient and bacteria densitites and y, a, k and z* are positive constants,
with 0 < z* < 1.

(a) Determine the steady state nutrient concentration a(z), and substitute this into the equation for
b(z,t).

(b) Use the method of characteristics to construct an analytical solution for b(z,t) in the special case
k=0.

(c) Use your results to sketch the solution for

O<t<lln<i> and 1ln<i><t.
X x* X z*

(d) Explain briefly how the long time behaviour of the bacteria differs for the cases a > x and a < x.



DOMAIN GROWTH.

Question 1.

The following equations describe the growth of a two-dimensional, circular colony of cells:

19 dc
0—;5 (’T'E) —)\H(C—CN), (1)
dR B pc>0 ife> ey,

RE 7/0' P(c) rdr where P(c)= { “gel Fekom (2)
c¢=1 when r = R(t), 8_76“:0 when r =0, (3)

Oc .
& 3 continuous across r = Ry (1), (4)
c=cy when r= Ry(t), (5)
R =1 when t=0. (6)

In equation (1), H(.) denotes the Heaviside step function (H(z) =1ifz >0 and H(z) =0 if z < 0), A,
p, g and ¢y are positive constants, with 0 < ¢y < 1.

(a) You are given that c(r, t) represents the local oxygen concentration, » = R(t) the position of the outer
boundary of the colony and Ry(t) the position of the interface separating proliferating and dead cells.
Provide a brief description of equations (1)-(6).

(b) Given that there is initially no necrotic region, use equation (1) and the corresponding boundary
conditions to derive an expression relating ¢(r,t) to R(t) prior to the appearance of dead cells.

@De‘cermine the size of the colony R = R* at which dead cells first appear. By assuming that R* and
atisfy R* > 1 and 0 < A < 4(1 — ¢ ), show that the time ¢ at which necrosis is initiated is given by
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cytotoxic drug is applied to the cells at ¢ = 0. The drug‘ modifies equation (2) in the following way

»

dR B
Re = /O (P(c) — d)rdr, (7)

where the positive constant d denotes the dose of drug applied to the cells. By assuming that Ry =0
and studying the differential equation for R(t) that arises from equation (7), show that the cell colony
will be eliminated if d > p. What is the limiting behaviour of the colony when (1 +cy)/2 < d/p < 17

Question 2.

The following equations describe the growth of a radially-symmetric tumour in response to an externally-
supplied nutrient such as oxygen:
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R(O) = RO?
and 0 < Ry (t) < R(t) is defined so that

Ry(t) =0ife(r,t) > ey for 0 < r < R(t),
¢(Ry,t) = cy otherwise.

In these equations, n(r,t) denotes the tumour cell density, v(r,t) the cell velocity, ¢(r,t) the local oxygen
concentration, R(t) the position of the outer tumour radius and Ry (¢) the interface between the prolif-
erating and dead cells. The parameters A, ¢y, oo, Ro and k4 are positive constants.

(a) By assuming that the tumour is fully occupied by cells so that n =1 for 0 < r < R(t), use equation
(8) to obtain an expression for v(r,t) in terms of k(c).
(b) Use the result from part (a) to show that

dR R(t)
2—— = 5 2
R p /0 k(c)redr.

(c) By solving for ¢(r,t) and assuming that Ry < B* = /6(coo — cn)/A, explain briefly how the tumour
evolves. In particular, show that, since k_ > 0, the tumour eventually achieves a steady state, which you
should determine. (Note: you do NOT need to solve the ODEs for R(¢).) % laord C‘WSW on

* need Vo mawele, Mo,

uestion 3.
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~
The following equations describe the effect of an externally-supplied poison f on the growth of a radially-

symmetric cluster of mold.
109 [,08
0 (’I" 8 r ) 16 OOH (IB ) )

Precyg, ) R _ /0 “ (o= Byar,

dt
with % = h(Boo — B) on r = R(t),
op _
5 = Oatr=0,

andR:Roatt:O.

In the equations, B, h, s and Ry are positive constants and H(.) denotes the Heaviside step function.

(a) Provide a brief description of the model equations.

@Given that initially B(r,t) > 0 for 0 < r < R(t), derive an expression relating B(r,t) to R(t) prior to
e appearance of a central region in which g = 0.

or the case h = 2, explain how the number and structure of the steady state solutions change with
- What concentration of poison would you recommend to be confident of eradicating the mold?
Question 4.

Carefully justify the following model for growth of a cylindrical circular tumour:

ﬁ—Dﬂ( 80)~/\, 0<r<R(),

ot ror\ or
C(r,t)=C,, r=R(2),
ocC
W(Ovt) - 07

dR R(t)
RE —‘/0 P(C)T'd'f',



where D, A and C, are positive constants.
(2) Describe briefly all terms in the equations [4 marks].

(b) Let the function P(C) be given by
P(C) = P, (-g) . a>0.

Nondimensionalise the model with the scalings r = Rop, t = 7/Py, C = C,c, P(C) = Fop(e), R(t) =
Rys(r). Assuming RZPy/D < 1, obtain an approximate, quasi-steady equation for the dimensionless
variable ¢, which you should solve to find ¢ in terms of s(7). Given a condition for the minimum value of
¢ to be positive. Why is this necessary?

(¢) Use the dimensionless version of the governing equations to show that, with P as defined in part (b),
the tumour boundary position is governed by the ODE:

sg—j—zﬁ{l~<l—%> H}. (10)

(d)b Show that s = 0 is the only possible steady state for the tumour boundary. By considering the
behaviour of equation (10) for small s, determine the stability of this steady state.

