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The representation theory of semisimple Lie algebras plays a central role in modern mathematics with
motivation coming from many areas of mathematics and physics, for example, the Langlands program. The
methods involved in the theory are diverse and include remarkable interactions with algebraic geometry, as
in the proofs of the Kazhdan-Lusztig and Jantzen conjectures.

The course will cover the basics of finite dimensional representations of semisimple Lie algebras (e.g., the
Cartan-Weyl highest weight classification, Weyl’s character and dimension formulas) in the framework of the
larger Bernstein-Gelfand-Gelfand category O.

These notes are based on J. Bernstein’s “Lectures on Lie algebras” [Be], supplemented by material from
[Di], [Hul], [Hu2], [FH].

1. THE UNIVERSAL ENVELOPING ALGEBRA OF A LIE ALGEBRA
1.1. Lie algebras. Let k be a field.

Definition 1.1. A Lie algebra g over k is a k-vector space with a bilinear operation [, |: g x g — g (called
the Lie bracket) that satisfies the following identities:

(1) (alternating) [x,z] = 0 for all x € g. (When fc k # 2, this is equivalent with “skew-symmetry”:

[xay] = _[yv‘rL T,y € g)
(2) (Jacobi identity): for all x,y,z € g,

[, [y, 21 + [z, [z, 9] + [y, [z, 2]] = 0.

A Lie algebra is a non-associative algebra, and the Jacobi identity replaces the associativity condition.
There are a few basic examples to keep in mind.

Example 1.2. (1) Let A be an associative algebra. Then we may define a Lie algebra structure on g = A
by setting the bracket to equalded the commutator in A; [x,y] = xy — yx. One verifies immediately

that the Jacobi identity is satisfied because of the associativity of the multiplication in A.

(a) Let V be a k-vector space and A = Endy (V). Applying the construction above to this setting,
we obtain the Lie algebra gl(V') whose elements are the endomorphisms of V' and the bracket is
the commutator.

(b) If V is finite dimensional and we fix a basis of V, we may identify V = k™ and Endy (V) with
n X n matrices with coefficients in k. Then the Lie algebra is gl(n, k), the general linear Lie
algebra of n x n matrices with the Lie bracket given by the commutator.

ONotes for Oxford’s Part C course C2.3 “Representations of semisimple Lie algebras”.
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(2) Let V' be a k-vector space, and consider si(V) = {x : V — V | tr(x) = 0} with the Lie bracket given
by the commutator in gl(V'). (Recall that the commutator of any two linear maps has trace 0.) If V
is finite dimensional and we fix a basis as before, we obtain the special linear Lie algebra sl(n,k) of
n X n matrices of trace 0. Notice that this algebra is not an example of (1): in order to define the
bracket in s\(V'), we invoke the commutator in a larger algebra, gl(V'). In fact, one may prove that in
general there is no associative algebra A such that sl(2) is isomorphic with the Lie algebra obtained
from A wia the construction in (1).

(3) (Classical Lie algebras) Let V' be a finite dimensional vector space over k and B:V xV — k be a
bilinear form. Define

Der(B) = {x € gl(V) | B(zu,v) + B(u,zv) =0, for all u,v € V}. (1.1.1)

Thi is a Lie subalgebra of gl(V'), consisting of the linear maps that preserve B. Suppose that B is

nondegenerate.

(a) If B is symmetric, we obtain the orthogonal Lie algebra with respect to B, denoted by so(V, B).
When k = C, all nondegenerate symmetric bilinear forms are equivalent, hence there is only
one (up to isomorphism) orthogonal Lie algebra over C. On the other hand, if k = R, then
the nondegenerate symmetric bilinear forms are classified by their signatures, and so are the
orthogonal Lie algebras over R.

(b) If B is skew-symmetric, we obtain the symplectic Lie algebra with respect to B, denoted by
sp(V, B). Since B is nondegenerate, dim V' must be even. Recall that, unlike the case of sym-
metric bilinear forms, the classification of skew-symmetric bilinear forms is independent of the
field. In particular, there exists only one (up to equivalence) nondegenerate skew-symmetric
bilinear form and thus, only one symplectic Lie algebra (up to isomorphism,).

(4) Letg = gl(n, k) be the general linear Lie algebra. We denote byn™, b, n™ the Lie subalgebras of strictly
upper triangular matrices, diagonal matrices, and strictly lower triangular matrices, respectively. The
vector space decomposition g = n" @& hdn~ will play an important role in the theory. We emphasize
that this is not a Lie algebra decomposition.

1.2. Lie algebra representations.

Definition 1.3. A representation of the Lie algebra g over k is a k-vector space V' together with a linear
map p: g — Endg (V) (the action) such that

p([z,y]) = p(2)p(y) — p(y)p(x), for all z,y € g. (1.2.1)
An equivalent way is to say that the map p: g — gl(V') is a homomorphism of Lie algebras.

Example 1.4. (1) Let g = gl(V) act on V in the usual way, i.e., the map p is the identity. In terms
of matrices, if g = gl(n) and V = k™, then the action is just matriz multiplication: an n x n matric
times a column vector.

(2) If g is any Lie algebra, the adjoint representation is ad : g — gl(g), ad(x)(y) = [z, y], for all z,y € g.
The fact that this is a representation is equivalent with the Jacobi identity.

(3) If g is any Lie algebra, the trivial representation is the one dimensional representation py : g — gl(C),
given by po(x) =0 for all x € g. More generally, if (p,V') is any g-representation, we write

Vi={veV|pl)=0, foralz < g}. (1.2.2)

This is a subrepresentation of V' consisting of all the copies of the trivial representation that occur in
V.

If (p, V) is a representation of g, we will often write z - v in place of p(z)(v) for the action, z € g, v € V.
Later in the course we will specialize to certain types of representations.

1.3. Tensor products. Recall that the tensor product of two k-vector spaces U, V' is a k-vector space U ® V
which satisfies a bilinearity property:

(1) (ug +u2) @v=1u1 Qv+ us v, uy,us €U, v € V;
(2) u (V1 +v) =uRV +u®uy, u €U, vy,v3 €V}
B) M)@v=u® M) =Au®v,\ek uclU,veV.
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A typical element in U ® V is Z?:1 u; @ v;, where u; € U and v; € V. If {e; | ¢ € I} is a basis of
U and {f; | j € J} is a basis of V, then {e; ® f; | ¢ € I, j € J} is a basis of U ® V. In particular,
dlmk(U ® V) = dimy U - dimy, V.

More generally, if Vi,...,V,, are k-vector spaces, we may define recursively the tensor product V; ® Vo ®
-+ +®Vj. Since the tensor product of vector spaces is associative, we can ignore the order in which we construct
this tensor product, e.g., (V1 @ V2) @ V3 2V} @ (Vo ® V).

In particular, we can speak about the n-fold tensor product of a vector space V., T"(V) =V oV ®--- V.

n times

If U and V are g-representations, then we define an action of g on U ® V' by:
z-(uv)=(-u)Rut+u® (r-v), z€g, uveV. (1.3.1)
One verifies easily that this is indeed a Lie algebra action:

z-(y-(uev)=z-((y-u)@v+tu(y-v)
=@ (y-u)@vt(y-uwe(@ o)+ (@ vy -v)+ue(@-(y-v).

Writing the similar equation for y - (z - (u ® v)) and substracting, we see that the middle terms cancel and
we find:

[z,y] - (u@v) =[z,y] u@v+u® [z,y] - v.

We can extend this definition to an action on tensor products V7 ® Vo ® - - ®V,,, as the sum of actions on
one component at a time.

Definition 1.5. V be a k-vector space. Set

T(V)=>_T"V). (1.3.2)

n>0

By convention, T°(V) = k. Endow T(V) with the multiplication given by the tensor product: T*(V)xTI (V) —
THI(V), (x,y) = x®vy. This makes T(V) into an associative k-algebra with unity, called the tensor algebra
of V. (The element 1 comes from k =T°(V).)

If V is a g-representation, then T(V) is a g-representation with the action on each T™ (V') as before.

The symmetric algebra S(V') of V' is defined as the quotient of T'(V') by the two-sided ideal generated by
all elements t®@y —y®x, x,y € V. Since the generators are homogeneous, S(V) is also automatically graded
S(V) = ®p>08™"(V). If {x; | i € I} is a basis of V where (I, <) is an ordered set, then a basis of S™(V) is
given by {x;, z;, ... a5, |11 <o <--- <y, i; € T}

The exterior algebra \'V of V is defined as the quotient of T'(V') by the two-sided ideal geberated by all
the elements z ® x, x € V. Also AV is a graded algebra. If {z; | i € I} is a basis of V where (I, <) is an
ordered set, then a basis of A" V is given by {z;, Awi, A+ Ay, | i1 <ig < -+ <ip, i; € I}. In particular,
if n > dimV, then A"V = 0.

When V is a g-module, the symmetric and exterior algebras S(V'), AV inherit a g-action from T'(V).

Example 1.6. Suppose the characteristic of the field k is not 2. We can decompose V®V as a direct sum:
2

Vev=s2W)e 'V,

where we embed S*(V') into V @V wia:
1
zy = 5(@®@y+ya),
and we embed N>V into V @V via:
1
TAY §(x®y—y®x).

If V' is a g-representation, then this decomposition of g-invariant, in other words, it is a decomposition as
g-representations.
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1.4. The universal enveloping algebra: definition. Let g be a Lie algebra. The goal is to assign to g
an associative k-algebra with 1 such that the representation theory of g is equivalent with the representation
theory of this associative algebra.

Definition 1.7. Let T'(g) be the tensor algebra of g. Let J be the two-sided ideal of T(g) generated by all the
elements t @y — y @ x — [z,y|, with x,y € g. The universal enveloping algebra of g is the associative unital
k-algebra:

U(g) = T(g)/ . (1.4.1)

There is a canonical linear map ¢ : g — U(g) obtained by composing the identity map g — T (g) with the
quotient map T'(g) — Ul(g).

The adjective “universal” is motivated by the following universal property whose proof is straightforward.

Lemma 1.8. Let A be an associative unital algebra together with a linear map 7 : g — A such that 7(z)7(y) —
T(y)r(x) = 7([x,y]), for all x,y € g. There exists one and only one algebra homomorphism 7' : U(g) — A
such that 7'(1) =1 and

Tor=r.

In particular, notice that the lemma says that every Lie algebra representation of g can be lifted to a
representation of the associative algebra U(g). Indeed, if we have p : g — gl(V') a Lie algebra representation,
take A = Endg(V) and 7 = p and the claim follows from the universal property. Conversely, given any
representation of U(g), we obtain a Lie algebra representation of g by composing with the canonical map «¢.
Therefore, Lie algebra representations of g are the same thing as representations of Ul(g).

Example 1.9. If g is a commutative Lie algebra (so the bracket is identically zero), then U(g) = S(g), the
symmetric algebra generated by (the vector space) g.

1.5. Filtration by degree and the associated graded algebra. We assume from now on that k£ has
characteristic 0 and that g is a finite dimensional Lie algebra over k.

