
Exercise 3

Exercise 1. For (x0, t0) ∈ Rn × (0,∞), let

Cx0,t0 := {(x, t) : 0 ≤ t ≤ t0 and |x− x0| ≤ t0 − t}
be the backward light cone with vertex (x0, t0). Let u ∈ C2(Cx0,t0) satisfy

utt −4u = F (u, ∂u) in Cx0,t0 ,

where F ∈ C1(R) with F (0, 0) = 0. If u(x, 0) = ut(x, 0) = 0 for |x− x0| ≤ t0, then
u ≡ 0 in Cx0,t0 .
(Hint: consider E(t) =

∫
Bt0−t(x0)

(u(x, t)2 + ut(x, t)
2 + |∇u(x, t)|2)dx)

Exercise 2. (i) Let S2 be the unit sphere in R3. For a fixed ω ∈ S2 and 0 < ε < 2,
let

Γε := {y ∈ S2 : y · ω ≥ 1− ε}.
Show that the area of Γε is 2πε.

(ii) Let f, g ∈ C∞(R3) satisfy f(x) = g(x) = 0 for |x| > R, and let u(t, x) be the
solution of the Cauchy problem{

utt −4u = 0 in R3 × [0,∞),
u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R3.

Show that u(x, t) = 0 if |t− |x|| > R and satisfies the decay estimate

|u(t, x)| ≤ C(1 + t)−1, ∀(x, t) ∈ R3 × [0,∞)

with a constant C depending only on R, ‖g‖L∞ , ‖∇g‖L∞ and ‖h‖L∞ . (Hint: use
Huygens’ principle and Kirchoff formula)

Exercise 3. (i) Let u ∈ C2(Rn × [0, T ]) be a classical solution of the Cauchy
problem of wave equation

(0.1)

{
2u := utt −4u = f(x, t) in Rn × (0, T ],
u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ Rn,

Show that for any ϕ ∈ C∞0 (Rn × [0, T )) there holds∫ T

0

∫
Rn

fϕdxdt =

∫ T

0

∫
Rn

u2ϕdxdt+

∫
Rn

g(x)ϕt(x, 0)dx

−
∫
Rn

h(x)ϕ(x, 0)dx.(0.2)

(ii) Let g, h ∈ L1
loc(Rn) and f ∈ L1

loc(Rn×[0, T ]). A function u ∈ L1
loc(Rn×[0, T ])

is called a weak solution of (0.1) if (0.2) holds for all ϕ ∈ C∞0 (Rn×[0, T )). Show that,
for given g ∈ C2(Rn), h ∈ C1(Rn) and f ∈ C(Rn × [0, T ]), if u ∈ C2(Rn × [0, T ]) is
a weak solution, then u is also a classical solution.

Exercise 4. Let g, h ∈ L1
loc(R) and define

u(x, t) =
1

2
[g(x+ t) + g(x− t)] +

1

2

∫ x+t

x−t
h(y)dy.

Show that u is a weak solution of the Cauchy problem{
2u := utt − uxx = 0 in R× (0,∞),
u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R.

(Hint: consider the transformation ξ = x+ t, η = x− t)
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Exercise 5. (i) In the Minkowski space (R1+n,m), let 2 = mαβ∂α∂β , L0 = xρ∂ρ
and Ωµν = (mρµxν −mρνxµ)∂ρ. Show that

[Ωµν , L0] = 0, [∂µ, L0] = ∂µ, [2,Ωµν ] = 0, [2, L0] = 22

where, for any two operators A and B, [A,B] := AB − BA denotes their commu-
tator.

(ii) In the Minkowski space (R1+3,m), consider the vector field

X = (1 + t2 + |x|2)∂t + 2txi∂i.

Show by direct calculation that X is a conformal Killing vector field with (X)π =
4tm.


