Distribution Theory and Fourier Analysis: An Introduction MTI18/HT19
Problem Sheet 4

Problem 1. Prove that for every ¢ > 0 and ¢ € S(R) the identity
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holds true. Deduce that
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where J is Dirac’s delta-function concentrated at 0 on R. (Hint: For instance use the Product
Rule and the Fourier Inversion Formula in S' on the left-hand side of the identity.)

Problem 2. Let f: R — R be a measurable function satisfying |f(z)| < e~I*l for almost all
z € R. Prove that the Fourier transform f cannot have compact support unless f (x) = 0 for
almost all x € R. (Hint: Use a Differentiation Rule to see that f is C* and consider a suitable
Taylor expansion.)

Problem 3. Let f(x) = e 1", 2 € R™.
(a) Compute the Fourier transform f (&) when n = 1. Deduce for A > 0 the identity
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(b) Using ﬁ = foooe_(1+‘5|2)t dt and (a) show that for each \ > 0 the identity

holds.

(c) Compute the Fourier transform f (€) in the general n-dimensional case, for instance by use
of the formula from (b) with A\ = |z| and calculations similar to those done in lectures when
computing fundamental solutions.
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Problem 4. Define for o > 0 the function g(z) = (1 + |z[*) 2,z € R™.
(a) Explain why g € S§’(R™). For which values of o > 0 is ¢ integrable over R™?
(b) Show that there exists a positive constant ¢ = ¢(«) such that

g(z) = c/ ¢35 e te t*I" ¢
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holds for all z € R".



(c) Using (b) show that the Fourier transform g is a positive and integrable function on R". (The
function § is called the Bessel kernel of order o.)

Problem 5. The principal logarithm is defined on the cut plane C \ (—o0, 0] as
Logz := log|z| +iArg(z), Arg(z) € (—m, 7).

Define Log(z + i0) and Log(z — i0) for each ¢ € S(R) by the rules

(Log(x £10), ) := lim Log(x +ie)p(z) dz.
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(a) Show that Log(x +10) hereby are tempered distributions on R, and that for some constant ¢
the inequality

(Log(e £10). )| < Suali)

holds for all ¢ € S(R). Recall that for m, n € Ny we defined
Spn(p) = sup{|xrga(5)(:v)| cre{0,...,m},s€{0,... ,n}, z€ ]R}.
Now let k € N and define the tempered distributions (x + i0)~* and (x — i0) % as

(¢ +£10)F = %@Log@ +i0) inS'(R).

(b) Show that for each ¢ € S(R) with p)(0) = 0 for j € {0, ... ,k} we have
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Show also that the inequality
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holds for all ¢ € S(R), where c is the constant you found in (a) above.
(c) Prove that Log(x +10) — Log(x — i0) = 27iH, where H is the Heaviside function. Deduce
the Plemelj-Sokhotsky jump relations:
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where ¢y is Dirac’s delta-function on R concentrated at 0.
(d) Show that
z(z+£i0)"' =1 inS'(R).
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Deduce that
(z+10) "' (2d0) = 0 # 6o = ((x + 10)135) 8o

Next, show, for instance by using the differential operator x% on the case k = 1 iteratively, that

¥z +£i0)* =1 inS'(R)
holds for each k£ € N.

(e) Let H be the Heaviside function and define for each ¢ > 0 the function H.(x) := e™**H(x).
By first calculating H. show that

Fose(H) = —i(€ —10)"  inS'(R).
Use the Fourier Inversion Formula in S’ to find the Fourier transform of (Jc + iO) _1.

Problem 6. For each ¢ € S(R) we define its 27 periodization as
Po(x) = ng(m —2rk), z€R.
keZ
(a) Check that Py is a 27 periodic C* function, and explain why
1 ~ ikx
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holds for all x € R. (Hint: For the latter it suffices to quote results postulated in Prelims.)
(b) Prove Poisson’s summation formula:

27 ng(27rk:) = Z@(k)
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(c) Show that
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holds for all ¢ > 0.

Problem 7. (Optional)

Let F': C — C be an entire function that is not identically zero. Explain why the formula
f = log |F'| defines a distribution on C that in general will not be tempered.

Prove that its distributional Laplacian equals

Af =) 2mm;s.,
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where {z; : j € J} are the distinct zeros for /" and {m; : j € J} their multiplicities.



