
 

Chapter 4 Penrosecarbodiagromns
t
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see hv example MT w 34.1

the Penrose Carter diagrams are

spacetime diagrams which are useful for

study the asymptolicproperties of
spacetime and fields egg R Fab I
hear infinity mt enough to study
spatial infinity alis need to discuss future
infinity etc

key find coordinates which bring in
infinity into a finite distance

For asymptotically spacetime we have
it FCP TL infinity it I finite radius r
ITL curves extend towards this region
is SL infinity r a finite t
1st curves extend towards this region
ft FCP Null infinity t tr I

t Ir finite
outgoing Null curves extend towards It
in going h h g



Torexarmpted Armin flat spacetime
with coordinates t r O P and metrics

ds df't dr't r Dr
We have il arros extend to it br large values of

g
the attire parameter

ta TT'T Tyga TI Fp eight rays extend
towards It

r j
Esl curves extend
towards this region

1111 ily pp eight rays extendj
towards J

study the causal structure of space time

turf comhuman transformation



Definition A combumaltransbrmation
is a map

Mig CM

such that
gab x MH gably

where Nxt to Tx Mx smooth

keysact communal transformations dont
change the causal structure of space time
In fact if V is a vector on M then

g v.v Ngu U
As n so is V is TL N SL with

respect to g then it is TL N SL

respectively with respect to J

Note however that geodesics of g are

not necessarily geodesics of untie
they are null exercise



solution to the exercise
Comichr an affinity parametriced agesdesk
in CM g with tangent vectsu V

V Va Vb o

Then with respect to

V EaVb Va Traub Fba Vc

ftbae I n gbd Jackgdiddrigad 2amgad
pbae Y bae

where zbai tgn ysbzantgbaan gdga.HN
Then
9 FaVb Vb ya y ybea

ta pi fu Vb 2am garUI g'd2dm
Ava 2am V garU gb A2dm

Them the curve is not a geodesic w rt 5
unless gun o ie unless it is null
in which case it is a null gisdesic wut gbut mt necessary affinity parametrized

O



To construct the Penrose Carter diagrams we

Find a coordinate transformation of CM g
to bringininity Compacting to
a finite coordinate distance
As a consequence we get a new metric
which is mt regular at infinity

To resolve this problem we perform a

combrmal transformation
g g

st g r nsw regular on the edges

Now we add the mints at infinity
to get a red space time CET 5
This new space is called the conformal
compactification of Mig
The Penrose Carlin diagram is a space
time diagram of the ambrmal
compactification of cm g



Example flat Minkswski space time

coordinates Ct r o 011
metric ds df't dr't Pdf

light nm coordinates u t r
ve t tr

let 15,51 be run as ordinates st
u a tan 5 I ate It

so 2
fan J E c f c II

constraint ra o vs u JI

Remarke graph of arctan
n auctanx

Tsh

ee
arctan maps the real line to a finite opm
interval not that tan E to do not

belong to spacetime



metric rn coordinates 15,5 t O

Is C 4 draft n'n'tu i dry
2 issues if

diverys as u u

ie as 5,5 LI

Conbrmal transformation

di 12 5 T di
4 duidit oinker DI

Ty is regular at infinits ie at

i i II

Now bring in infinity that is

extend coordinates If sci EE
E E T E E



Consider new coordinates 80

T Itv range 0 EXE IT

X T T IT ETI T
It X E T

d5 dt't DX't A'n'X dei Mds
A Loss 5 as Je es Tt s X

Fa g I com formally compactified
Minkswski

note that it has non vanishing curvature
DX't n'n'x dr round metrio of s

parametrized in polar
coordinates X O D

this has constant tue scalar curvature
2 spheres of constant X 0

have radius loin XI
X O IT poles of S

INT J vs finite portion as FETETI of

Einstein's static universe meta
topology 42 5

static universe with spherical spatial slices
ie Te constant hymnsurfaces



Infinities 0g

is SL infinity 4 6 5 5 2 Teo
o thiniti v v ft Flo X tit

jI Future Past u to 5 1512 F IFTL infinits to 5 141 11 0t t
r init

It Future Null 5 1172 FIX IT
infinity v

trust ufinito II TCI
t r finite 2

g Past Null u 5 4Th
infinity FX tT
t r s o vtinit EcTce6 tr n'wit u



B
Penrose diagram space time diagram
for an formally compactified Minkowski
spacetime bounded by r o Xtt AT

X T IT

T

it oo

alt
Jt Xtt IT

TL
D A

game io Tio

s
x

radial hull geodesic
L'itant

1 t D

Has
O 1T



F anitant shivs
are S wrth coordinates IX 0,4J
and each mint on the diagram
is a s at

it N role of S points

it is g u n p
r o us polar coordinates are

whgnlav there

JI topology 42 5

radial null geodesics shines at 450

i end pint of SL geodesics

it Future past 1 TL curves end up
at it for large Eve values
of their attire parameters

I



lecture 15 120
Example Penrose diagram for

Kruskal Szekeres spacetime
recall
us 32M e dhdvtrid.lt

WE l fade ri've either

New coordinates

re tant Istaf CE
V twist 2

Then

ds 32M f e rhmdtdtaozia.org ride

1 4 3214 I
no Ia v5 pe

rkn

14riasua.TV dry
diverges as I I IIa

lie h V to
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I 4.32M f e 4 r affair IN

regular at it t II
lie h V I

Now add the mints at infinity

II Eri Tr EE
but becareful with curvature singularity at r o which
cannot be added to spacetime

curvatures re

20 1 if tombtomb L

if sinn hint a star
if UHF to

T WtfThin Itv II x t I
2

or F III s E E X E E
these mints cannot be addedI

0
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11 X T T Tittle
I Teo I O r 2in

b O EX E IT Ermita

boundaries rt axis Ttaxis
T lTtX T IT X

IT f that
Iso 530 Co term
b EzEX ELI 05 Tattle

boundaries ft axil ft axis and r o

III T T T

EmEemm T F Th
i t 1

T II E i l
AX

I

X IT za X ti I

l
s I get 1

mrnfgrnm t F IT
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The KS spacetime is asymptotically
flat Hence i'T g must
approach the combrmally compactified
Minkowski spacetime as r

car any t in regions IO and III
b we can add the mints

is a g
in both regions

Xi The
re

X 172 1 5 2
immune

tax

xx l
io io l

X it d t
r

X p l
X y 9 at l

Iu l

T F M

L
maim



What happens to it
to no tomb o

b o

a X IT T

t X qI p
in

In III X GI it If

it cannot be added as they
meet the ningulavits no

it it
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