Exercise 3
Exercise 1. For (zg,t9) € R™ x (0,00), let
Caopto = 1{(z,t) : 0 <t <ty and |x — zo| < tg —t}
be the backward light cone with vertex (zo, o). Let u € C?(Cyy 4,) satisfy
wy — Au = F(u,0u)  in Cyy 1y,
where F' € CY(R) with F(0,0) = 0. If u(z,0) = us(x,0) = 0 for |z — z¢| < to, then

u=0in Cyy .-
(Hint: consider E(t) = th (xo)(u(ﬂﬁ,t)Q +ui(2,1)* + [Vu(z, 1)) dx)
by —t

Exercise 2. (i) Let S? be the unit sphere in R3. For a fixed w € S? and 0 < € < 2,
let
Toi={yeS?:y-w>1—¢}
Show that the area of I', is 27e.
(ii) Let f,g € C*°(R?) satisfy f(z) = g(x) = 0 for |z| > R, and let u(t, ) be the
solution of the Cauchy problem
uy — Au=0 in R? x [0, 00),
u(z,0) = g(x), w(z,0)=h(z), zeR3
Show that u(x,t) = 0 if |t — |2|| > R and satisfies the decay estimate
lu(t,z)| < C(1+t)71,  V(x,t) € R* x [0, 00)

with a constant C' depending only on R, ||g||ze, ||Vg|lz~ and ||| ze. (Hint: use
Huygens’ principle and Kirchoff formula)

Exercise 3. (i) Let u € C*(R"™ x [0,T]) be a classical solution of the Cauchy
problem of wave equation

Ou:=uy — Au= f(z,t) inR™ x (0,T],

u(z,0) = g(z), wu(x,0)=h(z), zeR"
Show that for any ¢ € C§°(R™ x [0,T')) there holds

T T
/ fodzdt :/ / uD(pdmdt—F/ g(x)pe(z,0)dx
0 R™ 0 n n

(0.2) - /n h(z)p(z,0)dz.

(ii) Let g, h € Li, . (R™) and f € L}, . (R"x[0,7T]). A function u € L, (R"x[0,T])
is called a weak solution of (0.1) if (0.2) holds for all ¢ € C§°(R™x[0,7T")). Show that,
for given g € C?(R"), h € C*(R") and f € C(R" x [0,T)), if u € C*(R™ x [0, T]) is

a weak solution, then u is also a classical solution.

Exercise 4. Let g,h € Li (R) and define

loc

(0.1)

1 1 x4+t
u(et) = 5 lola )+ gtz =0+ 5 [ by
x—t

Show that wu is a weak solution of the Cauchy problem

Ou = U — Uge =0 in R x (0, 00),

u(z,0) = g(x), ui(x,0)=h(z), zeR.
(Hint: consider the transformation { =« +t, n =« — t)
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Exercise 5. (i) In the Minkowski space (R*", m), let O = m®#9,03, Loy = 270,
and Q,, = (m?*z” — m?”z")0,. Show that

Qu, Lol =0, [Ou, Lol =0, [0,9u]=0, [O,L)]=20

where, for any two operators A and B, [A, B] := AB — BA denotes their commu-
tator.
(i) In the Minkowski space (R'*3 m), consider the vector field
X = (142 + |2*)0; + 2tz 0;.

Show by direct calculation that X is a conformal Killing vector field with (X7 =
4tm.



