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$S.2

o ocder oﬁ rch IS LO.SS"(T\M Ma-obfo,?]%d as £€->0

[Sincs Ao sduten of Doy canck saksfy BCs (n geracak |

S\AP\:OSZ L = 82‘__'( + lower odler dedvatives.

Ao

¥ Over most of ‘f‘k&mr\%) E‘Olkj is small anel &3&413(1&: D,‘j-:o
Ax<

to 3300\ 0\?9"0)(!' manon.

¥ |In soma rca\ms, ﬂ(? 7C0J/h1 neos boundaries Edkj is not Smadl
~ dxk
ond 4 odjusts o sakisfy BCs.

(/M/ ug(,m/( Pr’OCQJM(& ﬁr ﬁhp(mj a Sdwhen h a S/hju(a/ ot problesr 5.
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s.3
(2‘) %\’Q{M\’f\ﬁ. M SC&\A‘/\% n % 'bck.\.no\ou'j (CLKM 63.

A ) A
XL TEX er x=&2 C

(¥) Find The ast\rw\:\chc expansions inthe bcundéu‘j (Q-je-rs (“inner " sdution )
ond owrside the Abaw\o\.&fi \cua,us ( “outer “ sdutons > ‘

) Fix dne constants of infeqrahon in These solutins by
— demancling e inner scuations .swl-zrfv 4 BCs

- “matehing” - ensunng tre expansion ¢ The inner and outer solusrrons
a.jree, in an wer/alp rej/m Aa‘wecﬂ‘fham

Thes is the mefrod o Hatchue Aeymplshe Expansions

Revios Dampe ej“ + ‘j{ +y=0 o<x< !, o) =a, yiN=b,
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|loft Hand ‘Bm«\mi\ Sealing S.4

| -2 -
dﬁ/dx_é‘:d,_ and ETE AN 4 &7y +YL=0
ax d‘iz_ dIL
Dominant bBlonce |- 2e¢ = =X .. o=\, Hence ’bc:wndwn laapx has widha q}cm\@_)'
Riaht Hond Boundocy Louer © Foceads smi(a.rj with o€ = [+ C‘ng , YxI=Yr(xg)
J < Q ‘
One —Fndf @:: [

Develop fohv o |
() Ao \o,m WMW (ovd-cr "eaxon), exPovncl 3(:;) ~ jowb,o"”'*'sﬂmt,:(")*'"

as £ 0% with X, - = ord (1)

(2) keft Hand Edmdwj et X =€X_ and promo(

GOEY = Y (XY & Yoo (XY + EYL (L) 40 a5 ES0T witn 3 =ond()
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(3) R\Sm hand bowndary. ek = HEXg and xpaad $S

Yo = Yr (X)) ~ Yro(Xe) + £4R,1 () +- X £-50% with ~Xgaord (1)

Left hand boundany oy

e 4 dy. +EY =0  LLZFO .

[

a2 oL
2 |
O(E") d 3,_,0 o dju.o =0 >, >0, ol ) d?j;.,. + Ol&l_,c +‘j =0, X, >0,
e e 4 — —= L0
ax* 4, dx dot,

e 4 -2
T ?:7—" 31—;‘ - ALJ ‘\.?Ltle- 1|—-l— (BL,QI«LQ e
ﬂl—(o = ALIO + L,O “AL‘GIL

BC Yo (0 =2, A, (0) = O ALotBLo =25 ALitBL, =0,
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Right hand W layos S-€

2
d 'JR + C‘-BK + Q_\:&R = xe <0
d=g dxXr

~XR

hs win ot hand lager  YrolXe) = Bro Bro “ .
4R (xXe) = Agy+Bg e R+ (BroXre  —Ag 35&)

woith @rR.O'\'%e,o =b s A@‘ *B“‘ =0

(xe< 0)

Quler regen
2
ed Hout 4 Afﬁff’\' - dm\.=o o< < |
dx* o
O(£°) yeut,o0 + Your,0 =0 o(e')  dyuu, s 1 ==t o
o> g 'i‘ﬁ‘
Sdve = A . - ¢
SN 30»;*',0 = Aot,c€ 30\&\-,\ "-'-'Aow\‘,\e— "'Aou.\-,azce'

lnstend of applyng BCs o =01, we need o makch with e 4 and et
bowndory LOW\U shutions
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\CLQ.Q? -‘W\Q(Q IS an OVULQP, or ‘ir\}-en\p_akxo\\-ej r'eacw wwhere bdh") ‘Q-YPOW\S(O{\S \S

hdd amd fherefere e 2gual.

