Professor Joyce C3.3 Differentiable Manifolds MT 2018
Problem Sheet 1

1. The real projective line RP' (see Sheet 0, Question 2) may be written
s (R%\ {0})/ ~, with the quotient topology induced from the projection
7 :R?\ {0} — RP', where ~ is the equivalence relation on R?\ {0} given by

(x,y) ~ (A\z, \y) for some A € R\{0}.

In a similar way, define X = (]R2 \ {O})/ ~, with the quotient topology
induced from the projection 7 : R? \ {0} — X, where = is the equivalence
relation on R? \ {0} given by

(z,y) = Az, \"'y) for some A € R\{0}.

Write [z,y] € X for the ~-equivalence class of (z,y) € R?\ {0}.

Define U=V =Rand ¢: U — X, ¢ :V — X by ¢(u) = [u, 1] and ¥(v) =
[1,v]. Show that (U, ¢) and (V) are charts on X, with ¢(U) = X \ {[1,0]}
and (V) = X \ {[0,1]}. Compute the transition function )~! o ¢ between
(U, ¢) and (V,4). Deduce that {(U, o), (V, zp)} is an atlas on X.

However, X is not a manifold. Why not?

Draw a picture of X, as a topological space.
2. Let X,Y be manifolds. Show carefully that X x Y has a unique manifold

structure such that if (U, ¢), (V1) are charts on X, Y then (U x V, ¢ x ) is
a chart on X x Y, and dim(X x Y) =dim X +dimY.

P.T.O.



3. (Partitions of unity.) Let X be a manifold, and {U; : i € I} an open
cover of X. A partition of unity on X subordinate to {U; : 1 € I} is a family
{n; - i € I} with n; : X — R smooth for i € I, satisfying the conditions:

(i) mi(z) € [0,1] for all i € [ and z € X.

(ii) The support of n; is suppn; = {z € X : n(z) # 0}, where ¢---" means

the closure in X. Then suppn; C U; for each 7 € [.

(ii) Each x € X has an open neighbourhood V' such that 7|y is nonzero
for only finitely many ¢ € I (that is, {n; : i € I} is locally finite).

(iv) > ;e;m = 1, where the sum makes sense by (iii) as near any z € X
there are only finitely many nonzero terms.

It is a theorem that for any manifold X and any open cover {U; : i € I},
there exists a partition of unity {; : i € I} subordinate to {U; : i € I'}. We
will prove this when X is compact. So suppose X is a compact manifold and
{U; i € I} is an open cover of X.

(a) Show that for each x € X, we can choose i, € I and a smooth function
(o X = R with (, >0, (,(x) >0, and supp (, C U;,.

[Hint: choose local coordinates (y1, ..., y,) on an open neighbourhood
V of x in X, such that = has coordinates (0, ...,0). Choose i, € I with
x € U;,, and small € > 0 such that V' NU;, contains the ball B.(0) of all
points y with coordinates (y1, . ..,y,) € R” with 42+ - -+y2 < €2. Then
consider the function ¢, : X — R given by (,(y) = e V(€ -vi——v) if
y=(y1,-..,Yn) € Bs(0) CVNU,, and (,(y) = 0 otherwise.]

(b) Set V, ={y € X : (,(y) > 0}. Show that there is a finite subset S C X
with X =, 4 Vs.

(c) Show that ) _¢(, is a positive function on X. For each i € I, define

i = (Zzes C5’3)_1 ) ZzGS:izzi Cx

Show that {n; : i € I'} is a partition of unity subordinate to {U; : i € I}.