AGE-STRUCTURED AND DISCRETE-TO-CONTINUUM MODELS.

Question 1.
The evolution of an age-structured population n(t, a) may be modelled by von Foerster’s equation:
?_71 n on n
ot " oa M
with n(0,a) = f(a), n(t,0) / BO)n(t, 0)d

where p is a positive constant.

(a) Discuss briefly the assumptions underlying the model, providing a physical interpretation of the func-

tions f(a) and B(a).
(b) Use the method of characteristics to show that

[ fla—te ™t for0<t<a,
n{t,a) = { Bt —a)e ™ * fora<t.

where B(t) is defined implicitly by

/,6 B(t— 0)e"0do + -fﬂ/ B(O)£(6 — £)db.

(¢) Show that if the long time behaviour of the population has the separable form n(t,a) = €"*F(a) then
the growth rate v satisfies

1= / B(0)ertr0 g,
0

ssuming further that

B fam—1<a<ap+l,
Bla) = { 0 otherwise,

determine the unique value of a,, = a;, (8%, 1) for which the population evolves to a time-independent
distribution (v = 0). What value of a,, yields a steady state age-distribution in the limit as g — oco?



Question 2.

(a) The evolution of an age-structured population v(a,t) satisfies

v +r(a)v, = —p(V,a)v, for 0<a< L, 0 <t
with ©(0,t) = 2v(L,t) and v(a,0) = vinit(a),

and V(¢ / ¢(a

where 7(a), &, (a), p(V, a) and v;nit(a) are known functions. Describe briefly the assumptions underlying
the model equations and provide a physical interpretation of the functions 7(a), &, (a), 1(V, a) and vy, (a).

(b) The evolution of a second population u(a,t) satisfies

ug + (r(a)u)e = —p(U,a)u, for 0 <a< L, 0<t,
with «(0,t) = 2u(L,t) and wu(a,0) = uni(a),

and U(t / éula

where &, (a) and uinit(a) are known functions. Under what conditions (i.e. for what choices of &, (a) and
Uinit(a)) are the evolution of u(a,t) and v(a,t) equivalent?

(c) You are given that

&(a)=1, r(a) =14+ aa), p(V,a)=po+ 1V for 0<a<L.

By seeking a separable solution of the form v(a,t) = A(a)V(t) for 0 < a < L and ¢ sufficiently large,
identify conditions under which the population eventually dies out. [Note: here ”t sufficiently large”
means that the evolution of v(a,t) is independent of the initial conditions.]

Question 3.

Two populations of left and right moving cells are distributed along the real line which is decomposed
into a series of boxes of width Az. We denote by L;(t) the number of cells in the i-th box that are moving
to the left at time ¢ and by R;(¢) the number of cells in the i-th box that are moving to the right. The
following system of discrete equations describe how the system changes from time ¢ to time ¢ + At:

Li(t + At) = Li+1(t) + kLAtRi(t) — krAtL;(t),
Ri(t =+ At) = Ri_l(t) + kRAtLi(t) = kLAtRi(t),
where the parameters kr, and kgr are non-negative constants.
(a) Provide a brief physical interpretation of the above equations.
(b) Assume that the box size Az is sufficiently small to identify continuous cell densities pr(iAz,t) =

pr(z,t) and pr(iAz,t) = pr(z,t) with L;(¢) and R;(t). Use the discrete equations from (a) to show that
in the limit as Az, At — 0, pr(z,t) and pr(z,t) solve '

0 %)
%*U% =krpr — krpr, (11)
0, Opr
(f)): +v ap = krpr — kLpR. (12)

How is the constant v defined? What assumptions are made about At and Az when deriving equations
(11) and (12)7?

@uppose now that kr@, krg > 1. Obtain a relationship for pr in terms of pr and then use it to
inate pg from equation (11) and obtain a partial differential equation for pr. Solve the resulting

PDE for py,.

[uesd b Prescivmbe conmpah bls. wubal &l

Use the solution for pr, from part (c) to describe the behaviour of the two cell populations for the
i) kr, > kg and (ii) k = kg. .



FrrzHUGH-NAGUMO EQUATIONS.

Question 1.

Consider an experimental scenario where a nerve axon is bathed in sea water, which is a good conductor
and thus of low resistivity. Additionally, a silver wire is placed down the centre of the axon, greatly
decreasing the internal resistivity.

Assuming these resistivities are sufficiently low, one can non-dimensionalise the Fitzhugh Nagumo equa-
tions into the form

18% Bu

5oa2 ~ g | Tenlnvh
dv

A

where J;on(u,v) is a non-dimensionalised ionic current term, typically of unit magnitude, and the non-
dimensional constant § satisfies 0 < § < 1.

Suppose one ensures no currents can pass through the ends of the axon so that one additionally has the
boundary conditions

ou 0= Ou
9z |,_o Oz,
(a) By considering the expansion u = ug(z, 7) + du1(z,7) + ..., and the assumption that
82
2 ion ~ O,

Wa -5’;’ ion

show that u = ug(7) at leading order.

(b) Show further that, for sufficiently large time, uo(7) is given by the solution of the ordinary differential
equations

du
d—: + Jio’n(u()y q0) = 07
d
% = 740 + Uo,
T

where qg = ¢o(7), at the first non-trivial order in § even if v(z, T = 0) is not spatially constant.
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