The tensor algebra T'(g) has a natural filtration by degree via the subspaces T, (g) = >, T"(g). Let
U, (g) denote the image of T,,(g) in U(g). Then {U,(g)} is a filtration by subspaces of U(g):

Uo(g) CUi(g) C -+ CUn(g) C ..., U(g) = Unz0Un(g)- (1.5.1)

Definition 1.10. The associated graded algebra grU(g) is defined as follows. As a vector space, it equals
G'aG'eG?*®. .., where G" = U,(9)/Un—_1(g). (The convention is that U_1(g) = 0.) The multiplication in
U(g) defines bilinear maps G™ x G™ — G"*™ and therefore a multiplication on grU(g). This makes grU(g)
into an associative unital algebra.

Lemma 1.11. Let ay,as,...,a, be elements of g and let o be a permutation of {1,...,n}. Then
t(ar)e(az) ... tlam) — tlag))t(as(2)) - - - tlag(m)) € Un—1(9)-

Proof. Since every permutation can be written as a product of simple transpositions, it is sufficient to prove
the claim when o = (j,j + 1). But in this case, the claim is immediate from the identity

v(aj)e(ajpr) = lajra)e(az) = u(lag, aj41]),
which shows the drop in degree by one. 0
As a consequence, we see that
Lemma 1.12. grU(g) is commutative.
Proof. This is immediate from the previous lemma since in gr U(g), we consider succesive quotients. O

Fix an ordered basis {z1,...,x,} of g. Denote the image of this basis in U(g) by {y1,...,yn}. For every
finite sequence I = (iy,...,uy) of integers between 1 and m, let y; = yi, Vi, - - - ¥4, € U(9).

Lemma 1.13. The vector space Up,(g) is generated by yr for all increasing sequences I of length at most m.

Proof. The claim is clear without the adjective “increasing”. Lemma 1.11 shows that indeed we may take
only increasing sequences. O
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We wish to show that the canonical map ¢ : g — U(g) is injective and to understand the structure of the
commutative algebra gr U(g). The main technical result that we need is next.

Let P = Clz1,...,2,] be the algebra of polynomials in n indeterminates z1,...,z,. Let P, denote the
subspace of polynomials of total degree less than or equal to m. If I = (iy,...,4,,) is a sequence of integers,
denote z; as before. It will be convenient to use the notation ¢ < I whenever ¢ < iy forall k=1,...,m.

Lemma 1.14 (Dixmier). For every m > 0, there exists a unique linear map fm, : ¢ ® Py, — P such that:
(Am) fm(xi @ z1) = zi21 fori <1, z1 € Py
(Bm) fm(x; ® z1) — zi21 € Py, for z1 € Py, k < m;
(Cr) [ @ fin(zy @ 27)) = fn(xj @ frn(zi ® 25)) + fo([2i, 2] ® 21), for z5 € Pp_1. (The terms in
(Cyn) make sense by virtue of (By,).)

Moreover, the restriction of fm to § @ Pp_1 1S fm—1-
Notice that this lemma simply says that there exists a canonical representation of U(g) on the space of
polynomials P.

Proof. ! (Dixmier, page 68) The last assertion follows from the uniqueness of the maps f,, since the restriction
of fin, to g® P,,—1 satisfies (4,,—1), (Bm—1), and (Cp,—1).

The proof is by induction on m. For m = 0, set fo(x; ® 1) = z;, which by (Ap) is the only possibility.
Then (By) and (Cy) are also satisfied. Now assume the existence and uniqueness of f,, 1. We need to prove
that f,,,—1 has one and only one extension f,, to g ® P, satisfying (A,,), (Bm), and (C,).

Let I be an increasing sequence of m integers between 1 and n. We define f,,(x; ® z7). If i < I, then
(Ay,) determines it. Otherwise, write I = (4, J) with j < ¢ and j < J. Then

(@i @ 21) = fon (2 @ frn1(z; ® 25)) by (Apm-1)

= frn(2j; ® frn—1(z; @ 27)) + fr—1([zi, 2] ® 25) by (Crp—1).
Moreover, by (Bym—1): fm-1(z; ® z5) = z;z5 + w for some w € P,,_1. Thus
fon(@i @ frn—1(z; @ 25)) = 2j2i25 + fm—1(z; @ w) from (A,,)
=221 + fm—1(z; ® ).

This defines f,,, uniquely, and with this definition, f,, satisfies (A,,) and (B,,). It remains to prove that f,,
also satisfies (C,). Condition (C),) is satisfied by construction if j < i and j < J. Using [z}, z;] = —[z;, xj],
it is also satisfied is ¢ < j and ¢ < J. So (C),) holds if i < J or j < J.

Otherwise, write J = (k, K) with £ < K, k < i, k < j. To simplify notation, write xz := f,,(z ® 2), for

z € g and z € P,,. By induction, we have:
zjzy =xj(Tpzr) = op(zi2K) + [, TR 2K
Now zjzx = zjzx + w for some w € P, _s. Apply (C),) to x;(zx(zj2K)) since k < K and k < j and to
z;(zpw) from the induction hypothesis, hence to z;(zx(z;2K)). Then:
wi(wj25) = wp(wi(zj2K)) + (26 2] (252K) + (25, 2l (wiz) + [0, [25, 2a]] 2k
Interchange ¢ and j and perform the cancellations to get
xi(zzy) — xj(Tizg) = @5, 2j]Tezr = [T, 2] 2Kk

This proves the claim.

Proposition 1.15. The set {yy | I increasing sequence} is a basis of U(g).

Proof. Lemma 1.14 can be rephrased as saying that there is a representation p : g — End(P) such that
p(x;)zr = zzr for all @ < I. By the universal property, there exists a unique algebra homomorphism
¢ : U(g) — End(P) such that

d(yi)zr = zizy, for all i < 1.
From this, we deduce recursively that, if I is an increasing sequence, then ¢(y;)1 = 2. Since {z;} are linearly
independent in P, it follows that {y;} is a linearly independent set in U(g). But we already know that it is
also a generating set, hence a basis. O

1This proof is non-examinable.



6 DAN CIUBOTARU

Corollary 1.16. The canonical map ¢ : g — U(g) is injective.

Proof. Clear from Proposition 1.15. O
In light of this result, from now on identify g with its image in U(g) and drop ¢ (and the y’s) from notation.

Corollary 1.17. Let (x1,...,x,) be an ordered basis of g. Then x’flxgz co.xfn ki € N form a basis of U(g).

Proof. This is just a rephrasing of Proposition 1.15. O

Since ¢ : g — grU(g) (g = G') is an injection, we can uniquely extend it to a canonical homomorphism
t:S(g) — egrU(g). (Both algebras are commutative!) Clearly, +(S™(g)) C G™.

Theorem 1.18 (Poincaré-Birkhoff-Witt Theorem). The canonical homomorphism ¢ : S(g) — grU(g) is an
1somorphism of graded algebras.

Proof. Let (21,...,2,) be an ordered basis of g. For k = (ky,...,k,) € N let |[k| = k1 +---+k,, and denote

Xk =gk gk S(g) and 2k = 28 2k € U(g). Let 78 = 2% .. 2%~ denote the image of z& in GIE,
Since p(XE = 7 and {7%} form a basis of Gl (since {2} is a basis of Ujg|(g) by Corollary 1.17), it

follows that ¢ is bijective. O

Remark 1.19. The PBW theorem allows us to identify canonically grU(g) with S(g).

Let symm’ : S(g) — T'(g) be the symmetrizing map:

1
T1T2 ... LTy > — Z To(1) @+ ® To(m)- (1.5.2)
oESm
Denote symm : S(g) — U(g) the composition of the map symm’ with the projection onto U(g). The results
we have proved so far show that symm is an isomorphism of linear spaces. We emphasize that it is not an
isomorphism of algebras! This is obvious, since S(g) is commutative, but U(g) is not.

Remark 1.20. One can show that symm is in fact an isomorphism of g-modules (homework). If we accept
this, then by taking the g-invariants (the copies of the trivial representation), we obtain a linear isomorphism
symm : S(g)® — Z(g), where Z(g) = U(g)? is the center of U(g). But again, symm is just an isomorphism
of linear spaces and not of algebras in general, even though now both algebras are commutative.

1.6. The principal anti-automorphism of U(g). The principal anti-automorphism of U(g) is an algebra
anti-automorphism 7 : U(g) — U(g) defined by
(ileEg...iCn)T =(-1)"zpTpn_1...21. (1.6.1)

It is the unique anti-automorphism of U(g) such that 27 = —z for all = € g.
If p is a Lie algebra representation of g, p : g — gl(V'), we have the contragredient representation p* : g —
gl(V*). The mapping
u— fpul), uweU(g),
is a representation of U(g) which extends p*.

2. REPRESENTATIONS OF s((2)

From now on, the field is assumed to be k£ = C. In this section, we study finite dimensional representations
of g = sl(2).

2.1. Weights and weight vectors. The Lie algebra s[(2) consists of matrices (Z b) such that a +d =0

d
(trace zero). The standard basis of s[(2) is

e=<8 é) h:(é _01> f:((l) 8) (2.1.1)

The relations between the basis elements are

[h,e] =2e, [h,f]=-2f, Ile, f]=nh.
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Lemma 2.1. The following identities hold in U(s((2)):
[ ¢] = ke, [, 4] = —2k 7%, [e, /] = kF* L (h— (k — 1)),
for all integers k > 1.

Proof. Straightforward, by induction on k. O

An important role in the representation theory of s1(2) is played by the Casimir element. Define
C = h*+2h +4fe € U(sl(2)). (2.1.2)

We will refer to this element as the Casimir element of U(sl(2)), but it is unique only up to a scalar multiple,
as we will see when we discuss the general theory for a semisimple Lie algebra.

Lemma 2.2. The Casimir element C' belongs to the center of U(s((2)).

Proof. By the results of the previous section, U(sl(2)) is generated by e, h, f, therefore it is sufficient to check
that C' commutes with e and f (as h is the commutator of e and f). This is a direct calculation. For example

[C,e] = [h?, e] + 2[h, €] + 4[fe, €],

and [h?,e] = h%e — eh? = h([h,€] + eh) — ([e, h] + he)h = 2he + 2eh = 4he — 4e. Moreover, [h,e] = 2e and
[fe,e] = fe? —efe = ([f,e] + ef)e — efe = —he. This shows that the sum above is zero indeed. O

Definition 2.3. Let V' be an sl(2)-module. A vector v € V is called a weight vector if it is an eigenvector
for the action of h, i.e., h-v = v for some A € C. If v # 0 is a weight vector, we call the corresponding
etgenvalue A a weight. Denote

Vet ={veV|(h—ANv=0}, Vi={veV|3IN >0 such that (h—\) v =0},

and call them the \-weight space and the generalized \-weight space, respectively.
Clearly Vis C V. If Vi* =V for all X\, we say that h acts semisimply on V.

Lemma 2.4. Let V be an sl(2)-module. Then:

(1) e-Vx € Vigos
(2) f-VyCVia.

The same formulas hold with Vi* in place of V.

Proof. Suppose v € Vj, is given. Then there exists N > 0 such that (h — A\)Vv = 0. Notice that in U(sl(2)),
(h — 2)e = eh which means that (h — 2)7e = eh? for all j. Then (h — A —2)Ne-v =[(h—2) — ANe-v =
e(h — \)Nv = 0, which means that e-v € V2.

