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260 17. sp¢C and sp,,C

As before, we denote thisby I, |, :
ﬁ:.:..s." ayLy+ag(Ly+Lg)+ - +ag(Ly+ - +L,)*

These exhaust all irreducible representations of sp,,C.

We can find the irreducible representation V® =T,  ;  , with highest
weight L, + --- + L, easily enough. Clearly, it will be contained in the kth
exterior power NV of the standard representation. Moreover, we have a
natural contraction map

O NV - N2y
defined by

Gy A AD) =Y, Q) (=1 T A A A A A Ay
i<j
(see §B.3 of Appendix B for an intrinsic definition and oxﬁmmmnobv,. Since the
representation /N*"2F does not have the weight L, + - + L, the irreducible
representation with this highest weight will have to be contained in the kernel
of this map. We claim now that conversely

Theorem 17.5. For 1 < k < n, the kernel of the map ¢, is exactly the irreducible
representation V® =T, 1. o with highest weight L, + --- + L,.

Proor. Clearly, it is enough to show that the kernel of ¢, is an irreducible
representation of sp,,C. We will do this by restricting to a subalgebra of sp,,C
isomorphic to sl,C, and using what we have learned about representations of
sl,C.

To describe this copy of sI,C inside sp,,C, consider the subgroup G = Sp,,C
of transformations of the space V' = C?" preserving the skew form Q introduced
in Lecture 16 and preserving as well the decomposition V = C{ey, ..., ¢,} ®
C{ey+1---» €2, These can act arbitrarily on the first factor, as long as they
do the opposite on the second; in coordinates, they are the matrices

X 0
G= WAO _N-Hvu Xe @Fﬁw.

We have, correspondingly, a subalgebra

4 0
mH“\Ao l&v“\»mmrﬂwﬂmﬁ?ﬁ

isomorphic to s, C.
Now, denote by W the standard representation of sl,C. The restriction of
the representation V of sp,,C to the subalgebra s then splits

V=W W*

into a direct sum of W and its dual; and we have, correspondingly,

§17.2. Representations of sp,,C in General 261

NV = @ (W NW*).

a+b=k

How does the tensor product A*W ® A\’W* decompose as a representation
of sI,C? We know the answer to this from the discussion in Lecture 15 (see
Exercise 15.30): we have contraction maps

¥, MW R NW* > NI @ NI,

and the kernel of ¥,, is the irreducible representation WP =
To....0.1,0.....0,1,0,... With (if, say, @ < n — b) highest weight 2L, + -~* +2L, +
La4s + -+ + L,_,. The restriction of /\*V to s is thus given by

NV = Wb
a.@w
a+b=k(2)

and by the same token,
Ker(p) = P web,

a+b=k

Note that the actual highest weight factor in the summand W < Ker(g,)
NV is the vector

WweD =g At A A €ypiy AT A €y
=er AT A€ A Eappratt NN Eape
Exercise 17.6. Show that more generally the highest weight vector in any
summand W@? < AV is the vector
WD =y A A€ A Copprars ATTTA €3y A Qe
=€ NN E AN Copgrgtt NN Egp A O (e A e,::) 02,

By the above, any subspace of Ker(¢,) invariant under sp,,C must be a
direct sum, over a subset of pairs (a, b) with a + b = k, of subspaces W*?.
But now (supposing for the moment that k < n) we observe that the element

Zyn— = Ezn-pat+ Epsan—s € 592,C
carries the vector w@? into w®@™1b+1) and, likewise,
Yastnoptt = Eart,2n-p+1 T Eppr1,ntar1 € 5P2,C
carries w@? to w®*1>~1) In case a + b = k = n, we see similarly that
V= Eu14,0€592,C
carries the vector w®? into w@ 2% and

Qn.; = ma+w,=+n+» € mﬂN=P)\

carries w? to w@*?~1 Thus, any representation of sp,,C contained in
Ker(¢,) and containing any one of the factors W » will contain them all, and
we are done M



