Sheet 4: Transforms, Wiener-Hopf

Q1 Suppose f(z) = el*l for —00 < x < 0.

Q2

(a)

If f(x) = f+(z) + f-(z), where fi(z) =0 for x < 0 and f_(x) = 0 for x > 0, show that the
Fourier transforms of f. and f_ are given by

/ fo(z)e*®de = l_i for Im(k)>1

and

:/ f-(z)e*dx = —— for Im(k) < —1
oo i

To which parts of the complex k-plane may fi(k) be analytically continued?

Use contour integration to evaluate

1 oot OO'HB _ .
— fe(k)e *2dk and — ][ k)e ke dg
27 —oo+ia oo+1,3

for x <0 and z > 0, where « > 1 and § < —1.

Over which part of the complex k-plane is it possible to define f(k)? Sketch a suitable inversion

contour I' for which )
= — o f(k)e ™ dk.
@) = 5= §. Flbye

Verify this result using contour integration.

Show that
w(z) = /F g(C)e* d¢ ()

is a solution of Airy’s equation

d?w

2 + 2w =0
only if g(¢) = AeS’/3 and [9(¢)e*]r = 0, where A is a constant. Identify two choices for I'
which lead to two independent solutions of the differential equation.

Show that () is a solution of Bessel’s equation

dPw  1dw

Ldw -0
dz2 +zdz tw

only if g(¢) = A/(1 +¢*)Y? and [(1 + ¢?)g(¢)e*|r = 0. Identify two choices for I" which lead
to two independent solutions of the differential equation for Re(z) > 0.

Q3 Suppose w(z) is holomorphic in Im(z) > « and w_(z) is holomorphic in Im(z) < 8, where a < 3,

(a)
(b)

and neither wy nor w_ grows faster than a polynomial at infinity.

Suppose wy(z) = w_(z) in a < Im(z) < f. Show that w4 (z) = w_(z) is a polynomial in z.

Suppose w4 (z) — w—(z) = G(z), where G is holomorphic in < Im(z) < 8 and G — 0 as
|z| = oo in the strip. Show that wy(z) — G1(z) = w_(z) — G_(2) is a polynomial, where

1 /W“H G(¢)d¢

2mi

Gi(z) =

Y

—oo+iy+ C -z

for a < vy <Im(z) <~v- < p.



(c) Suppose that F(z)w4(z) = w_(z), where F' is holomorphic and non-zero in o < Im(z) < 8
and F' — 1 as |z| — oo in the strip. Show that Fywy = F_w_ is a polynomial, where

Rl = o (5 [ el (h

2mi —oo+iv+ C -z

for a < vy < Im(z) <v- < pB.
(d) When F(z) = (22 — a?)/(2% — b?), where a and b are distinct complex numbers with
~ = min(Im(a), Im(b)) > 0, verify directly that

z4+a z—b

Frie) =8 Fe) =, (1)

is a possible factorization.

(e) Suppose that
R+i _
Iy (a) :/ o *a)dC

—R+iv4 (—=z
where a is as in (d) and —y < v+ < Im(z) < 7— < . Show that 0I./0a — 0, but that
0I_/0a — 27i/(z — a), as R — oo. Hence deduce (I) from (f).

Q4 Suppose u(z,y) satisfies the mixed boundary value problem
ou

Vzu:% iny >0,
with
—ax 8“
u=-e ony =0, >0, — =0 ony=0, <0,
Ay
where a > 0, and u — 0 as 2 + y? — co. Define
u(z,0) x <0, 0 z <0,
fﬁ(;{,‘) = ng(x) = ou
0 x>0, —(z,0) z>0.

dy
Show that the Fourier transforms f_(k) and g, (k) of f_(z) and g (z) respectively satisfy
1 - i

G 0+ 0 =~

where you should define precisely the branch of the multifunction (k:2 — ik:) 2 Deduce that

1 i(—ia —1)/2 y(k2—ik)Y? ik
1 1R dk
uey) = / k+ia)k—1)172 ¢ ’

1/2

where you should define precisely the branch of (k — i)l/ 2 the appropriate value of (—ia —i)'/? and

a suitable inversion contour TI'.
You may assume without proof that kY/2g., (k) and kf_(k) are bounded as k — co.
+

Q5 Suppose u(w,y) satisfies partial differential equation V?u = u in y > 0 subject to the mixed
boundary conditions

ou

8—(:1:,0)20 for z <0, u(z,0) =z for z > 0,
Y



and u(z,y) — 0 as y — oo. By taking a Fourier transform and using the Wiener—-Hopf method,
show that

e /42 4 ik)

1 —ikx
u(a:,O) = 271_/1114(]{?)6 k de7 where A(k):—m, (§)

giving precise definitions of (k — i)%/? and the integration contour I'. [You may assume without
proof that the Fourier transforms of u(x,0) and of Ou/dy(x,0) satisfy u(k,0) = O (k_3/2) and
9u/9y(k,0) = O (kY2 as k — oo.]

Verify that (§) gives the correct expression for u(x,0) when x > 0.

Show that, for x < 0,
1 [ (2—t)el”
0)=— ————dt
u(z,0) zw[ 2Vt 1