The case of Vy® is when IV = 1. The statement about f is completely similar. O

Definition 2.5. A vector v # 0 in V is called a highest weight vector if v € VJ* for some A and e-v = 0.
If V is a finite dimensional sl(2)-module, then Lemma 2.4 implies that highest weight vectors do exist.

Lemma 2.6. Let V be an sl(2)-module and v € V' a highest weight vector of weight \. Consider the sequence
of vectors vg = v, vy, = f¥ v, for k > 0. Then:
(a) h-vp=(A—=2k)vg, e-v9 =0, e-vpy1 = (k+1)(A—Ek)vg, v = Vpq1, for k> 0.
(b) The subspace L C 'V spanned by the vectors {vy | k > 0} is an sl(2)-submodule and all nonzero
vectors vy, are linearly independent.
(¢) Suppose that v, =0 for some k. Then there exists £ € Z>q such that X =, vy, # 0 for 0 < klel and
v =0 for all k > ¢.

Proof. Part (a) follows by induction on k, using the commutation relations between e, h, and f. Part (b)
follows from (a) since the eigenvectors vy, have distinct eigenvalues. For (c), let £ be the first index such that
ve41 =0. Then 0 =e-vpp1 = (£ + 1)(A — L)vg, so A = L.

g
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2.2. Irreducible finite dimensional s((2)-modules. For every ¢ > 0, we construct an irreducible repre-
sentation V' (¢) of dimension £ + 1 generated by a highest weight vector of weight .

Algebraic construction. The relations in Lemma 2.6 tell us how to define the module V' (£). Let V(¢) be
the span of {vg,v1,...,vs} and define the s[(2)-action by:

h-vp=(—2k)vg, e-vg=0, e -vpp1 = (kE+ 1)1 —Kk)vg, f-vr=vkq1, k>0. (2.2.1)

(By convention, vg1 = 0 in the above equations.)
From Lemma 2.6, we know that the actions of h, e, f are compatible with the relations between these
elements, and hence, define an action of s((2) indeed.

Lemma 2.7. The module V (£) just defined is irreducible.

Proof. Suppose that M # 0 is a submodule of s((2). Let 0 # Zf:o a;v; be a vector in M. Apply f to it:
I Zf:o a;v; = Zle a;_1v;, which has to be an element of M too. Applying f repeatedly, we get that aguy

belongs to M and so vy € M. Then also Zf;é a;v; is in M and repeat the process to show that all v; are in
M. So M =V (¢). O

Geometric construction.> Consider the action of g = s[(2) on polynomials in two variables x and y via the
operators

e 20y, hw— 20y —y0y, [ y0y. (2.2.2)

One may verify directly that these assignments respect the s[(2) relations. It is clear that these three operators
preserve the total degree of any monomial. Therefore, the subspace V(¢) of homogeneous polynomials of
degree / is invariant under this action.

Notice that V(¢) is the span of {zf, /"1y, x*=2y2 ... ¢}, so it is £ + 1 dimensional. It is easy to verify
that

erat =0, b (i) = (0= 20y, f ) = (0 ety

so that the correspondence

2Ty (= i)y

defines an isomorphism between this realization of the module of V' (¢) and the algebraic one defined before.

Theorem 2.8. (1) FEwvery finite dimensional (nonzero) sl(2)-module V' contains a submodule isomorphic
to one of the V(£)’s.
(2) The Casimir element C' acts on V(£) by £({ + 2).
(3) The modules V (£) are irreducible, distinct, and exhaust all (isomorphism classes of ) finite dimensional
irreducible sl(2)-modules.

Proof. (1) Consider all eigenvalues of V' with respect to the action of h. Since V is finite dimensional, there
exists an eigenvalue A\ such that A + 2 is not an eigenvalue. Let vy # 0 be an eigenvector for this A. By
Lemma 2.6, A = ¢ for some ¢ and L =V (¢) C V.

(2) We compute directly that C'-vg = €(£+42)vy. If v is some other vector in V' (¢), there exists x € U(sl(2))
such that v = 2 - vy. Then C' - v =Cx-vg =2C vy =Ll + 2)x - vg = L(L + 2)v.

(3) We have already proved that the modules V' (¢) are irreducible. Since the scalar by which C acts on
each V() determines ¢ uniquely, it follows that these modules are non-isomorphic.

O

Remark 2.9. From the construction of the modules V ({), we see that on every V({), the element h acts
semisimply and the weights are {€,£ — 2,0 —4,...,—0 4+ 2,—{} and each weight space is one dimensional.

2The reason we refer to this construction as geometric is the following. Consider the group G = SL(2,C) of 2 x 2 matrices
of determinant one acting via matrix multiplication on the space C2 = {(x,y)}. There is an induced action on polynomials in
2z and y and the action of the Lie algebra g defined ad-hoc in this paragraph is in fact the differential (in the Lie groups sense)
of the natural action of G on polynomials.
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2.3. Complete reducibility. In this subsection, we prove directly that every finite dimensional s[(2)-module
is completely reducible. This completes the classification of finite dimensional si(2, C)-modules.

Proposition 2.10. Every finite dimensional sI(2)-module V' is isomorphic to a direct sum of modules V (£),
{>0. In particular, V is completely reducible.

Proof. (Bernstein) We’ll use a general criterion whose proof is an exercise: if every module of length 2 is
completely reducible, then every module of finite length is completely reducible. This reduces the proof to
the case when V' has length 2 with simple submodule S = V(¢) and simple quotient @ = V/S = V (k).

If k # ¢, then the Casimir element acts with different eigenvalues on S and Q. Therefore, V' splits into a
direct sum of two generalized eigenspaces for C, one with eigenvalue £(¢ 4+ 1) and the other with eigenvalue
E(k +1). Since C' is central in U(sl(2)), both of these eigenspaces are sl(2)-submodules and we are done.

Assume k = ¢. Decompose V into generalized h-eigenspaces V' = @V;. By assumption, i € {—¢, ¢ +
2,...,0 =2/} and dimV; = 2. We claim that f*:V, — V_, is a linear isomorphism. Let 0 # v € V; be
given. If v € S, then v is a highest weight vector with weight ¢ and so f‘v # 0. Otherwise, v + S # S in
Q=V/S,but v+ S € Qy,s0 fi(v+S)#S, implying that ffv ¢ S.

Now consider the identity

ef@-l-l _ f@-‘rle _ f@(h _ g)
acting on V;. Since the left hand side is 0, the right hand side must be 0 too. But f* is invertible on V; as
we argued before, which means that h = £- Id on V,. In other words, V; = V7. But this gives two linearly
independent highest weight vectors with weight ¢ in V', and V' decomposes as the sum of the s[(2)-submodules
that these two vectors generate.
O

Corollary 2.11. Let V be a finite dimensional s((2)-module. Then h acts semisimply on V and for every
weight 1 >0, f*: Vi = Vi and €' : V_; — V; are linear isomorphisms.

Proof. Both claims follow from the complete reducibility of V' and the corresponding statements (which we
know are true) for the modules V' (¢). O

3. SOME BASIC FACTS ABOUT SEMISIMPLE LIE ALGEBRAS

In this section, we recall a few basic definitions and results about the structure of semisimple Lie algebras.
These results will be used in the sequel. We do not give proofs of these facts, but a complete treatment
(including proofs) can be found in Kevin McGerty’s notes for the Michaelmas course in Lie algebras C2.1.

In this section, g is a finite dimensional Lie algebra over C.

3.1. Nilpotent and solvable Lie algebras. The lower central series of g is the decreasing chain of ideals
C’gDClgDC?gD---DClgD... defined inductively by C°g = g and C'g = [g,C*~'g] for i > 1. We say
that g is nilpotent if there exists N > 0 such that CVg = 0.

The derived series of g is the decreasing chain of ideals D°g O D'g D D?g D --- D Dig D ... defined
inductively by Dg = g and D'g = [D*"'g, D'~ !g] for i > 1. We say that g is solvable if there exists N > 0
such that DNg = 0. The ideal D'g = [g, g] is called the derived subalgebra of g, and it is also denoted by
Dg.

Since for every i, D'g C C'g, it is clear that every nilpotent Lie algebra is solvable. The converse is false,
as we may see from the following example.

Example 3.1. Let V' be a vector space of dimension n. A complete flag F in V is a collection of vector
subspaces F = (Vo C Vi3 C -+ C V,,), where dimV; = i. Define

nrp={zecgl(V)|z(V;) CVie1}, br={zegl(V)|z(V;)CV}. (3.1.1)

The algebra bx is called the stabilizer of the flag F. Then one can show that bx is a solvable Lie algebra (but
not nilpotent), nr is nilpotent, and ngx is the derived subalgebra of br.

If we choose a basis {e1,...,en} of V and set V; = span{ey,...,e;}, then bx is identified with the algebra
of upper triangular matrices with respect to this basis, while nx is the algebra of strictly upper triangular
matrices.

It is easy to see that if I and J are two solvable ideals of g, then I + J is also a solvable ideal. This implies
that there exists a unique maximal solvable ideal in g, called the radical of g, rad(g).
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Definition 3.2. A Lie algebra g is called semisimple if rad(g) = 0. Recall that a Lie algebra g is called
simple if g doesn’t have any proper ideals.>

3.2. The Killing form. The Killing form of g is the pairing
k:gxg—C, k(z,y)=tr(ad(z)oad(y)), =,y € g. (3.2.1)
It is a symmetric, bilinear form on g and it is g-invariant, meaning that
k([z,y],2) + k(y, [z,2]) =0, =x,y,z €g. (3.2.2)
An important criterion is the following:

Theorem 3.3 (Cartan’s criterion for semisimplicity). A Lie algebra g is semisimple if and only if the Killing
form Kk is nondegenerate.

Using this criterion, one can prove that g is semisimple if and only if it is a direct sum of simple ideals.
(Moreover, the decomposition into a sum of simple ideals is unique.)

Example 3.4. The classical Lie algebras s\(V'), so(V') (defined with respect to a nondegenerate symmetric
bilinear form), and sp(V) (with respect to a nondegenerate skew-symmetric bilinear form) are all simple,
hence semisimple, Lie algebras.

3.3. Cartan subalgebras. A Lie subalgebra h of a Lie algebra g is called a Cartan subalgebra if it has the
following properties:

(1) b is nilpotent;

(2) b is self-normalizing, i.e.,

b= Ng(h) ={z € g|ad(z)(h) Cbh, forall z € g}.
Cartan subalgebras exist. To construct them, consider subalgebras go . = {y € g | ad(z)Ny = 0, for some N >
0}, in other words, the generalized eigenspaces of ad(x), for some x € g. An element z is called regular if
dim go , is minimal among all such subalgebras. One can show that every subalgebra g ,, where z is regular,
is a Cartan subalgebra.

Proposition 3.5. Let g be a semisimple Lie algebra. The following are equivalent:

(a) b is a Cartan subalgebra;

(b) b is a mazimal abelian subalgebra of g which is toral, i.e., the adjoint action of h on g is semisimple.
Moreover, any two Cartan subalgebras are conjugate (under the adjoint action).

