Exercise 4: Part I
Exercise 1. Define on R?*! the functions,

u=t—r, u=t+r,

p=Vt2—r2 ift>r
where r := |z| and 9, = M
(1) Show that if r # 0, u and u are solutions for the eikonal equation
2
(19)* = >_(3:9)* =0,
i=1
(ii) Show that p is the solution for
2
(0i9)* = (9:9)* =1
i=1
(iii) Let
L:8t+a’r')L:at _87'7
show that
m(L,L)=m(L,L)=0, m(L,L)=-2
where m is the Minkowski metric.
(iv) Let S =t0; + 2?21 2'9;. Represent S in terms of L, L and u, u.
(v) Denote by Dp the gradient of p in R?*1, express S in terms of Dp in the region
t > |zl
Exercise 2. Consider the region D = {(z,t) € R? x R, |t| > |z|,t > 2}. Denote by

Y; the level set of each fixed ¢ in D. Let € be the vector field 195 — 220;.
Let ¢ be the solution of O¢ = 0. We denote the standard energy by

B(t) = % /Z {(@10) + 3 _(0:0)°}da.

(i) Consider 9;¢-O¢. By using divergence theorem in a suitable region, establish
an energy identity for ¢, i.e.

E(r) = E(2) 4+ Flux, if 7> 2

where the flux is an integral on {t = |z|,2 < t < 7} with positive integrand.
Represent the flux in terms of L¢ and Q¢.
(ii) Points to ponder:
Establish an energy identity in the region {p < po,t < 7} C D. Here we assume
T > pPo-
Hint: Prove that
2 2
2007 = > 02,)00:0 = 0, (IDGI*) =2 0y, (0160, 6).-
i=1 1
Then redefine energy on the upper boundary

Hyy = {(t,2), V12 =12 = po,t < TYU{t = 7,7 > /72 — p¢}

by finding the outward normal i on each part of the boundary.