Henee  Inhodmee an intermedinte SCD..L&/Lg, :C=—87§— wihh 0<X¥< 1, Then

with >0, X =crd (1)

<~ =€e%% 50, ==& =& as £->07

A\
Ma{'dr\(ms \’CC\/\N\'(QQ _¥Pansions e = -ecu«odk as €50t wh §c>o/=c==r<if!)

A
e 4 (ET'R ) v e le¥R) as Esct i
A A
x)o/:C*;ord(!)
We have . o S
| 31.(8\‘"36} = AL +Bs € + O(e)
w-\-"
exp:%hqlbj
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S ¥
S&'mﬁ -Q)‘PMSfOﬂ.S AL_'Q ‘-"-Acw\')o e jL,o (oo )= 50\\'\-,0 (0>

Hatehing omter and, nqk’r hand bowndary oy o
o 0<y< |, As £-0T, with x<O

andl :/C\=OfOL(()
let €= \+€3x

Ye (DCR_EX- gc> Aro+ BroC

—(l+€-1“:c:}
3&% (I l"'ZYDC> = Acu\-o + 0 (E}

= Moo (1—e¥x +o(22”)> +o(e)
e

Sovene Q%PMSLMS‘ N Bg‘o = O) 'Aow\-,o =€A2,o

F{L,o +BL.,O =a; AR‘O"'gR,O =b E {AL,O =€_l:> ) Aow",o = e,k g
: Ao = Aouk,0 ; Bro =0, Aati0 el Beo=a-eb ,; Ago =b; Bro=0

-, _ = _
Y (L) S (aeb)E feke(X1= €08 dRolTe) =5,
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e ok Slwhen
/_\_3 Y \A)\'\—\« RXA A= A4 X Sene 2]
Evact Sahim s y(x) = A —Ae Lfor 08X s

w(‘h« A-j' = aeAt—E 4:‘2 = —|=x /|_.¢+£
AE

/

g->0"
Using &xpamsions Ay = —1+0(8) A =~lg + |l+o(e) @S
o Show) x, ) +0(g) as g=o07 i '351_70,351.:0“"’((‘)

j(éx,_) = Yol N
+ i 0gX <) Wi
(j(x) = ‘jowhc:(x) + ofe) os €07 o)

Y(HE%e) = Ygo(za) +OCE) as £30T  wlin Xe<O xq=odk (1)
Higher order Tatehing

U\s.m&’\’w., U.oo\.wi ordar scnm,

-
31-' (3&_\ = - Qb >, + (Q—Q\OBILQ “ 4 AL/‘ - ’EL" e
’ xR

Y2 Fm% A,«g/\er orcler sduhion 1s j/’r/ex\ /:2('
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Recall BCS \j]_‘\ (0) =0 ﬂg‘( (cﬂ=0 AL,l +EL,I ':Aﬁ" ‘("Ble‘, =0 S0

Mo\k)\mg latt hand bcwnokaui Lo»d-e.r oncl onkrr c-eS\m

Where X = ¥ o< ¥ <I

/

hs 8-90+ wl”% :C>o 'JC—-cro(Ct)

X&) + aﬁ._ (€% 2Y +o0(&%)

Y (. = E’:kx) —jz.o( o
¥ _ A -

(e!c+( -eh)e ’C) + E’_(—QJ::E’,X 2 +(a-eb)E® 2
+ AL +Bie _87’&)

+0(e?)

N
=eh — Q.\:DE,Y:C +eALn + 0(€%)

oo (€¥5) + By (E72) +0(E)

ebe'gwx + £< ebexvc(\ e¥= +o(e" \>
Q- evis 0leT)) + Aokt (I- a\(i+o(ezv)>) +O(e*)

Youk (x=£YD/Z) =

i
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C ebE¥X + Eheut,) +O(E"¥, E¥ E?) Al
N\
Lmﬂ’\‘b'/?_ lo @nsure
2%
£4° lerm suhaadu
SQMZ o f 3!0(\;8‘ AL,\":ACW\',\ COY"\?NQQL B ace) ,\ﬁ

: Sut(:c=a“:/€\ = eb

- Q,bab'::c\ On'ses :Q—un Yout o e.ven"\'houﬂh its
\M&W order ond ankes QUM igw\-‘l ir\"('kq_
expomSion a T oC

Noe  gome Yeams jm‘;oro(ﬁ—r .