Example 3.6. If g = sl(n), then the usual choice of Cartan subalgebra is by consisting of diagonal, trace 0,
matrices.

3.4. Cartan decomposition. From now on, g is a semisimple Lie algebra and b is a fixed Cartan subalgebra.
The main tool for the structure of g is the Cartan decomposition.

Decompose g with respect to the adjoint action of h. Since h is abelian, basic linear algebra tells us that
g decomposes into a direct sum of generalized h-eigenspaces:

g= @ 0y, Oy = {x € g | for all h € h there exists N > 0 such that (ad(h) — x(h))Nz = 0}.
x€bh*
Since b acts semisimply, the generalized eigenspaces are just the usual eigenspaces: g, = {z € g | [h, 2] =
x(h)z, h € b}
One can show first that go = . Denote ® = {a € h* \ {0} | go # 0} and call it the set of roots of g (with
respect to h). The Cartan (or root) decomposition of g is then:

g=ha @ga. (3.4.1)
aced

The spaces g, are called root spaces and every nonzero vector in g, is called a root vector. Here is a list of
the main facts about this decomposition. The main tool for proving the nontrivial statements is the Cartan
criterion for semisimplicity.

3Because of the skew-symmetry of the Lie bracket in g, left ideals are the same as right ideals and are the same as two-sided
ideals.
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(1) [gaagﬁ] C Ja+8, aaB cduU {O}

(2) K(ga;88) = 0 unless § = —a. Moreover, k gives a nondegenerate pairing of g, with g_, and the
restriction of k to b x b is nondegenerate. The Killing form on § can be computed by the formula
k(h, 1) =Y a(h)a(l!), h,h €b. (3.4.2)
acd

(3) @ spans b*.

(4) dimg, =1 for all a € ®.

(5) For every a € ®, there exist vectors e, € ga, €—a € o, Ra = [€a,e—a] € b such that {es, ha,e_a}
satisfy the sl(2)-relations. The element h,, is called the coroot corresponding to o and the content
of the claim is that a(h,) = 2. The coroots {hs | & € ®} span b.

(6) If a+ 3 ¢ ® then [eq,es] = 0 (obviously). If a + 5 € @, then [eq,eg] = Ceqqp for some nonzero
scalar C.

Remark 3.7. If we regard g as an sl(2)-module via the adjoint action, for the s((2) spanned by {eq, haye—a},
then we know that the weights of this representation must be integers. But every B(hy), B € ® is a weight,
thus B(ha) € Z for all a, § € ®.

Definition 3.8. Define:
QV:{ZaahaMaEZ}Ch;

acd

Q=1 aucr|aq € Z} Cb*; (3.4.3)
acd
P={xebh| xtha) €Z for all a« € D}.

These groups are called the coroot, root, weight lattice, respectively. In light of the previous remark, we have
Q C P, but in general, they are not equal.

Example 3.9. Let g = sl(n) and b be the diagonal matrices of trace 0. In coordinates, we may think of b as
h={(a1,...,an) € C" | Y . a; = 0}. The dual space h* is naturally identified with h* = C(e1, ..., en) /(€1 +
€x+ -+ €n), where €; : h — C is defined by €;(ay,ag,...,a,) = a;.
The roots are @ = {e; —¢; | 1 <i# j <n} Cbh*. The Cartan decomposition is g =bh & B, ,; Ge,—c,, with
gc,—c; = C- Eij, where Ey; is the elementary matriz that has 1 on the (i, j) position and 0 everywhere else.
The lattices in the previous definition are:

Q" ={(ar,...,a,) €Z" | > a; =0}

Q=Y aei|lai€Z Y ai=0}/{es+ e+ +e); (3.4.4)
1=1 i

P=7Z{e1,...,en)/{e1+ €2+ +€n).
In this case, Q@ C P and, in fact, one may show that P/Q = Z/nZ.

The Killing form is nondegenerate on b, and therefore it induces a nondegenerate bilinear form ( ; ) on
h*. The coroot h, is uniquely determined by the property

X(he) = 2<X’a>, for all x € h*.

(o, @)
Moreover, since k(h,h) = 3 .o a(h)?, it follows that « is positive definite on QY. Dually, ( , ) is positive
definite on P.

3.5. The Weyl group. For every a € ®, define the reflection in the hyperplane perpendicular to a:
Sa i =0 salx) =x — x(ha)a. (3.5.1)
By the usual abuse of notation, we also denote by s, the corresponding reflection in h:

Sa:h—=b, sq(h)=h—alh)h,. (3.5.2)
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Then s2 = Id and det(s,) = —1. The Weyl group W is the subgroup of GL(h*) (respectively, GL(h))
generated by s,. In fact, since all s,’s preserve the Killing form, W is a subgroup of the orthogonal group
O(h*,(, )) (respectively, O(h, x)).

In order to use Euclidean geometry, introduce the real vector spaces a = R ®7 QY C h and a* = R ®7 Q.
These spaces are endowed with positive definite forms coming from  on a, and (, ) on a*.

If a € @, denote the hyperplane perpendicular to a by H, = {x € a* | x(h) = 0}.

Definition 3.10. The connected components of a*\ Uneco Hy are called Weyl chambers. Fiz a Weyl chamber
C and let C denote its closure in a*.

Proposition 3.11. C is a fundamental domain for the action of W on a*, meaning that:

(1) if x € a* then there exists w € W such that wx € C;
(2) if x,wx € C then x = wy.
Moreover, if x € C and x = wy, then w = 1.

From this result, it follows that W permutes the (open) Weyl chambers transitely and in particular, the
number of Weyl chambers equals |W].

We are now in position to define positive and simple roots (with respect to our fixed choice of Weyl
chamber C).

Definition 3.12. A root o € ® is called positive if (x,a) > 0 for all x € C. This means that o makes acute
angles with every vector in C. Denote by ®T the subset of positive roots and let @~ = —®T be the negative
roots. Of course, ® = ®T LU ®~. Notice that ® is closed under addition.

A positive root « is called a simple root if it cannot be written as a sum of more than one positive Toots.
Let II C ®T denote the set of simple roots.

The basic facts about positive and simple roots are the following:

(1) IIis a Z-basis of @Q (resp., R-basis of a*, resp., C-basis of h*). Every positive root a can be written
as a sum of simple roots with nonnegative integer coefficients.
(2) A positive root « is simple if and only if H, is a wall of the fundamental chamber C.
(3) W is generated by s, a € II.
(4) If o, B are simple root and « # S then («, ) < 0.
We define a partial order on h* that we will use later. Let QT denote the Z>¢-span of II. Then we say
that x1 < x2 if xo —x1 € Q.
A weight x € P is called dominant if x(hey) € Z> for all a € II. This is equivalent with s,(x) < x for all
a € II. Denote by PT the semigroup of dominant weights. Clearly, @+ C PT.

Example 3.13. Denote
1 *
p:§Za€b. (3.5.3)
aedt
One may show that p(hy) =1 for all a € 11. In particular, p € PT.
Example 3.14. In the sl(n) ezample, the usual choice of positive roots is ®+ = {e; —¢; | i < j}. The

corresponding simple roots are Il = {€; — ;41 | 1 <@ < n —1}. The Weyl group is the symmetric group S,
acting on coordinates in the standard way. The weight p equals in coordinates p = ("5L, 23 —nzly

3 95 s 3

3.6. Some more Weyl group combinatorics. Let Il be a base of ®. The proof of the following lemma is
left as an exercise.

Lemma 3.15. If a € 11, then the reflection s, permutes the roots in ®* \ {a}.
We prove a basic result about Weyl group elements.
Lemma 3.16. Suppose a1, s, ..., are in 11, not necessarily distinct. Write s; = sq,. If
$1 e Sm_1(ay,) € D~

then for some index 1 <k <m, Sy ... Sy =81+  Sk—1Sk+1 -« Sm—1-
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Proof. Write 8; = si41 -+ Sm_1(am), 0 <i<m—2and B_1 = . Then Bg € ®~ and §,,_1 € ™. Let
k be the smallest index such that B € ®*. Then ;1 = si(Bx) € ®~. But s; permutes all positive roots
except ag, hence B = ag. So a = Skq1-. .. Sm—1(am and therefore s, = (Sgy1+ .- Sm—1)Sm (Sm—1"--*Sk+1),
from which the lemma follows. U

Since W is generated by {s, | « € II}, we may write each w as a product of simple reflections. If
W = Sq, ' Sa,,, 0 € 11, such that m is minimal, then we say that this is a reduced expression for w, and we

call m the length of w. Write ¢(w) = m. Clearly, £(1) =0, £(s,) = 1 for a € II, and £(w) = £(w™1).
Lemma 3.17. For allw € W, l(w) = #{B € &7 | w(B) < 0}.

Proof. The proof is by induction of £(w), the base case w = 1 being clear. Denote n(w) = #{8 € &% |
w(fB) < 0}. Suppose w = $q4, * - Sq,, is a reduced expression. Set & = ;. Then w(a) < 0. On the other
hand, n(ws,) = n(w) — 1, because s, permutes all positive roots except . Also l(ws,) = L(w) — 1 < L(w),
so by induction (ws,) = n(ws, ), hence £(w) = n(w). O

Proposition 3.18. Suppose A\, € C. If wh = p for some w € W then w is a product of simple reflections
each of which fixes \. In particular, A = p.

Proof. We prove the claim by induction on ¢(w). If /(w) > 0, there exists § € ®T such that w(f) € ¢, so
there exists a simple root a such that w(a) € ®~. Then

0= <:u7w(a)> = <w_1(ﬂ)ﬂa> = <>‘=a> =0,
hence (A, &) = 0. This means that s,(\) = A and (ws,)(A) = p. Since l(ws,) = {(w) — 1, we can continue
by induction. O

4. THE CATEGORY O

Let g be a semisimple Lie algebra over C. Fix a Cartan subalgebra h and let ® be the roots of § in g
and g = h @ ®a€<1> go be the Cartan decomposition. Fix a choice of positive roots ®* and let II be the
corresponding simple roots. We retain all the other notation from the previous section. Denote

nT=>"ga, n=> g. b=hont (4.0.1)
aedt aedt

It is easy to prove the following lemma by using the commutation relations between b, e,, a € ®*.

Lemma 4.1. The subalgebras nt and nw™ are nilpotent. The subalgebra b is solvable and its derived subalgebra
isnt.
As a consequence of the PBW theorem, we have the following triangular decomposition of U(g):
Ulg) 2 U )@ Uh) @ UnT). (4.0.2)
We will use this decomposition repeatedly in this section.

4.1. Definitions. Let V be an g-module. For A € g*, denote by V) the generalized A\-weight space and by
V¢ the A-weight space. Recall that:

Vy = {v € V| for every h € b there is N > 0 such that (h — A(h))Nv = 0}.

The same argument as in s((2) shows that

ea VA€ Vaga, eV CVH, acod. (4.1.1)
We say that V' is h-semisimple if V\ = V¥ for all A € h* and V = @Aeh* V. The set
Y(V)={rebh™ [ Vy#0} (4.1.2)

is called the set of weights of V.

