13.7 Theorem (CT after reduction 13.4)
Let I be a maximal consistent witnessing set
of sentences not containing a =-symbol.
Then [T has a model.

Proof:
Let A:={te Term(L) |t is closed}
(recall: t closed means no variables in t).

A will be the domain of our model A of I
(A is called term model).

For P = Pék) € Pred(L) resp. [ = ff,,k) €
Fct(£) resp. ¢ = ¢ € Const(L) define the
interpretations Py resp. f4 resp. cy by

Pa(t1,...,t) holds < T+ P(t1,...,t5)
fA(t17"'7tk:) L= f(t17°°°7tk)
cCqg -— C
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to show: AE=T
(i.,e. A = TI[v] for some/all assignments v in
A: note that I contains only sentences).

Let v be an assignment in A,
say v(x;) =:s;, € Afort:=20,1,2,....

Claim 1: For any u € Term(£): v(u) = u[§/Z]
(:= the closed term obtained by replacing each
x; in u by s;)

Proof: by induction on w

-uU=x; =

v(u) = v(x;) = s; = xzi[s;/x;] = ul5/7]
-u=ce Const(L) =

v(uls/7]) = v(u) =v(c) =cy

- u:f(tl,...,tk) =

vo(u) = fa(0(t1),...,0(t;))
= fA(t1[5/],...,te[S/Z]) by IH

= f(t1[S/7],...,t[S/T]) by def. off4
= f(tl,..-,tk)[g x by def. of subst.
= u[s/Z Uclaim 1
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Claim 2: For any ¢ € Form(L) without =-
symbol:

A = olv] Iff T + ¢[s/x],

where ¢[5/Z] := the sentence obtained by re-
placing each free occurrence of x; by s;: note
that s; is free for x; in ¢ because s; is a closed

term.

Proof: by induction on ¢

¢ atomic, i.e.
¢ = P(t1,...,t) for some P = Pr(bk) c Pred(£L)

T hen

iff
iff
hii
iff
iff

A = ¢[v]

Pa(o(t1),...,0(tr)) [def. of ‘=]
Pa(t1[s/2], ..., t [5/2]) [Claim 1]
= P(t1[S/Z], ..., t [8/%]) [def. of P4]
= P(tq,...,t)[S/2 [def. subst.]
[+ ol[s/x

Note that Claim 2 might be false for formulas
of the form t; = to: might have I' - ¢g = 1,
but cg,cq are distinct elements in A.
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Induction Step
A = —¢[v]

iff not A= ¢[v] [def. of ‘&)

iff not I' - ¢[5/2] [IH]

iff T+ —¢[5/2] [F max. cons.]
AE (¢ = ¥)[v]

iff not A = ¢[v] or A = ¢[v] [def. ‘=]

iff not I+ ¢[5/] or I+ [3/Z] [H]

iff T+ —=¢[s/Z] or ' +[s/ 7] [F max.]

iff T+ (—¢[5/7] vV ¢[5/7]) [def. ‘+']

iff T+ (¢[s/T] — ¢[5/7]) [taut.]

iff T+ (¢p— )[s5/7] [def. subst.]
vV-step ‘=’
Suppose A = Vz,;¢[v] (%)
but not I - (Vx;¢)[5/Z]
= I+ (—Vz;0)[5/Z] (I max.)
= I+ (Fx;—0)[5/Z] (Exercise)
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Now let ¢’ be the result of substituting each
free occurrence of T in ¢ by S for all 3 # 1.

= (Fz;—¢)[5/Z] = Fx;—¢’
= [ F Jz;-¢

[ withessing =
[+ —¢[c/x;] for some ¢ € Const(L)

Define

= { M IIE gm0 I
= —=¢'[c/z;] = ~p[s*/4]

= [+ —¢[s*/7T]

= I = —¢[v7] [IH]

But, by (x), A = ¢[v*]: contradiction.

Lecture 14 - 5/8



V-step ‘<’

Suppose A = Vz;o[v]

= for some v* agreeing with v except possibly
at X;

A = —¢[v7]

o Sj for 3 =1
Let s : { v*(x;) for j =1

IH = [+ —g[s*/],

ie. T+ —uqb’[sf/:r;i],

where ¢’ is the result of substituting each free
occurrence of x; in ¢ by s; for all j %=1

= I+ 3z;-¢'

(Exercise:
x € Form(L), Free(x) C {x;}, s a closed term
= F (xls/zi] — 3zix))
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So
- =V~

= [ I —Pv’ajiqﬁ/
= [+ (=Vz;0)[s/7]
= [/ (V;9)[5/7]

Hclaim 2
Now choose any ¢ € ' C Sent(£)
= ¢[5/%] = ¢
= AREo¢v], ie. A= ¢ [Claim 2]
= AT
U13.7
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13.8 Modification required for =—symbol

Define an equivalence relation E on A by
t1Ety iff I 11 =to

(easy to check: this is an equivalence relation,
e.g. transitivity = (1)(ii) of sheet ¢ 4).

Let A/FE be the set of equivalence classes t/E
(with t € A).

Define L-structure A/E with domain A/FE by

PA/E(tl/E7°°-7tk/E) L= I_I—P(tl,...,tk)
fajeQ1/E, ... tg/E) faCty, ..., t)/E
C.A/E = CA/E
check: independence of representatitves of t/E
(this is the purpose of Axiom AY).

Rest of the proof is much the same as before.
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