Professor Joyce C3.3 Differentiable Manifolds MT 2018

Solutions to initial problem sheet

1. The n-sphere is 8" = {(zg,...,z,) € R™™ :ad + - + 22 = 1}. It
has an atlas {(U1,¢1),(U2,q§2)} with two charts, where U; = Uy = R",
¢1(U1) = Sn \ {(—1,07 e ,O)}, ¢2<U2) = Sn \ {(1,0, e ,0)}, and ¢17 ¢2 are

the inverses of

T (Tor- s ) — (@1 T0) = (U1, Y)

Gyt (T, ..y ) 1_1z0(x1,...,xn): (21, -y 2Zn)-

Show that 8" is a Hausdorff, second countable topological space. Compute
the transition function ¢; "' o ¢ between (Uy, ¢1) and (Uy, ¢), and show that
it is smooth with smooth inverse.

Thus { (U1, ¢1), (U, ¢2) } is an atlas on 8", which extends to a unique maxi-
mal atlas, making S" into a smooth n-dimensional manifold.

Answer. To show S§" is Hausdorff, suppose (zo,...,z,), (Y0,-.-,Yn) € S"
are distinct. Then z; # y; for some i = 0,... ,n. If ; < y;, pick ¢ € (x;,y;)
and set

U={(20,---,20) €S" 1z <c}, V={(20,...,20) €ES": 2 >c}.

Then U,V are disjoint open sets in S" with z € U, y € V. If z; > y;, swap
U,V. Thus S" is Hausdorff.

To show S™ is second countable, note that R"*! is second countable, since
B = {(ao,bo) X (al,bl) X e X (an,bn) : ai,bi € @, a; < bl}

is a countable basis for its topology. Hence {U NS":UeB } is a countable
basis for the topology of S".

The transition map is ¢5 ' 0¢; : R*\ {0} — R™\ {0} mapping (y1, ..., %n) —
(21, 2n) = m@l’ ..., Yn). This is clearly smooth. The inverse (¢, ‘o
1 n

¢1)"! is given by the same formula, and is also smooth.



2. The n-dimensional projective space RP" is the set of 1-dimensional
vector subspaces of R™™'. Points in RP" are written [zg,z1,...,x,] for
(zg,...,z,) in R*"™\ {0}, where [zg,...,z,] = R- (zg,...,z,) C R*"
and [Axg,...,A\x,] = [z0,...,x,] for A € R\ {0}. It has the quotient
topology induced from the surjective projection 7 : R\ {0} — RP",
T (Xoy ooy Tn) > [T0y .oy Ty

Define a chart (V;,1;) on RP" for i =0,...,n+ 1 by V; = R" and

¢i(y1a s 7yn) = [yla <oy Yie1, 17yi7 s 7yn]
Compute the transition functions @Z)j_l o 1); between (V;, ;) and (V},;), for
0 <1< j<n+1, and that they are smooth with smooth inverses.
Thus {(Vi, vi):i=0,... ,n} is an atlas on RP", which extends to a unique

maximal atlas, making RP" into a smooth n-dimensional manifold.

Answer. The transition function from (V;,;) and (V},¢;) for i < j is

¢;10wi3{(yla"'ayn)ERn:yj—l#O}'—){(Zlv"’>zn)€Rn:Zi7é0}’

-1 . Y1 Yi—1 _1 Yi Yi-2 _Yj Yn )
1/}] ¢Z (yl) ) yn) Y1’ YY1 Y1 Y1’ YY1 Y1) )y

This is clearly smooth, with smooth inverse given by

-1 1. R 1z
('lbj O’l/}l) <Zl7’Zn>'—>(z_1’72_11’%”2221727%’7%)

3. Define f : 8" — RP" by f(zo,...,2n) = [To,...,Zs]. Show that f is a
smooth surjective map of differentiable manifolds, and that for each y € RP",
the inverse image f~!(y) consists of two points.

Answer. Note that f is the composition S < R"+1\ {0} - RP", where ¢
is the inclusion and 7 the projection. But ¢, 7 are continuous by definition
of the topologies on ", RP", so f is continuous.

To show that f is smooth, consider for example the charts (U, ¢;) on 8"
and (V;, ;) on RP" for i > 0. Then we have a diagram

(fod) M (wi(Vi)) = {(1,--- ym) ER™ 1y # 0} ol S”
l/wi_lofo(bl fl
V,=R" o RP".



Here for (y1,...,yn) € (fod1)™ (¢i(Vi)), i d1(y1,- ., yn) = (w0, ..., %), and

foodi(y, .. yn) = [x0,...,2,], and w;lofoqﬁl(yl,...,yn) = (z1,--+,%n),
then

1
(Y1, s Yn) = 1+x0(x1,...,xn),

Solving the first equation using z3 + - - - + 22 = 1 gives

1—y2—.. —q2 2
= y; yn’ 1—i_x(]: ) s
Lty +-+y2 L+yi+- +y2
_ 2y;
Ly 4+

Zo

€T; Z:L,’H,

Putting all this together shows that ;' o f o ¢; maps
- o o \
¢i lofo¢1 : (yla"'ayn)r_) (%75_1’7%’%’7%)

This is smooth on y; # 0. Similarly we show that the transition functions
for each chart from {(Uy, ¢1), (Us,¢2)} and each chart from {(V;,¢;) : i =
0,... ,n} is smooth. So f is smooth on the charts of atlases for S", RP", and
thus it is smooth.

To see that f~'([yo,--.,¥ys]) is 2 points, note that for a fixed representative
(Y0, - - -, yn) for [yo, ..., yn), we have

fil([yoﬁ"'?yn]) = {()‘yoa"'a)‘yn> tAE R\{O}7 >‘2(y(2)+"'+y721) = 1}>

and there are two solutions A\ = £(y2 + - - + y2)~1/2