Definition 4.2. The category O of g is the full subcategory of (left) U(g)-modules whose objects M satisfy
the following conditions:

(O1) M is a finitely generated U(g)-module;

(02) M is h-semisimple;

(O3) M is locally n*-finite, i.e., for every v € M, the subspace U(n™) - v is finite dimensional.
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Example 4.3. Recall the modules constructed for s(2), M (\) = span{vo,v1,...,Vn,...}. Given the explicit
construction, we can see immediately that these modules are in the category O.

Lemma 4.4. FEvery finite dimensional g-module is in O.

Proof. If M is finite dimensional, then (O1) and (O3) are automatic. For (O2), recall that b is the span of
the coroots {hs | @ € ®}. Since h, commute, a standard linear algebra fact implies that the action of b is
semisimple (diagonalizable) if and only if every h,, is semisimple. So it is sufficient to prove that the action
of h, for a single a € ® is semisimple. Regard h,, as part of the Lie triple {eq, ha,€_q } which spans an s[(2).
Regarding V as a finite dimensional s[(2)-module, the results from s[(2) tell us that V' is h,-semisimple. [J

Recall the semigroup Q" and the partial order <.

Lemma 4.5. Let M be a module in O.

(1) For every A € ¥(M), the weight space My is finite dimensional.
(2) There exist finitely many weights A1, ..., \p € W(M) such that for every A € W(M), X < \; for some
7.

Proof. Using (02) we can take a generating set of M to consist of weight vectors. To prove (1) and (2),
it then suffices to consider the case when M = U(g) - vy, where vy is a A-weight vector. We’ll use the
triangular decomposition of U(g) = U(n™)U(h)(U(n™). Notice first that V := U(n™) - v, is finite dimensional
(03) and spanned by weight vectors for weights in A + Q™. Let {vy,,...,va,} be a basis of V consisting of
weight vectors. Next V' is stable under the action of U(h). The action of U(n™) produces weights lower than
A1, ..., A\k. More precisely, the weight vectors are all of the form eijal e eiﬁw -vy, with corresponding weight
w=XN — Z;n:l ijo;. Here all 7; are nonnegative integers.

Finally, to see that all weight spaces are finite dimensional, notice that there are only finitely many ways
to write p in the above form. O

4.2. Basic properties. We record some of the immediate properties of O in the next proposition.

Proposition 4.6. (1) O is a Noetherian category, i.e., every M € O is a Noetherian U(g)-module.
(2) O is closed under taking submodules, quotients, and finite direct sums. Hence O is an abelian category.
(3) If M € O and L is finite dimensional, then L ® M € O.
(4) If M € O, them M is Z(g)-finite, i.e., for every v € M, span{z-v | z € Z(g)} is finite dimensional.
(5) If M € O, then M is finitely generated as a U(n™)-module.

Proof. (1) U(g) is Noetherian® and M is a finitely generated U(g)-module. Therefore M is Noetherian.

(2) The only statement that needs explanation is the fact that (O1) holds for submodules. But this is
precisely because of the Noetherian property from (1): every submodule of a finitely generated module is
finitely generated.

(3) The tensor product L ® M satisfies (O2) and (O3). To prove finite generation, let {vq,...,v,} be a
basis of L and let my,...,m; generate M. Then {v; ® m;} generates L ® M. To see this, let N be the
submodule this set generates. Since every v € L can be written as v = Y a;v;, we see that all simple tensors
of the form v ® m;, v € L, are also in N. If x € g, we calculate

r-(v@mj)=z-v@m;+v@r-m; € N.

The first term is in N, so v @ - m; € N. Repeating this, we see that v ® u-m; € N for all u € U(g). But
then L ® M C N, which concludes the proof.

(4) If v eM we may write v as a sum of weight vectors. It is sufficient to prove the claim when v € M.
Since z € Z(g) commutes with b, we see that z - v € M) as well. But M), is finite dimensional, so Z(g) - v is
finite dimensional.

(5) Because of the axioms, we see that M is generated by a finite dimensional U(b)-module V. By the
PBW theorem, a basis of V' generates M as a U(n~)-module. O

Example 4.7. We can verify that when g = sl(2), the tensor product M(X) ® M (u) is not in O.

4This is proved in the “Noncommutative rings” lectures using the PBW theorem, so we won’t repeat the proof here.
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4.3. Highest weight modules.

Definition 4.8. Let M be a U(g)-module. A nonzero vector v € M s called a highest weight vector (of
weight \) if v € My for some X € W(M) and n* -v = 0. The last condition is equivalent with e, -v = 0 for
all a € ®F.

From Lemma 4.5, every M € O has a highest weight vector. (Pick A a maximal weight with respect to
<.) Therefore, it makes sense to make the following definition.

Definition 4.9. A U(g)-module M is called a highest weight module of weight A if there exists v € My such
that M = U(g) - v. The last condition is equivalent with M = U(n™) - v by the triangular decomposition.

We list several immediate properties of highest weight modules.

(a) Choose an ordering of the positive roots: «j,as,..., ;. Then M is spanned by the vectors
e, ---em, -v. Bach such vector has weight A\ — Z;nzl i;05. Hence M is h-semisimple.

(b) Arguing as in the proof of Proposition 4.6(5), we see that if u € (M), then pu < . Moreover, each
M, is finite dimensional and, in particular, dim My = 1. Therefore M € O. (Axiom (O3) follows
from the fact that e,, @ € @ maps M, to M,,1.)

(¢) Each nonzero quotient of M is also a highest weight module of weight .

Proposition 4.10. Let M € O be a highest weight module.

(1) M has a unique mazimal submodule and hence a unique simple quotient. In particular, M is inde-
composable.

(2) Let A € b* be given. All simple highest weight modules of weight A are isomorphic. If M is a simple
highest weight module of weight X, then dim Endg(g)(M) = 1.

Proof. (1) If N is a proper submodule of M then N € O (as M € O), hence N is Bh-semisimple. Write
N=6& LET(N)YCB(M) N, . Since M) is one-dimensional and every vector in M) generated M, it follows that
A ¢ U(N). This implies that the sum of all proper submodules of M is still proper (A is not a weight for any
of them), and therefore there is a unique maximal submodule.

(2) Suppose M; and My are two simple highest weight modules of the same weight A. Let vq,vs be
highest weight vectors for M; and Ms, respectively. Then v = v + vs is also a highest weight vector in
M = M; @ My. Denote N = U(g) -v C M. Then N is a highest weight module of weight A. The two
canonical projections give projections N — M; and N — M,. Hence M; and M5 are both simple quotients
of N. By (1), My = M.

For the second part, let M be a simple highest weight module of weight A and let ¢ : M — M be a
nonzero g-homomorphism. Since M is simple, ¢ must be an isomorphism. Then it maps M) to M,. Fix a
highest weight vector v € M. Since M), is one-dimensional, ¢(v) = cv for some constant ¢ € C. But since v
generates M, it follows that ¢ = ¢ - Id. O

As a consequence, we can see that the highest weight modules are the building blocks of category O.
Corollary 4.11. Let M # 0 be a module in O. There exists a finite filtration
oOcMycMyC---CM,=M
of modules in O such that M;/M; 11 is a highest weight module.

Proof. M is generated by finitely many weight vectors vy,,...,vy,. Set V.=U(n") - (vy,,...,vy,). Because
of (03), V is finite dimensional and, of course, M =U(g) -V =U(n™) - V. We proceed by induction on V.
If dimV = 1, then M is a highest weight module itself. Otherwise, take v € V a weight vector for a
maximal weight (among the weights that occur in V). Then v must be a highest weight vector in M. Set
M, = U(n~) - v which is a submodule of M and a highest weight module. Next M = M /M is generated by
V = V/{v). Since dim V' < dim V, we can finish the proof by induction. O

4.4. Verma modules. Recall the Borel subalgebra b = h @ nT. Since nT is an ideal in b, we have the
natural projection b — b/n™ = b, which is a Lie algebra homomorphism. For every A € fh*, denote by Cy
the one-dimensional b-representation pulled back via this projection. Then on Cy, n™ acts by 0. We can also
regard Cy as a U(b)-module.
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Definition 4.12. Let A € h* be given. Define
M) =U(g) ®@u) Ca,

a left U(g)-module under the natural action (left multiplication) of U(g). This is called the Verma module of
highest weight X.

Notice that M(A\) 2 U(n~) ® Cy as left U(n~)-modules. This follows again from the triangular decompo-
sition of U(g). In other words, M (A) is a free U(n~)-module of rank 1.

Define the vector v =1® 1 € M (). This is a highest weight vector of weight A and M(\) = U(n™) - v.
This means that M () is indeed a highest weight module of weight .

Lemma 4.13. The weights of M()\) are ¥(M(\)) =X — Q.

Proof. We know that W(M (X)) € A—Q™ since we’ve seen that this holds for any highest weight module. The
equality follows from the fact that M () is a free U(n™)-module of rank 1, hence all elements e’ ---e'7, v

—

are linearly independent and they “cover” all the weights in A — Q. O

An alternative definition goes as follows. Define the left ideal I of U(g) generated by n™ and {h —A(h)-1 |
h € b}. Then
M\ =U(g)/I. (4.4.1)
Lemma 4.14 (Universal property). Suppose M is a highest weight module of weight \. Then there exists a
projection p : M(\) — M.

Proof. Let v/ € M be a highest weight vector. The assignment v — v’ extends to a U(g)-homomorphism
M(X\) — M which is surjective since v’ generates M.

Or differently, start with the projection p: U(g) — M, 1 — v. Since the ideal I kills M, p factors through
U(g)/I — M. O

By the properties of highest weight modules, M (\) has a unique maximal submodule N(\) and a unique
simple quotient L(A) = M (A\)/N(X).

Theorem 4.15. Every simple module in O is isomorphic to a module L(\) for some X € h*. Moreover,
1, A=u
0, X\#p.

Proof. Every simple module L in O is a highest weight module of weight A where A is a maximal weight in
U(L). By the universal property, L is a quotient of the Verma module of M (\), hence L 2 L()\). The second
claim is just a particular case of Proposition 4.10. O

dim Homgyg) (L(A), L(p)) = {

Remark 4.16. Every simple module in category O is uniquely determined by its highest weight. In particular,
this is true for simple finite dimensional g-modules.

4.5. Finite dimensional modules. In light of the results in the previous subsection, we have a one-to-one
correspondence
h* — {simple modules in O}, A~ L(\).

We would like to determine which modules L(\) are finite dimensional.

Recall that for every a@ € ®T, we have the Lie triple {ea,ha,e_o}. Denote by sl, the span of this
triple. This is a Lie algebra isomorphic to sl(2), and we will make use repeatedly of our knowledge of
s[(2)-representation theory applied to sl,,.

Theorem 4.17. (1) The simple module L(\) € O is finite dimensional if and only if X\ € PT = {x €
h* | x(ha) >0, for all « € T},
(2) This is the case if and only if dim L(X),, = dim L(A)y(y), for all p € W(L(X) and all w € W.

