Professor Joyce C3.3 Differentiable Manifolds MT 2018
Problem Sheet 2

1(a) Let X be the sphere 8" = {(zo,...,z,) € R™™ 1 af +--- 22 =1},
Explain why we may identify

Tlooram)S" = {(Wos - -, yn) € R™ tmoyo + -+ + 2y, = 0}.

(b) By identifying R?**2 =~ Ckl ghow that any odd-dimensional sphere
S**! has a nonvanishing vector field v € C®(TS*™) (i.e. v # 0 at every
point).

For discussion: can the same thing hold for even-dimensional spheres S2*?

2*. Let X" be a compact n-dimensional manifold covered by coordinate neigh-
bourhoods U,, with coordinate maps v, : U, — R™. Show by using com-
pactness that there exists a finite set of bump functions ¢, ..., ¢ such that
for each z € X at least one ¢; is identically 1 in a neighbourhood of z, and
the support of each ¢; is contained in Uy;) for some afi).

Now define F : X — R+ by

F(x) = (8017 < Pk @17/}04(1), 9027%(2)7 s Sokwa(k))(x)

Show that:
(i) F is injective.
(ii) the derivative of F' is injective at each point x € X.

(iii) the manifold topology is the induced topology.
Deduce that F : X — R+ is an embedding.
(This is a special case of the Whitney Embedding Theorem.)



3. Let X be a manifold and v,w € C*°(T'X). Suppose (z1,...,x,) are local

coordinates on an open set U C X, so that we may write v = Ulaixl + -+
vn£ and w :wla%l —|—-~-+wn£ on U, for v;,w; : U — R smooth.

Define the Lie bracket [v,w] € C=(T'X) by

n

aw]' 0 av,- 0
[v,w] = Z <Ui dr; Or; i dr; a_x) on U. (1)

7,7=1

Prove that this is independent of choice of local coordinates. That is, if
(y1,-..,Yn) is another local coordinate system on V' C X then (1) and its
analogue for (y1,...,y,),V define the same vector field on U NV

4. Find the vector fields u,v,w on R? given by the following three one-
parameter groups of diffeomorphisms:

® gpt(acl,xQ) = (ZEl +t,$2).
o @1, 1) = (21,22 +1).
o i (xy,29) = ((cost)ry + (sint)xy, (—sint)zy + (cost)rs).

Show that the Lie bracket of any pair of u,v,w is a linear combination of
u, v, w (with constant coefficients).

5. Let A be an n x n matrix and consider the vector field v in R™ defined by
0
v = ZXJ: Aijl’ja—xi

Use the exponential of a matrix:
C? on
eXpC:[+C+7+...+W+...

to integrate this vector field to a one-parameter group of diffeomorphisms.