[‘_‘lg\_‘\_‘__cﬁ,mi Qt‘awr hanol bow«\d@ﬁ _l__aa,e.r omd ot
+ ks 2307 with Qc<o 5 5\c=oro(fl), 7c,g=a"""-_’£
Ye (e =¥ &) = Yrio (e¥'%) +eyg, (e7'%) +o(e?)
=b + E(—b&: X4 Ar,i +ER“€:E?—[£> +0(e")

=B, € +o - gjb% + € Ae, + O(E7)

vah‘qﬂ
ading i-brri\
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5.2
A A
As £-0 with 5\c<o, o =orc (1), >x = l+£%

A 2
ﬂoul’ (x:\—!—a\‘;\c} = Yeuto (1 ixé) +Edu\.‘,(l+£:7:c) -;—Y?Ce )
c ~(1+
= Q\::Q:(HSYI) +g€eb(l+€7£>€(‘ :c)+
+Q(e*)

= b(1—e¥x +o (™))

Aa.\ e: ( (~ €Y£>>
b

v i(-—\o(l-ez\’-;c\ )(\-g*a? +0(£7%))+ Aok, (\-e¥= +—oce“)>)

=
+0(&%)

2% o TY ot
-::E —QYED/E "‘Elb +€Am¥,\/6+0(€ 18 'e)

As afere  YOIL

gowne, QXPM%[DI\S 1 } AR‘\ = Aou.\-,\/é’b ) ER'\ = OJ

Hence 8 Ay+ B = Aru+Bri =0

E ‘ {AR.FBR.FO
obnig Aot = ooty Bri =0 Aru=Aubnjp — Aot =A== Br

=eb
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S Youk 130) Scxh‘s{lz‘s BC o& x

Hewever lim - A
=g ncb&'( ) #

31-,! (x) = "e—\oil_ -+ Ca..e,bkx,_e."z‘- +-€b((-€ —3"") 5.2
Yeut,1 (X) = -ebx e ™ +ebe™ ™
3R,l (I—) - - \:.Xe'
Yoty = lim ( ebe X + geb(i-x )€ +o(e?)) = b+ o(e?)
xX=>1 x> |
: o [ = lm -2C _ -4 2 =
Jim g B = (ebe™* 4+ geb(i-x)e ™ +0(e?) = @o+ 0(€)

=1, ot Uast fo O(€?) 2 Boundany lowger not rﬂtfw'fed af x=1,
: Bowndary Lmau ot X =0 re(\/uifed.

Van Pyke's H&‘rc\r\xr\& Rk
. Using e intermediate vouriable ) yields lon3 cal ealatins

- Vo Dake's ma\'dm'r\% rule is %m‘c\(e( ond uSuauLi wecks ¢

m temsg innes [(n terms Ou\-er)] =n fems outer [(m terms (nn,o/)]
- —

— )

e —


Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle

Eamonn
Rectangle


5.4 n tTerms in tThe outer xPawsion, M tems in the nner expansia
wnhen in +eams o@-h«e inner vewable = wrten in +eems o e outer

amd expondad to m?hordec ia the Yoviable and xpanded to
inngr vortololl Nt order in the entor vaabl

Example At e left hand Boundacy . Yy (2, ) = ALet (a-—A..,,)e-:x" + o(€)
‘dov.(—{:c) = A‘,“\L.o Q,°x+0(83 , =€,
LHS 4 dermader = Aoutoe T
Acd,0 @ Tt

Aeut,o (14 O(EXLY)

i

i)

RHS 1 4eom ianer ALo *+ (d-AL,o)Q“xL

= ALpo +(a—AL,o)e—_x/£ = ALo * Q"P“"“*‘"\\H

Small

Ackto = | +eem inn@[(l*ﬁmm&r\]= l+4mad-€rgl+ﬂmfnwﬂ=/‘n.‘o

AL,Q = Acw\-,o = Qb
T usma'BC ot X =), nohas ‘ere (s

g bowr\dN\} lcu%,o.r Tere.
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