Proof of the necessary condition in (1). Tt is easy to see that if L()) is finite dimensional, then A € PT.
Indeed, let o € ®T be arbitrary and regard L()\) as a finite dimensional sl,-module. If v is a highest weight
vector of L(\) with highest weight A, then in particular, e, - v = 0 and hq - v = A(hq)v. This means that v
is a highest weight vector for a finite dimensional sl,-module, and therefore A(ho) € Z>o. 0
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For the rest of the proof, we need to analyze first the structure of M (X). More precisely, if u is a weight
of M(A) then u < A, i.e., p € A — Q. We look for highest weight vectors in M (\) with weight p < A. (We
have seen this idea already in the case of s[(2).) The key calculation is in the following proposition.

Proposition 4.18. Let M(\) be a Verma module, X € §*, and let v € M()\) be a highest weight vector of
weight A. Let a be a simple root. If n := A(hy) € Z>o, then eﬁzl v s a highest weight vector of weight
p=A—(n+Lla <A
Proof. Denote v = e™*! -v. Then
h-v' =he"t v =[he" - v+e"tthow
= —a(h)(n+1)e" v+ Ah)e" T h-v = (A= (n+ 1)a)(h).

This shows that v’ is a u-weight vector. Next we need to check that n* -+’ = 0. It is sufficient to verify that
eg-v' =0 for all 8 € II. (Every positive root vector can be written as a repeated commutator of simple root
vectors.)

If B# o, then eg - v/ = eg-e™t! v =e"Tles - v = 0. Here we used that e, and es commute, because
[ — « is not a root.

If B =a, then ey - v = eqe™ v = [eq,e" T v+ e"Tleg-v=(n+1)e",(ha —n)-v+0 =0, since

—Q —Q

A(ha) = n. 0

Corollary 4.19. In the notation of Proposition 4.18, if n = A ha) € Z>o then there exists an injective
homomorphism M(p) — M(X), p = X — (n + 1)a, whose image lies in the unique mazimal submodule of
M(N).

Proof. Tf v’ is a highest weight vector of M (u) of weight p, then the homomorphism is defined by sending
v’ e" T v, where v is a highest weight vector of weight A in M ()) and extending as a U (g)-homomorphism.
The fact that this is injective follows from the fact that the two Verma modules are free of rank one over
Un™).

Since the image of the homomorphism is a submodule of M(\), it must lie in the unique maximal sub-
module. 0

Remark 4.20. The condition on p in Proposition 4.18 becomes more transparent if we notice that p =
Sa(A+p) — p. Thus the condition can be rephrased as pi := so (A4 p) < A+ p. The shift by p will make sense
when we discuss the Harish-Chandra homomorphism later.

Before we return to the proof of Theorem 4.17, we need one more definition and a lemma.

Definition 4.21. Let a be an algebra. An a-module M is called a-finite if it is a sum of finite dimensional
a-modules.

We have already encountered this notion in axiom (O3) for category O. The idea behind a-finite module
is that we can extend to this setting the local properties of finite dimensional modules.

Lemma 4.22. Let a € 1I be given and suppose that M € O is an sl,-finite module. Then dim M, =
dim My, () for every weight p of M.

Proof. Decompose M = @, ., M}, with respect to the action of h,. Here My is the k-eigenspace of hy.
From the representation theory of finite dimensional s[(2)-modules (applied to sl,) we know that eX induces
a linear isomorphism between the k-eigenspace and the (—k)-eigenspace of a finite dimensional module. But
then this is also true for sl,-modules so it can be applied to M. Denote ji : My — M_j the resulting linear
isomorphism induced by the action of e* . We can decompose

My= B Mo M= D Mye= D My
peb*,u(he)=k peb*p (ha)==k reEL* pu(ha)=Fk

Now, if v, € M,,, we have h-e* v, = [h,e* ] v, + e Jh-v, = (u—ka)(h)e®,, v, = sq(p)e”, - v, since
k = p(hq). This shows that ji maps M, to M;_(,). But then it has to induce a linear isomorphism between
M[L to Msa(“). O

Now we are in position to finish the proof of Theorem 4.17.
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Proof of Theorem 4.17. Suppose A € P and fix an arbitrary « € TI. Then n = A(h,) is a nonnegative
integer. Regard L(\) as an sl,-module. We claim that L(\) is sl,-finite. To see this, denote by L’ the sum
of all the finite dimensional sl,-submodules of L(\).

If v is a highest weight vector of L()), v is a highest weight vector for the sl,-action and it has weight
n € Z>o. This implies that sl, - v is a finite dimensional sl,-module (of dimension n + 1). Thus sl, - v C L’
and L' # 0.

Next, we see that L’ is a g-submodule of L()\). This is a completely general argument. Take m’ € L' and
T € g, we want to see that = -m’ € L’. By definition, there exists a finite dimensional sl,-submodule N of
L()) such that m’ € N. Since g itself is a finite dimensional sl,-module (under the adjoint action), it follows
that g- NV is a finite dimensional s, module, and it is a submodule of L(X). Since z-m’ € g- N, it follows
that = -m’ € L. Since L' is a nonzero g-submodule of L(\), it follows that L(\) = L’ since L(A) is simple.

We can apply then Lemma 4.22 to L(\) to find that dim L(A), = dim L(\),, () for all u € W(L()\)). Since
a was arbitrary and the s,s generate W, it follows that dim L(\), = dim L(\),(,) for all p € W(L(X)).

Using this condition, we claim that there are only finitely many weights in L(A). Then the conclusion
follows too since every weight space is finite dimensional. Recall that in every W-orbit on weights there exists
one and only one dominant weight. Since W is finite, we only need to count the weights u € P+ that can
appear in L(\). The second condition means that p < A. But it is easy to see that there are only finitely
many weights in P* below \. (P is a lattice!)

O

Corollary 4.23. Every finite dimensional g-module is a direct sum of simple modules L(\), A € PT.

Proof. This follows from the previous theorem and Weyl’s theorem on complete reducibility.® U
We now have a classification via integral dominant highest weights of the simple finite dimensional g-

modules. Other typical information that one would still like to have in representation theory is:

e the dimension of L(\),
e the formal character of L(\),
e models (or explicit realizations) of L(\).

We will obtain satisfactory answers for the first two topics, but the third topic, except for some particular
examples, is beyond the scope of this course.

5. THE CENTER OF U(g)

Recall the notation Z(g) for the center of U(g). We wish to understand the structure of Z(g). We will
first look at the action of Z(g) on modules in O.

5.1. Infinitesimal characters. Any algebra homomorphism x : Z(g) — C is called an infinitesimal char-
acter. Let © = {x : Z(g) — C} denote the set of all infinitesimal characters.

Lemma 5.1. Let M(X\) € O be the Verma module with X € h*. Then every z € Z(g) acts by a scalar on
M(N).

Proof. Again, we've already seen the following proof in the case of s[(2). Write M (\) = U(g) - v, where v is
a highest weight vector of weight A\. If z € Z(g) and h € b, then

h-(z-v)=zh-v=AMh)(z-v),

meaning that z - v € M(A)y too. Since dim M (X)) = 1, there exists a scalar ¢, € C such that z - v = c,v.
Now let w - v, u € U(g), be an arbitrary vector in M (\). Then

z-(u-v)=uz-v=cu-v.
This shows that z acts on M (A) by the scalar c,. O

5VVeyl’s complete reducibility theorem is proved, using the action of the Casimir operator, in the Lie algebras course C2.1,
see Kevin McGerty’s notes.
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The above lemma should remind us of Schur’s Lemma from finite dimensional simple representations.
Notice however that in our situation M () is not finite dimensional and in general it is not simple either. In
light of this result, we define for each A € fh*,

X (z) = ¢z, (5.1.1)

in the notation of the proof of the lemma. This is an algebra homomorphism clearly, and we call it the
infinitesimal character associated to A.

We can say more about it. Suppose z € Z(g) is given. Let A € h* and extend it to A : S(h) — C in the
obvious way. Then using the triangular decomposition of U(g), we may write

z = E 212+ + 20+ Zz_zg,

where 21 € U(n™)U(h), 2+ € U(n™) has no constant terms, zo € U(h) = S(h), 2~ € U(n~) has no constant
terms, and zo € U(h). Let v € M(\)y be a highest weight vector. Then z-v = A(zo)v + A(22)z~ - v. Since
2z~ - v consists of weight vectors of weight strictly smaller than A, we see that ¢, = A\(zp). Define

pr:U(g) = U(h) = S(h), u u®, (5.1.2)

the projection map defined by sending all monomials in positive degrees in n* and in n~ to 0. This is a linear
surjective map. The discussion before says that

xa(z) = Alpr(2), =€ Z(g). (5.1.3)
Therefore, it makes sense to restrict pr to Z(g) and obtain the linear map
¢ Z(g) — S(h). (5.1.4)

This is called the Harish-Chandra projection.

Lemma 5.2. The map &' : Z(g) — S(h) is an algebra homomorphism.

Proof. For 21,25 € Z(g), A(pr(z122)) = xa(2122) = xa(21)xa(22) = Apr(z1))A(pr(z2)) = A(pr(z1) pr(z2)).
Hence pr(z12z2) — pr(z1) pr(z2) € Nxep- ker A = 0. O

5.2. The Harish-Chandra homomorphism. To understand infinitesimal characters further, we need to
know when x = x,, for A\, ¢ € h*. From Lemma 5.1, we know that if M (u) occurs as a submodule of M (A),
then x, = x». We have already seen this situation: if n = A(hq) € Z>( for some « € II, then M(u) is a
submodule of M (A) where 1 = s,(\ + p) — p. This fact motivates the following definition.

Definition 5.3. Define the dot-action of W on h* by
w-A=wA+p)—p, weW,Aeh™ (5.2.1)
We say that \ and p are linked if p = w - X for some w € W.

Notice that p and A\ are linked if and only if x4 + p and A + p are in the same W-orbit in h* under the
natural action of W. In particular, “linkage” is an equivalence relation on h*.

Lemma 5.4. If A\ € P and p is linked to A, then xx = Xu-

Proof. Since W is generated by simple reflections it is sufficient to consider the case when pu = s, - A for
a €Il If A € P, then n = A(hq) € Z. If n > 0, by the result recalled before, x,, = x». If n = —1, p = X and
there is nothing to prove. If n < —2, then A = s, - p and p(h,) = —n — 2 > 0, so we are back in the first
case with the roles of A\ and p reversed. O

Proposition 5.5. If A, € b* are linked then xx = Xx,-

Proof. We know by the previous lemma that the proposition holds when A and p are in P.

Suppose u = w - A. Denote by P(h*) the algebra of polynomial functions on h* and by ¢ : S(h) — P(h*)
the natural isomorphism. Then ya(z) = A& (2)) = «(&'(2))(N). Similarly, xu,.2(2) = (w - A)(&'(2)) =
wt-€(2)) = w! - €(2) ().

Therefore, t(w™! - &'(2))(A) = 1(¢(2))(A) for all A € P. Since P C h* is dense in the Zariski topology, it
follows that ¢(w=!-¢’ ( )) = ¢(§'(2)) as polynomials on h*, and so x» = x,, for all A\, u € h* that are linked. O
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Definition 5.6. The Harish-Chandra homomorphism is £ : Z(g) — S(b) defined by the composition § =
p-shifto & where & : Z(g) — S(h) = P(b*) is the Harish-Chandra projection and p-shift : P(h*) — P(b*) is
the map defined by p(\) — p(A — p) for all p € P(b*), X € h*.

