
Exercise sheet 4∗

(for the last class, at the beginning of Trinity Term)

Exercise 1.1. Let φ : A → B be a morphism of integral rings. Suppose that Spec(φ) : Spec(B) → Spec(A) has
dense image. Show that φ is injective.

Exercise 1.2. Let X be a noetherian scheme and let L,M be line bundles on X .

(a) Suppose that L is ample. Show that for sufficiently large n > 0, the line bundle L⊗n ⊗M is ample.

(b) Suppose that L and M are ample. Show that the line bundle L⊗M is ample.

Exercise 1.3. Let L be a line bundle on P1
C. Let σ ∈ Γ(P1

C, L) and suppose that σ 6= 0. Let Z(σ) ↪→ P1
C be the zero

scheme associated with σ. Let Vσ := Γ(Z(σ),OZ(σ)) where Vσ is viewed as a C-vector space. Prove that dimC(Vσ)

is independent of σ. It is called the degree of L.

Exercise 1.4. Let L,M be line bundles on P1
C. Suppose that Γ(P1

C, L) 6= 0 and that Γ(P1
C,M) 6= 0. Suppose that L

and M have the same degree. Prove that L is isomorphic to M as an OP1
C
-module.
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