B5.2 - Sheet 4 APPLIED PARTIAL DIFFERENTIAL EQUATIONS

1. Suppose that ¢(z,¢;7) is the solution of
(btt - ¢zz = 07 Wlth ¢(CE7 75 T) = 03 (bt(m? T5 T) = g($7 T)'

Construct a solution for ¢ involving an integral of g and show that

u(x,t):/o oz, t;7)dr

satisfies the inhomogeneous problem

Ut — Uz = g(x,t)  with  wu(z,0) = u(x,0) = 0.

2. Consider the problem

¢ kcos@# on r=1
24 i o= ,
V=0 forl<r<2 with a¢+87"_{0 on r=2.

for constant «.

(i) If & = 0, show that the solvability condition for existence of a solution is satisfied.
(Use an extension of Green’s theorem for a non-simply-connected domain.)
(ii) Show that the homogeneous problem (i.e. k = 0) has a solution u = u(r) if

1
2log 2’

a=0 or a=

(iii) By seeking a solution of the homogeneous problem of the form u = f(r)g(#), show that
that there are countably infinitely many such solutions (i.e. countably infinitely many
a for which such solutions exist).

(iv) What can you say about existence and uniqueness of the inhomogeneous problem as a
function of a?

3. Construct the Green’s function for Laplace’s equation in the domain x > 0,y > 0 with
Neumann boundary data. Hence, assuming suitable behaviour at infinity, give a solution to
the problem

Viu=f inz>0,y>0,

ou
o 9(y) onz =0,
ou
- h(x) on y = 0.

4. Let w be the difference between two solutions of

%:V2u+au+f(x,t) xeNt>0

Vu-n+au=g(x,t) x &
u=h(x) att=0



where a and « are constants with > 0, and n is the unit normal on 9€2. Derive the relation
d
— w2dx—|—2/ ([Vwl* — aw?) dx—|—2a/ w?dS =0
dt Jo Q Py
Deduce that J
— + constant / w?dx <0
dt Q
and thus that w = 0.

. Consider the equation
Ut = Ugy, x>0,1>0

with
u(z,0) =0, wu(0,t) = f(¢)

(i) Explain why this admits a similarity solution when f is constant. Thus obtain the
solution u = wug(x,t) corresponding to f = 1.
You may find useful the formula

/ e~/ ds = /7.

0

(ii) Use the Green’s function approach to show that the solution for arbitrary f(¢) may be
written in the form

u= /Ot flt—ys) %(m,s)ds.

. Find a similarity solution of the equation, for constant o € (0, 1),
U = x%Ugpy, for x,t >0,

which also satisfies the boundary conditions

u(0,t) =0, u(x,0)=Tp >0, and v — Ty >0 asz — oco.

. Find a non-trivial similarity solution of the equation
up = (uug), in 0 << /3, >0,
where
uz(0,t) = 0 = u(t'/3,t) for t > 0.
Show that

41/3
/ u(z,t)dr = constant for ¢ > 0.
0