Proposition 5.7. The image of the Harish-Chandra homomorphism & : Z(g) — S(h) lies in the subalgebra
SHW = P(6*)V of W-invariant polynomials.

Proof. The definition of £ means that xx(z) = £(2)(A + p), for all A € bh*. Here we think of {(z) € P(h*). If
A and p are linked, equivalently A + p and pu + p are W-conjugate with respect to the natural action of W,
then x, = xx. This means that {(z) is constant on W-orbits in h*, which is equivalent with the claim of the
proposition. O

Remark 5.8. A priori, the definition of £ depends on the choice of positive roots. Using that any two choices
of positive roots are conjugate under W, one may show that in fact & is independent of this choice.

Theorem 5.9 (Harish-Chandra). (1) The algebra homomorphism & : Z(g) — S(h)W is an isomorphism.
(2) If \peb*, xu=xx if and only if X and p are linked.
(3) If x : Z(g) — C is an infinitesimal character, then x = xx for some X € h*.

Remarks about the proof. (1) This is the hardest part. The essential step is Chevalley’s restriction theorem
which says that the restriction 6 : P(g) — P(b), 0(f) = f |, maps P(g)? isomorphically onto P(h)".

Since the algebra homomorphism ¢ is compatible with the natural filtrations on Z(g) (inherited from U(g))
and on S(h)" (inherited from S(h)), it is sufficient to check that the associated graded homomorphism ¢ :
er(Z(g)) — grS(h)"W = S(h)"W is an isomorphism. Recall that the symmetrizing map symm : S(g) — grU(g)
induces an isomorphism S(g)? = gr(Z(g)) = gr(U(g)?). Writing S(g) = S(n™) ® S(h) @ S(n'), denote by
po : S(g) — S(h) the projection. One can check that

§ =10 |s(g)s -
Finally, one can apply the Chevalley restriction theorem using the identification h 22 g* and h = h* via the
Killing form. (S(g) = P(g*) = P(g) etc.)

(2) Suppose that A and p are in different linkage classes. Then A + p and p + p are not W-conjugate. We
will separate them using W-invariant polynomials on h*. Since W (A + p) and W (u + p) are finite sets, there
exists a polynomial f € P(h*) such that f takes the value 1 at every element of W (A + p) and the value 0 at
every element of W(u + p). To get a W-invariant polynomial, we average f:

F=> wlf).

weW
Then f € P(h*)"W and f(A+p) #0 = f(u+p). Set z = E71(f) € Z(g) and we have

xXa(2) = f(A+p) # fu+p) = xu(2).

(3) Let x : Z(g) — C be an arbitrary infinitesimal character. Set Y = y o &£~ ! : S(h)" — C, an algebra
homomorphism. One can show that S(bh) is a finitely generated S(h)"-module. Then using standard facts in
commutative algebra, it follows that every homomorphism S(h)" |[toC can be extended to a homomorphism
S(h) — C. But every homomorphism S(h) = P(h*) — C is given by evaluation at some A. It follows that
X = X |s(pyw and then x = xx. O

To conclude, recall that © denoted the set of all infinitesimal characters. The homomorphism & : Z(g) —
P(h*)W gives rise to a dual map

/W =0, (N =xrp (5.2.2)
The Harish-Chandra Theorem says that £* is a bijection.

Example 5.10. Let g = sl(2,C). Recall the Casimir element C = h?>+2h+4fe € Z(g). The Harish-Chandra
projection takes C to &'(C) = h? 4 2h. Neat, the p-shift takes b+ h — p(h) = h — 1. This is because p = %a
and a(h) = 2. This means that the Harish-Chandra isomorphism & takes

C— h%—1.

In this case, W = {Id,—1Id} = Sy, and therefore, the image of ¢ is S(h)W = C[h?]. This means that
Z(g) = C[C] and the correspondence is 1+ 1 and C' — h? — 1.
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5.3. Composition series. Recall that we know that every M € O is a Noetherian module.
Proposition 5.11. Fach M € O is Artinian.

Proof. We need to show that any proper descending chain of submodules of M terminates. In light of
Corollary 4.11, it is sufficient to prove the claim when M = M ()). Suppose that N C N are submodules
of M. Since Z(g) acts by the infinitesimal character y, on M (M), it acts by the same y, on N/N’. The
subquotient /N’ has a highest weight vector of weight p < A, which implies that x, = x, and so p is in
the same linkage class of A. Moreover, i must be a weight of N and dim N,, > dim IV, L

Define V=73 -y M(A)w.x. Since all weight spaces are finite dimensional, dim V' < co. Then NNV # 0
and

dim(NNV) >dim(N'NnV) > 0.
Therefore, any properly descending chain of submodules must terminate.
O

Corollary 5.12. Every M € O has a finite composition series with simple factors isomorphic to L(\)s,
Aebhr.

Proof. Since M € O is both Artinian and Noetherian, the Jordan-Hélder Theorem applies, hence M has a
finite composition series. The second claim is immediate since all the simple modules in O are of the form
L(A). O

If L(p) is a factor in a composition series of M, denote by [M : L(u)] the multiplicity with which L(u)
appears. Recall that this does not depend, nor do the L(u)s, on the composition series of M!

Corollary 5.13. If M(\) is a Verma module, and L(u) is a factor of M(X), then pn < X and A, u are linked.
In this case, [M (X : L(p)] < oo and [M(X) : L(N\)] = 1.

5.4. The Grothendieck group. The definition of the Grothendieck group applies to every small abelian
category. Define A to be the free abelian group generated by symbols [M], where M ranges over isomorphism
classes of M € O. Define B to be the subgroup of A generated by expressions [M;] + [Ms] — [M] for all exact
sequences

0— My — M — My — 0.

Definition 5.14. The Grothendieck group is K(O) = A/B.

Since every object in O has finite length, one can show that the set of (isomorphism classes of) irreducible
modules Irr O = {[L(A)] | A € b*} is a Z-basis of K(O).

Proposition 5.15. The set of “standard modules” St O = {[M(X) | X € b*} is also a Z-basis of K(O). The
change of basis matrixz between St O and Irr O is upper triangular with 1s on the diagonal.

Proof. The second claim implies the first since the inverse of an upper triangular matrix with integer entries
and 1s on the diagonal is of the same form. If L(u) is any simple factor of M (X), then x, = xx, hence A and
p are linked. Moreover, p < X as it is a weight of M (). This means that

MO =L+ S L), (5.4.1)
<X, pEW-A
for certain nonnegative integers ny ;.

A better way to think about this is that first one partitions the sets {[M ()]} and {[L()\)]} according to
the orbits of the dot action of W on h*. Then for each such orbit, the number of [M (\)] (respectively [L(A)])
is finite and the change of basis matrix is finite, square, integer-valued, and upper triangular with 1 on the
diagonal. Hence the inverse of the matrix has the same properties. O

Remark 5.16. The setting where the Grothendieck group has two bases, one consisting of irreducibles and
the other of standard modules, which are related via an upper uni-triangular matrix appears frequently in rep-
resentation theory. You may have already seen this in the case of complex finite dimensional representations
of the symmetric group S,,. In that case, both bases are indexed by partitions of n, with the standard modules
being the induced modules from the trivial representation of the parabolic subgroups given by the rows of the
partitions.
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6. CHARACTER FORMULAS

The goal is to obtain the Weyl character formula and the dimension formula for a finite dimensional simple
module L()), A € PT. We follow the exposition in Bernstein’s notes.

6.1. Formal characters. Recall that the formal character of a module M € O is the function
chys :h*—>Z, Ch]\/[(A):dimMA<OO.

Define the Kostant partition function K : h* — Z by K(u) = the number of ways in which p can be written
as = Zaeqﬁ nqo, with ng € Z>¢. Then, as seen before,

dimM\), =K\ —p), pebh”. (6.1.1)
It is convenient for the later calculations to consider instead the negative Kostant partition function:
p:b"=Z, p(p)=K(—p) (6.1.2)
Notice that
P = ch(o)-

For every function f : h* — Z, define the support of f to be
suppf ={x € b* | f(x) # 0}.

Define £ to be the set of functions f : h* — Z such that suppf is contained in a finite union of sets of the
form \; — Q7.

Example 6.1. For every pn € b*, define the delta function at p to be 6, € €, d,(x) =1 if p = x and 0, if
1 X

Recall that supp chpn) = A — Q7T and, in particular, supp p = —Q7*. The set £ can be endowed with the
convolution product, for f,g € &:

(fxa)(m) =D FOgn—x) =D Flu—x)90). (6.1.3)
X€Ebh* xeb*
Because of the support condition on the elements of £, there are only finitely many nonzero elements in the
sum, hance the convolution is well defined.

Lemma 6.2. (1) (&,4,%) is an associative and commutative ring with identity do.
(2) 0, % 6x = 0pqn, for all p, A € b*.

Proof. Straightforward.

OJ

Lemma 6.3. chp;y) =p*dx.

Proof. By the result recalled before, dim M (), = K(X — p) = p( — A). On the other hand, (px d))(p) =
D vens Pt = X)0r(X) = p(p — A). O

In light of this formula, it is desirable to find the inverse (if it exists) of p in €.

Definition 6.4 (Weyl’s denominator). Set A =[] cq+(da/2 —9_a/2) € €. Here || means the convolution
product and the order is not important because of the commutativity of €. Notice that A = [, cqp+ day2(d0 —

5—(1) = 5p Hae<1>+ (50 - 5—04)
Lemma 6.5. We have px A% d_, = g, or equivalently p* A = 0,,.

Proof. Set aq = 69 +0_aq +6—9a + -+ +_pa + ... for every « € ®+. Then p = Ha>0 ao- Next notice that
Ao * (00 — 0—) = Gq — Aq * d_o = §p. The claim follows from the formula of A. O

Theorem 6.6. Define the map 7 : K(O) — & by 7([M]) = chy x A for all M € O. Then:
(1) T([M(A)] = dx+p-
(2) 7 gives an isomorphism of K(O) onto the subgroup E. of € consisting of functions with finite support.
PT’OOf. For (1), T([M()\)] = ChM(/\) * A= 5)\ *p*A = (SA *5,) = 5)\+p.
For (2), recall that {[M(\)] | A € b*} is a Z-basis of K(O). By (1), 7 induces an isomorphism onto the
span of {J, | € h*}, but this is the same as &.. O
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6.2. Characters of simple finite dimensional modules. The Weyl group W acts on h* via the natural
action w(x), w € W, x € h*. This induces an action, the left regular action, on functions, i.e., on & via

(W) = Fw (), weW, feE.
Let det(w) denote the determinant of w € W viewed as a linear transformation of h*.

Lemma 6.7. The function A is W -skew-invariant, i.e., wA = det(w) - A, for all w € W.

Proof. 1t is sufficient to check that for every simple root a, s A = —A. (Recall that det(s,) = —1.) We know
that s, permutes the roots ®* \ {a} and s, () = —«. Hence
saD = [ sa(0s2—06-p/2) = O-arz—06as2)*x [[ (9p/2—06_p52)=—A.
ped+t pedt\{a}
O

Theorem 6.8. Suppose that L(\) is finite dimensional, i.e., \ € PT. Then

A*ChL(/\) = Z det(w) - 5w(/\+p)-

weW

Proof. By inverting the formulas (5.4.1), we see that in K(O), we have

L] = > maw[Mw - N)],

weWw

for some integers (not necessarily nonnegative) my ,. Moreover, my; = 1. Since A € P*, the condition
w=w-A<\if w# 1 is automatic, which explains its absence in this formula.
Apply 7 to this identity and get

A*ChL()\) = Z m)\,w(sw()\er)?
weW

since w - A + p = w(A + p). It remains to show that my ,, = det(w).

We claim that the left hand side of the identity is WW-skew-invariant. Indeed, w(A x chpy)) = wA *
wchp,yy = det(w)Axwchyy). But we proved that when L() is finite dimensional, dim L(X), = dim L(X) ()
for all w, or in other words, wchy,yy = chry). So, w(Axchy(y)) = det(w)Axchp(y). But then the right hand
side of the identity is also W-skew-invariant, and since my 1 = 1, it follows that my ,, = det(w). O

Corollary 6.9 (Weyl’s denominator formula). [],cq+ (0aj2 —0—ay2) = A =3, cp det(w) - Ay
Proof. This is the case A = 0 in the previous theorem. 0

Corollary 6.10. Suppose A\ € PT.
(1) (BGG formula) In the Grothendieck group K(O), we have
(L] =Y det(w) [M(w-\)]. (6.2.1)
weW
(2) (Kostant’s multiplicity formula)

chpoy(w) = > det(w)K(w-X—p) =Y det(w)K(w(A+p) = (1 +p)). (6.2.2)
weW weWw

Proof. (1) follows from Theorem 6.8 since 7 is an isomorphism. (2) is immediate from (1) given the formula
for chps(y) in terms of K.
O

Remark 6.11. Formula (6.2.1) says that we can describe easily the columns corresponding to X € P+ of
the matriz that gives lrr O in terms of St O. In general however, describing all the entries of this matrix
18 a difficult problem which is resolved by the Kazhdan-Lusztig conjectures, the most basic case being that of

A=0.
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Example 6.12. Let us consider the case of g = sl(2,C). We identify, as we may, P with Z>o and then
a = 2p is identified with 2 € Z>o. The Weyl group is {£1}. Let L(n), n € Z>o be the simple module of
dimension n + 1. The weights of L(n) are n,n —2,n —4,...,—n. This means that in £ (identified with the
space of functions f: C — Z), the character of L(n) can be expressed as:

chpm)y =060 +0n o+ - +06_nio+0_p.
On the other hand A = 6, — §_1. Therefore, Theorem 6.8 becomes the easy identity
(On +0n—a 4+ 0_ny2+0_p) * (61 —6_1) = bny1 — O_(np1)-
The formula (6.2.1) in K(O) in this case is:
[L(n)] = [M(n)] — [M(=n - 2)].

Notice that w-n = —n — 2 when w = —1 € W. This formula is simply encoding in the Grothendieck group
the fact that we have the short exact sequence

0— M(—n—2) — M(n) — L(n) — 0.

6.3. Weyl’s character formula. We wish to use the formula in Theorem 6.8 to deduce the dimension
formula for a finite dimensional L(\), A € P*. For this, we need to rephrase it in an analytic way, as in the
original formula due to H. Weyl, which would allow us to apply a ’'Hopital rule argument.

For every x € h*, define eX = ZiZO ’f—, This is a formal power series in h*. Denote the ring of formal
power series by C[[h*]].

Lemma 6.13. The map j : & — C[[b*]] given by 6x — € is a ring homomorphism, where the multiplication
in the left hand side is the convolution and on the right hand side is the multiplication of power series.

Proof. Straightforward. O

The identification via j allows us to regard the character of every finite dimensional module M (in particular
M = L(\), A € PT) as an element of C[[h*]]:

chy = > (dim M,)et. (6.3.1)
peh*
This is a finite sum since M is assumed finite dimensional. Let C(h*) denote the field of fractions of C[[h*]].
Theorem 6.14 (Weyl’s character formula). Let A € PT be given. In C(h*), the following identity holds:
ZwEW det(w) ew(A+p)
> wew det(w) ew(?)

Proof. The identity in Theorem 6.8 is a formula in £.. Therefore, we may apply j to it and arrive to a
corresponding identity in C[[h*]]. The desired formula then follows if we also take into account the Weyl
denominator formula. O

chpoy = (6.3.2)

Remark 6.15. For every x, the formal expression eX can be regarded as a function on b, eX : h — C via
eX(h) = Y.~ 7x(h)". This is an analytic function b — C. This implies that both the numerator and the
denominator in (6.5.2) are analytic functions in b. Moreover, chpy), A € P*, being a finite sum of eXs,
it is also an analytic function on . Therefore, one should regard formula (6.3.2) as an equality of analytic
functions on §.

Example 6.16. In sl(2,C), with the same notation and conventions as before, Weyl’s character formula
says that

e(n-i—l)a; _ e—(n+1)w

chpmy(z) = ™ + en=2 4 o(=nt2e | —ne _ . — : (6.3.3)
T — o7

as functions h = C — C.
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6.4. Weyl’s dimension formula. Regarding chyy), A € P, as an analytic function on b, it is clear that

chr (0 Z dim L(\),, = dim L()).
neh*
The idea then is to evaluate formula (6.3.2) at 0. The problem is that the fraction on the right hand side

becomes an indeterminate of the form §, since -, .y det(w) = 0, hence we need to use some form of
I’Hopital’s rule.

Theorem 6.17. The dimension of the finite dimensional simple module L(\), X € PT is

: (A+p,0)
dim L(\) = | | —_— (6.4.1)
wepr (P

Proof. To simplify notation, denote for each x € b*, F\y : b — C, F\, = >y detw e Weyl’s character

formula becomes

Fyx+

ChL —are
N = F,

as analytic functions on h. Then
o Pagp(th)

chpx)(0) = th_% TFh)
where h € b has to be chosen so that Fj,(th) # 0 for t # 0. The Weyl denominator formula in this setting
says that

Fy= ] (/2 —e2/?), (6.4.2)

aedt

so we need to choose h such that a(th) = ta(h) # 0 for all @« € P*. Any h in the dominant Weyl chamber
would do, but for reasons of convenience, we choose h = p’, where p’ is the unique element of § such that
x(p") = (x, p) for all x € h*. Similarly, define X’ to be the unique element of § such that x(\') = (x, ). In
other words, recall that the Killing form restricted to b induces an isomorphism b — h*; then, A’ and p’ are
the preimages in h of A and p, respectively.

Thus, chr(x)(0) = limy o 232422 Now
Fyiptp) = > det(w) e*®(tp') = 37 det(w) e ()
weWw weW
= Z det(w trtpw ™ (p) — Z det(w) (w1 (p),t(A+p))
weW weWw
= > det(w) e (N + ) = Fy (4N + ),
weWw

since det(w) = det(w™!). By applying the Weyl denominator formula for F, again, we find that

F(t(N + o Fa(N'+p') _ o—Fa(N+p)
dimL(\) = [] lim LAUGRAN, § B (6.4.3)
t—=0  F,(tp') et t—0  ezalp’) _ e—5a(p)
t t ’ ’
By L’Hoépital’s rule, lim;_,q % = m/n, which means that the factor for o contributes a((j(;r/)p) =
—e 2
% to the product. The dimension formula is now proved.

O

6.5. The BGG resolution. The identity (6.2.1) in K(QO) has a beautiful homological interpretation. The
first step is to determine the maximal submodule N(\) of M()\) when A € P*.

Proposition 6.18. Suppose A\ € P™. The mazimal submodule N(\) of the Verma module M(X) is

=) M(sa-))

acll
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Proof. Since A € PT recall that we have s, (X + p) < A+ p, or equivalently, s, - A < A. By Corollary 4.19,

M(sq - A) is a submodule of M(X). This means that »° .y M(sq - A) € N(A). Define

AN = M)/ Y M(sa - A). (6.5.1)

aclIl

This is sometimes called the Weyl module of weight A\. We want to show that
A(N) =2 L(N).

Notice that A()) is a highest weight module (being a quotient of M (\)) of highest weight A. This is because
A is not a weight of any M (s, - A). Let v # 0 be a highest weight vector in M () of weight A and denote by
¥ # 0 the image of v in A(X\). Then A(\) is generated by v as already remarked.

We claim that v is an sl,-finite vector for every o € II. As in the proof of Proposition 4.18, the submodule
M(sq - A) contains (as a highest weight vector in fact) the vector ei((g“)ﬂ - v. This means that in A(\),

i((f“)ﬂ - = 0. Since v is preserved by h,, killed by e, and killed by a power of e_,,, indeed, dimsl, -0 < co.
Since © generates A(\), it follows that A(\) is an sl,-finite module. Applying Lemma 4.22, we obtain that
dim A(X), = dim A(X), (u), for all p. Since o was arbitrary, and s,, o € II generate W, we see that
the character of A(\) is W-invariant. The argument from Theorem 4.17 then implies that A(\) is finite
dimensional.

By complete reducibility, A(\) = @le L()\;), where \; € P*, 1 < i < k. Since the center Z(g) acts on
M () by the infinitesimal character x», it also acts on A(\) and so on every L()\;) by the same infinitesimal
character . Therefore, \; are all in the linkage class W - A. Since A;, A are in P, this is only possible if
Ai = A. So A(A\) = L()\;)®*. On the other hand, dim A(\), = 1, s0 k = 1. O

The proposition can be restated as follows.
Corollary 6.19. If A\ € P, there exists an exact sequence
P M(sa-A) = M(X) = L(A) — 0.
a€cll

The BGG resolution extends the sequence above to a resolution of L(\). We will state the theorem without
proof. If interested, you may consult the proof in chapter 6 of Humphreys’ book on category O. To state it,
we recall that W has a length function ¢ : W — Z>( such that ¢(1) =0, {(so) = 1 if a € II, and ¢(w) is the
number of simple reflections in a (equivalently, any) minimal expression of w in terms of simple reflections.
In particular,

det(w) = (—1)*),

Alternatively, thinking in terms of Weyl chambers, ¢(w) is the number of root hyperplanes that one needs to
cross to go from the fundamental chamber C to the chamber wC via a shortest path.
Another equivalent definition is

l(w) =#{a € dT |w(a) € d}. (6.5.2)

The Weyl group W contains a unique element of maximal length, denoted wy. It is a fact that £(wg) = |®T|,
in other words, wy(a) € @~ for every o € ®T.

Theorem 6.20 (BGG resolution). Suppose A € PT. Then there exists an exacl sequence:

0— M(wy-A\) = @ Mw-A) — - — @ M(w~)\)—>-~-—>@M(SQ~A)—>M()\)—>L(A)—>O.

o(w)=|d+|-1 o(w)=k aell
(6.5.3)
As a consequence, the Euler-Poincaré principle implies that in K(O):
||
L= (=D > M- N =Y (=) [M(w-N), (6.5.4)
k=0 weW l(w)=k weW

which is exactly formula (6.2.1) established before using characters.
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